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Abstract

Integral equations play a central role in applied mathematics, modeling numerous prob-

lems arising in physics and engineering. This research is devoted to the numerical ap-

proximation of integral equations of the second kind, where the integral operator K may

be linear (Fredholm) or nonlinear (Urysohn), as well as to the associated eigenvalue prob-

lems for compact linear integral operators. Since analytical solutions are rarely available,

the operator K is approximated by a finite-rank operator Kn, reducing the integral equa-

tion to a finite system of linear or nonlinear equations and transforming the eigenvalue

problem into a matrix eigenvalue problem. Such problems can be efficiently treated using

computational methods. Two principal approaches for constructing Kn are quadrature-

based approximations (Nyström methods) and projection-based methods. The latter

include Galerkin, collocation, and their modified variants, whose convergence and error

behaviour are analyzed using tools from functional analysis.

This thesis investigates projection-based numerical methods for integral equations of

the second kind and the associated eigenvalue problems for compact integral operators.

Both linear Fredholm integral equations and nonlinear Urysohn integral equations are

considered. Finite-dimensional approximation spaces consisting of piecewise polynomials

of even degree are employed, together with interpolatory projections based on equidis-

tant collocation points (not necessarily Gauss points), to construct classical, iterated,

and modified projection methods. The corresponding eigenvalue problem for compact

linear operators is analyzed using both orthogonal and interpolatory projection methods.

Convergence rates are established for smooth kernels as well as for Green’s function type

kernels lacks smoothness along the diagonal. The modified projection method is shown

to yield significantly higher accuracy while preserving the size of the resulting algebraic

system, with only a marginal increase in computational effort. The theoretical findings

are validated through numerical experiments that confirm the predicted orders of conver-

gence.

xxi





Chapter 1

Introduction

The study of integral equations plays a central role in both pure and applied mathematics,

providing a versatile framework for modeling and analyzing a wide range of problems

arising in physics, engineering, and other scientific disciplines. Such equations frequently

appear in the mathematical formulation of phenomena including heat conduction, wave

propagation, potential theory, elasticity, and fluid dynamics, often as reformulations of

boundary value problems for differential equations. A substantial literature exists on

both the theoretical foundations and practical applications of integral equations. Among

the classical references in the literature, we particularly highlight the contributions of

Atkinson [13], Hackbusch [35], Hochstadt [37], Kress [46], Mikhlin [61], Pogorzelski [69],

Schmeidler [79], Widom [92], and Zabreyko et al. [94], along with the references cited

therein.

Among the various classes of integral equations, Fredholm integral equations of the

second kind have received particular attention due to their well-posedness, in the sense

that they admit a unique solution which depends continuously on the given data, together

with their favourable analytical properties and stable numerical behaviour. In addition

to their role in solving boundary value problems, these equations naturally give rise to

eigenvalue problems associated with compact integral operators, which are fundamental in

stability analysis, resonance phenomena, and vibration problems. The accurate numerical

approximation of eigenvalues and eigenfunctions is therefore of significant importance in

many applications. Beyond linear models, several practical problems lead to nonlinear

integral equations, most notably Urysohn and Hammerstein equations, which arise in

areas such as nonlinear boundary value problems, population dynamics, fluid flow, and

nonlinear potential theory.

1



2 Chapter 1. Introduction

In many practical situations, obtaining exact solutions to integral equations or their

associated eigenvalue problems is extremely difficult or rarely attainable. Therefore,

numerical methods play a crucial role by providing approximate solutions that can be

computed efficiently and refined to the desired level of accuracy. A common numerical

strategy is to replace the original infinite-dimensional problem by a finite-dimensional

one that can be solved using computational tools such as MATLAB, Python, and re-

lated software. Projection-based methods are widely employed for this purpose, including

Galerkin methods, collocation methods, and their iterated and modified variants. These

approaches project the problem onto suitable finite-dimensional subspaces, leading to sys-

tems of algebraic equations while preserving essential properties of the original operator,

including spectral features in the case of eigenvalue problems.

The effectiveness of projection methods strongly depends on the choice of basis func-

tions and projection operators. Appropriate choices can significantly improve convergence

rates and numerical accuracy, whereas unsuitable selections may result in slow conver-

gence. Interpolatory projection methods are particularly appealing due to their simplicity

and practical efficiency. The development and analysis of accurate and efficient numeri-

cal methods for integral equations and their eigenvalue problems remain active areas of

research. In this thesis, we investigate projection-based numerical methods for Fredholm

and Urysohn integral equations of the second kind, as well as the associated eigenvalue

problems. Both theoretical convergence analysis and numerical experiments are presented

to demonstrate the effectiveness and reliability of the proposed approaches.

1.1 General Introduction

Let X = L∞[0, 1] denote the Banach space of all equivalence classes of essentially bounded

measurable functions on [0, 1], equipped with the supremum norm. Let Ω× R = [0, 1]×
[0, 1]×R, and let κ : Ω×R → R be a continuous function. Denote by C[0, 1] the Banach
space of all real-valued continuous functions on [0, 1], endowed with the supremum norm.

We define the nonlinear integral operator K : L∞[0, 1] → C[0, 1] by

K(x)(s) =

∫ 1

0

κ(s, t, x(t)) dt, s ∈ [0, 1], x ∈ X .

Such an operator is referred to as a Urysohn integral operator. Since the kernel κ is con-

tinuous, the operator K is compact. For a given function f , we consider the corresponding

Urysohn integral equation of the second kind

x−K(x) = f. (1.1.1)
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A widely studied subclass of (1.1.1) is the Hammerstein integral equation, which

arises when the kernel admits the separable form κ(s, t, u) = κ(s, t)g(t, u). In this case,

the equation becomes

x(s)−
∫ 1

0

κ(s, t) g
(
t, x(t)

)
dt = f(s), s ∈ [0, 1].

Such equations frequently appear in the reformulation of boundary value problems for

ordinary and partial differential equations, where κ(s, t) typically represents a Green’s

function; see, for example, [45, 93].

Another important special case is the Fredholm integral equation of the second kind,

obtained when the kernel κ is independent of the unknown function x, that is, κ(s, t, x(t)) =

κ(s, t). In this case, the equation reduces to

x(s)−
∫ 1

0

κ(s, t)x(t) dt = f(s), s ∈ [0, 1],

where κ : Ω → R is a given continuous kernel. The associated linear Fredholm integral

operator is defined by

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt, s ∈ [0, 1], x ∈ X . (1.1.2)

In this setting, K : X → X is a compact linear operator, and one typically takes X =

C[0, 1], or,L2[0, 1], where L2[0, 1] denotes the space of all square-integrable real-valued

functions on [0, 1]. The Fredholm integral equation of the second kind can then be written

in the form

x−Kx = f. (1.1.3)

Equation (1.1.3) plays a fundamental role in the theory of integral equations and arises in

numerous applications, including potential theory, scattering problems, and mathematical

physics.

Closely related to (1.1.3) is the associated eigenvalue problem for the compact linear

operator K given in (1.1.2), which consists of finding 0 ̸= λ ∈ C and a nontrivial function

ψ ∈ X such that

Kψ = λψ.

Eigenvalue problems of this form are of central importance in stability analysis, vibra-

tion problems, and spectral theory. The compactness of K guarantees that all nonzero

eigenvalues are isolated and have finite multiplicity, making projection-based numerical

methods particularly suitable for their approximation.
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1.2 Preliminaries

Let (X , ∥·∥) be a Banach space and let Y be another Banach space. We consider operators

T defined on subsets D ⊆ X and taking values in Y , that is, T : D ⊆ X → Y . Since our

study concerns fixed-point equations in X , the space Y will typically coincide with X .

For the image of x ∈ X under T we write T x if T is linear, and T (x) if it is nonlinear.

If T is a linear operator, its operator norm is denoted by ∥T ∥ and is defined by

∥T ∥ = sup{∥T x∥ : x ∈ X , ∥x∥ = 1}.

For a sequence of operators {Tn} defined on D, we write Tnx→ T x if

∥Tnx− T x∥Y → 0 as n→ ∞.

The sequence {Tn} is said to be pointwise convergent on D if this holds for every x ∈ D.

In the case where Tn and T are linear, we consider norm convergence as

∥Tn − T ∥ → 0 as n→ ∞,

which implies pointwise convergence on all of X . For nonlinear operators, the appropriate

analogue is uniform convergence on bounded sets.

The Fréchet derivative of an operator T at x ∈ X is the bounded linear operator

T ′(x) : X → Y satisfying

lim
∥h∥X→0

∥T (x+ h)− T (x)− T ′(x)h∥Y
∥h∥X

= 0.

If T is linear, then T ′(x) = T for all x, that is, Fréchet derivative of a linear operator is

itself. An operator is continuous at x whenever it is Fréchet differentiable there. It is said

to be continuously Fréchet differentiable at x if

∥T ′(y)− T ′(x)∥ → 0 as y → x.

Denote by BL(X ) the space of bounded linear operators on X . For T ∈ BL(X ), the

resolvent set of T is defined by

ρ(T ) = {z ∈ C : (zI − T )−1 ∈ BL(X )},

where I is the identity operator on X . The spectrum of T is

σ(T ) = C \ ρ(T ).
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Let z1, z2 ∈ ρ(T ). Then the first resolvent identity is given as

(z1I − T )−1 − (z2I − T )−1 = (z2 − z1)(z1I − T )−1(z2I − T )−1.

Let T1, T2 ∈ BL(X ) and z ∈ ρ(T1) ∩ ρ(T2). Then the second resolvent identity is

(zI − T1)
−1 − (zI − T2)

−1 = (zI − T1)
−1[T1 − T2](zI − T2)

−1.

A set D ⊆ X is said to be dense in X if every element of X can be approximated

arbitrarily well by elements of D; that is, for every x ∈ X and every ε > 0, there exists

m ∈ D such that ∥x−m∥ < ε. Equivalently, D is dense in X if its closure satisfies D = X .

A set D ⊆ X is relatively compact if its closure is compact in X .

A subset D ⊆ C[0, 1] is said to be equicontinuous at s ∈ [0, 1] if for every ε > 0 there

exists δ > 0 such that

t ∈ [0, 1], |s− t| < δ ⇒ |x(s)− x(t)| < ε, ∀ x ∈ D.

A sequence of operators {Tn} defined on D ⊆ X is called collectively compact if, for

every bounded set B ⊂ D, the set {Tn(B) : n ∈ N} is relatively compact in X .

A family of operators F on X is called collectively compact if the set

{T (x) : T ∈ F , x ∈ B(0, 1)}

is relatively compact in X , where B(0, 1) = {x ∈ X : ∥x∥ ≤ 1} is a closed unit ball in X .

Since every bounded subset B of X is contained in a scalar multiple of the closed unit

ball B(0, 1), relative compactness of {Tn(B)} for all bounded B is equivalent to relative

compactness of {Tn(x) : x ∈ B(0, 1)}. Hence the sequence version and the family version of

collective compactness describe the same concept. In Banach spaces, relative compactness

is equivalent to total boundedness or sequential compactness

The following fundamental results from functional analysis will be used in the subse-

quent analysis.

Uniform Boundedness Principle (Banach-Steinhaus Theorem). Let X be a Ba-

nach space and Y be a normed linear space. Let {Tα} ⊂ BL(X ,Y) be a family of bounded

linear operators such that

sup
α

∥Tαx∥Y <∞ for every x ∈ X .
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Then the family {Tα} is uniformly bounded, i.e.,

sup
α

∥Tα∥ <∞.

Arzelà-Ascoli Theorem. A subset D ⊆ C[0, 1] is relatively compact if and only if it is

uniformly bounded and equicontinuous on [0, 1], that is,

sup
x∈D

∥x∥∞ <∞,

and for every ε > 0 there exists δ > 0 such that

|s− t| < δ ⇒ |x(s)− x(t)| < ε ∀ x ∈ D.

Hahn-Banach Theorem. Let X be a normed linear space and let M ⊆ X be a

subspace. If f : M → R (or C) is a bounded linear functional, then there exists an

extension F : X → R (or C) such that

F |M = f and ∥F∥ = ∥f∥.

Approximating Subspaces and Projection Operators

Let {Xn}n≥1 be a sequence of finite-dimensional subspaces of the Banach space X . We

say that {Xn} is a sequence of approximating spaces if the union
⋃
n≥1Xn is dense in X ,

that is, ⋃
n≥1

Xn = X .

In our analysis, the spaces Xn, consisting of piecewise polynomial functions of even

degree defined on a uniform partition of [0, 1], form an approximating sequence since

their union is dense in C[0, 1]; accordingly, all approximation and convergence results are

understood with respect to the ∥ · ∥∞-norm for functions in C[0, 1], while the spaces Xn

are naturally viewed as subspaces of L∞[0, 1].

Corresponding to each approximating space Xn, we consider the projection operator

πn : X → Xn, which is linear and satisfies

πnx = x for all x ∈ Xn.

Since πn is a projection, we have π2
n = πn, and hence∥∥π2

n

∥∥ = ∥πn∥ which implies ∥πn∥ ≥ 1.
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Thus, associated with the sequence of approximating spaces {Xn}n≥1, we obtain a corre-

sponding sequence of projections {πn}n≥1.

Since the union
⋃
n≥1 Xn is dense in X , one expects that πnx → x for every x ∈ X .

This convergence indeed holds for every x belonging to the dense subset
⋃
n≥1Xn. By the

Principle of Uniform Boundedness, pointwise convergence on all of X is equivalent to the

uniform boundedness of the operator norms {∥πn∥}.

Proposition 1. Let {πn} be a sequence of projections on a Banach space X . Then the

following statements are equivalent:

1. πnx→ x for every x ∈ X ;

2. sup
n

∥πn∥ <∞ (equivalently, there exists p > 0 such that ∥πn∥ ≤ p for all n).

This characterization provides the basic functional-analytic framework underlying the

convergence analysis of the projection-based numerical methods developed in this thesis.

1.3 Linear Integral Equations

Let X = L∞[0, 1] and set Ω = [0, 1] × [0, 1]. We consider the linear integral operator K
defined by

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt, s ∈ [0, 1], x ∈ X ,

where the kernel κ : Ω → R is continuous. Then the integral operator K maps each

function in L∞[0, 1] to a continuous function on [0, 1], and hence defines a bounded linear

operator from L∞[0, 1] into C[0, 1]. Moreover, the image of any bounded set under K is

relatively compact by the Arzelà-Ascoli theorem. Therefore, K : X → X is a compact

linear operator, see Atkinson [13]. We are interested in a computable approximate solution

of the following Fredholm integral equation of the second kind

x−Kx = f, (1.3.1)

where 1 is not an eigenvalue of K. Since (I − K)−1 is a bounded linear operator, the

above equation has a unique solution.

A standard technique to solve (1.3.1) approximately is to replace K by a finite-rank

operator. The approximate solution is then obtained by essentially solving a system

of linear equations. We describe below two types of approximation methods, namely,

methods based on projections and a method based on a numerical quadrature formula.



8 Chapter 1. Introduction

1. Projection methods, and

2. Nyström methods.

The projection methods relies on a sequence of continuous finite-rank projection opera-

tors that converge pointwise to the identity operator, which are then used to construct

approximations of the operator K The methods include the classical Galerkin method

associated with a sequence of orthogonal projections, the collocation method associated

with a sequence of interpolatory projections, as discussed in Atkinson [13]. Sloan [83] first

introduced iteration techniques to improve the Galerkin/collocation approximation and

given iterated versions of the approximate solution. A recent method, called the modified

projection method, proposed by Kulkarni [48], performs better than the classical methods

in some respects. For projection-based methods, one can see [17, 21, 22, 30, 51, 75, 77,

80, 85, 86, 87, 88]. In the Nyström method, the integral in the definition of K is replaced

by a convergent numerical quadrature formula, see Atkinson [13]. The discrete versions

of the collocation and iterated collocation methods were studied by Joe [38], while the

discrete Galerkin and iterated Galerkin methods were analyzed in [39]. Further devel-

opments and discussions on discrete projection methods for Fredholm integral equations

can be found in [7, 12, 29]. In addition, Kulkarni-Rakshit introduced discrete modified

projection and iterated modified projection methods for Fredholm integral equations and

established rigorous convergence and superconvergence results; see [70]. In this thesis, we

restrict ourselves to the projection methods.

Let the uniform partition of [0, 1] into n equal parts,

0 = t0 < t1 < · · · < tn = 1, tj =
j

n
, j = 0, 1, . . . , n,

with subintervals ∆j = [ tj−1, tj ], j = 1, 2, . . . , n. For non-negative integer r, define the

piecewise polynomial approximating space

Xn =
{
x ∈ L∞[0, 1] : x|∆j

is a polynomial of even degree ≤ 2r, j = 1, 2, . . . , n
}

That is, Xn denotes the space of piecewise polynomials of even degree at most 2r with

respect to the above uniform partition. Since on each subinterval ∆j the restriction

of a function in Xn is a polynomial of degree at most 2r, it is uniquely determined

by 2r + 1 coefficients. As the partition consists of n subintervals and no continuity is

imposed across the partition points, the degrees of freedom on distinct subintervals are

independent. Therefore, the total number of degrees of freedom is n(2r + 1), and hence
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dimXn = n(2r + 1). Let

h = tj − tj−1 =
1

n
, for j = 1, 2, . . . , n.

Here, we do not impose continuity at the partition points. Consequently, the space Xn is a

subspace of L∞[0, 1]. We consider two types of projection operators mapping into Xn. The

first projection, denoted by Pn, is defined as the restriction to L∞[0, 1] of the orthogonal

projection from L2[0, 1] onto Xn. The second projection, denoted by Qn : C[0, 1] → Xn be

the projection map interpolating at 2r+1 points in each subinterval of the partition. The

construction and properties of these projection operators are discussed in the following

subsections.

1.3.1 Orthogonal Projection

Let X = L2[0, 1] denote the space of real-valued, square-integrable functions defined on

the interval [0, 1]. The inner product in L2[0, 1], denoted by ⟨·, ·⟩, is defined as

⟨x, y⟩ =
∫ 1

0

x(t)y(t) dt, ∀x, y ∈ L2[0, 1].

For η = 0, 1, . . . , 2r, let Lη represent the Legendre polynomial of degree η defined on the

interval [−1, 1]. For each j = 1, . . . , n and η = 0, 1, . . . , 2r, we define the function ψj,η(t)

as follows:

ψj,η(t) =


√

2

h
Lη

(
2t− tj − tj−1

h

)
, t ∈ (tj−1, tj],

0, otherwise.

At the point t0, we set ψ1,η(t0) =

√
2

h
Lη(−1). The supremum norm of ψj,η is given by

∥ψj,η∥∞ = max
t∈[tj−1,tj ]

|ψj,η(t)| =
√

2

h
∥Lη∥∞.

For functions f, g ∈ C(∆j), we define the inner product on the interval ∆j as

⟨f, g⟩∆j
=

∫ tj

tj−1

f(t)g(t) dt.

This inner product is symmetric, i.e., ⟨f, g⟩∆j
= ⟨g, f⟩∆j

. The supremum norm of f on

∆j is defined as

∥f∥∆j ,∞ = max
t∈[tj−1,tj ]

|f(t)|.
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Using this, we can bound the inner product as

⟨f, g⟩∆j
≤ ∥f∥∆j ,∞∥g∥∆j ,∞h.

It is easy to see that the set {ψj,η : j = 1, . . . , n, η = 0, . . . , 2r} forms an orthonormal

basis for the space Xn. Let P2r,∆j
denote the space of polynomials of degree at most 2r

on ∆j. The orthogonal projection Pn,j : C(∆j) → P2r,∆j
is defined by

Pn,jx =
2r∑
η=0

⟨x, ψj,η⟩∆j
ψj,η.

This projection satisfies the following properties:

⟨Pn,jx, y⟩∆j
= ⟨x,Pn,jy⟩∆j

, P2
n,j = Pn,j, and Pn,jPn,i = 0 for i ̸= j.

Additionally, we have the bound as

∥Pn,jx∥∆j ,∞ ≤
2r∑
η=0

⟨x, ψj,η⟩∆j
∥ψj,η∥∆j ,∞ ≤ 2

(
2r∑
η=0

∥Lη∥2∞

)
∥x∥∞.

Thus, an orthogonal projection Pn : C[0, 1] → Xn is defined as

Pnx =
n∑
j=1

Pn,jx.

By applying the Hahn-Banach extension theorem, following the approach in Atkinson et

al. [8], the projection Pn can be extended to the space L∞[0, 1]. This extended projection

satisfies P2
n = Pn and

∥Pn∥ ≤ 2
2r∑
η=0

∥Lη∥2∞ = C1. (1.3.2)

If x ∈ C2r+1(∆j), then by Taylor’s theorem we may write

x(t) =
2r∑
k=0

(t− tj−1)
k

k!
x(k)(tj−1) +Rj(t), t ∈ ∆j,

where the remainder term is given by

Rj(t) =
(t− tj−1)

2r+1

(2r + 1)!
x(2r+1)(ξj), ξj ∈ (tj−1, tj).

Since (t − tj−1)
k is a polynomial of degree k ≤ 2r, and Pn,j denotes the orthogonal

projection onto the space of polynomials of degree at most 2r on ∆j, we have

Pn,j(t− tj−1)
k = (t− tj−1)

k, k = 0, 1, . . . , 2r.
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It follows immediately that

(I − Pn,j)(t− tj−1)
k = 0, k = 0, 1, . . . , 2r,

and therefore

(I − Pn,j) x = (I − Pn,j)Rj.

Taking the uniform norm on ∆j gives

∥(I − Pn,j)x∥∆j ,∞ ≤ ∥I − Pn,j∥ ∥Rj∥∆j ,∞.

Using the elementary estimate ∥I − Pn,j∥ ≤ 1 + ∥Pn,j∥ and the boundedness assumption

∥Pn,j∥ ≤ C1, we obtain

∥(I − Pn,j)x∥∆j ,∞ ≤ (1 + C1) ∥Rj∥∆j ,∞.

For t ∈ ∆j we have |t− tj−1| ≤ h, from which it follows that

∥Rj∥∆j ,∞ ≤ h2r+1

(2r + 1)!

∥∥x(2r+1)
∥∥
∆j ,∞

.

Combining the above bounds yields the local estimate

∥(I − Pn,j)x∥∆j ,∞ ≤ C2

∥∥x(2r+1)
∥∥
∆j ,∞

h2r+1,

where

C2 =
1 + C1

(2r + 1)!

is a constant independent of the h.

Finally, if x ∈ C2r+1[0, 1], then summing over all subintervals gives the global estimate

∥(I − Pn)x∥∞ ≤ C2

∥∥x(2r+1)
∥∥
∞ h2r+1. (1.3.3)

In fact, let α ≥ 0 be an integer and define β = min{α, 2r+1}. Then, for any x ∈ Cα[0, 1],
the orthogonal projection Pn satisfies

∥(I − Pn)x∥∞ ≤ C2

∥∥x(β)∥∥∞ hβ.

Although the projection Pn is constructed using the L2-inner product, the conver-

gence and error analysis are carried out in the supremum (uniform) norm, since uniform

estimates are essential for establishing convergence of the approximate solutions of the

integral equation and the associated eigenvalue problem.
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1.3.2 Interpolatory Projection

We recall the uniform partition of the interval [0, 1],

0 = t0 < t1 < · · · < tn = 1, tj =
j

n
, j = 0, 1, . . . , n,

with subintervals ∆j = [ tj−1, tj ], j = 1, 2, . . . , n. Define the piecewise polynomial

finite-dimensional approximating space

Xn =
{
x ∈ L∞[0, 1] : x

∣∣
∆j

is a polynomial of even degree ≤ 2r
}
.

Since on each subinterval ∆j we have 2r + 1 coefficients, dimXn = n (2r + 1). Within

each subinterval ∆j, choose the 2r + 1 equally spaced interpolation points

τ ij = tj−1 +
ih

2r
= tj−1 + hζi, i = 0, 1, . . . , 2r,

where

ζi =
i

2r
∈ [0, 1], r ≥ 1.

In the special case r = 0, we define

τj =
tj−1 + tj

2
.

Define the local interpolant Qn,jx on ∆j by

Qn,jx
(
τ ij
)

= x
(
τ ij
)
, i = 0, 1, . . . , 2r.

Combining the local interpolants on each subinterval defines the global interpolatory

operator Qn : C[0, 1] → Xn. Standard approximation arguments imply that

Qnx → x uniformly on [0, 1], ∀ x ∈ C[0, 1].

If Qnx is known to be continuous for the class of functions under consideration, we

choose Xn to be the space of continuous piecewise polynomials of even degree ≤ 2r. In

this case, Xn ⊂ C[0, 1], and the mapping Qn : C[0, 1] → Xn acts as a projection.

In situations where the interpolant Qnx is not necessarily continuous, we instead take

Xn to be the space of discontinuous piecewise polynomials of even degree ≤ 2r defined

on the same partition. In this setting, Xn ⊂ L∞[0, 1], and we extend Qn so that it

becomes a projection Qn : L∞[0, 1] → Xn, which is the situation considered in this thesis;

see Atkinson et al. [8]. Since Qn : C[0, 1] → Xn is linear and bounded, and C[0, 1] is
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dense in L∞[0, 1], the Hahn-Banach theorem ensures that each bounded linear functional

involved in the definition of Qn admits an extension to L∞[0, 1] with the same norm.

Consequently, Qn possesses a unique bounded linear extension to all of L∞[0, 1], and this

extended operator coincides with the original interpolatory operator on C[0, 1]. Thus,

Qn : L∞[0, 1] → Xn is a bounded linear projection onto Xn.

For each subinterval ∆j, we define

Ψj(t) =
2r∏
i=0

(
t− τ ij

)
, t ∈ ∆j.

If x ∈ C[0, 1], then by the classical result of Conte-de Boor [24], the local interpolation

error can be expressed in divided difference form as

x(t)−Qn,jx(t) = Ψj(t)
[
τ 0j , . . . , τ

2r
j , t

]
x, t ∈ ∆j, (1.3.4)

where
[
τ 0j , . . . , τ

2r
j , t

]
x denotes the (2r + 1)-th divided difference of x at the indicated

points. Denote the first divided difference of x ∈ C[0, 1] at τ 0j by
[
τ 0j
]
x = x(τ 0j ), and the

(2r + 1)-th divided difference of x at the points τ 0j , . . . , τ
2r
j by

[
τ 0j , . . . , τ

2r
j

]
x =

[
τ 1j , . . . , τ

2r
j

]
x −

[
τ 0j , . . . , τ

2r−1
j

]
x

τ 2rj − τ 0j
.

If x ∈ C2r+1[0, 1], then the divided difference reduces to

[
τ 0j , . . . , τ

2r
j , t

]
x =

x(2r+1)(γj)

(2r + 1)!
, for some γj ∈ (tj−1, tj).

Next, we introduce

Φ2r+1(τ) =
2r∏
i=0

(τ − ζi), τ ∈ [0, 1].

For t ∈ ∆j, we can rewrite Ψj in terms of Φ2r+1 as

Ψj(t) =
2r∏
i=0

(
t− τ ij

)
=
(t− tj−1

h
− ζ0

)
· · ·
(t− tj−1

h
− ζ2r

)
h2r+1

= Φ2r+1

(
t− tj−1

h

)
h2r+1.

Combining (1.3.4) and the above estimate, we obtain the local error estimate

sup
t∈∆j

∣∣x(t)− (Qn,jx)(t)
∣∣ ≤ 1

(2r + 1)!

(
sup
t∈∆j

|x(2r+1)(t)|

)(
sup
τ∈[0,1]

|Φ2r+1(τ)|

)
h2r+1.
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Hence, if x ∈ C2r+1(∆j), there exists a constant C3 > 0, independent of h, such that

∥ x−Qn,jx ∥∆j ,∞ ≤ C3

∥∥x(2r+1)
∥∥
∆j ,∞

h2r+1,

where

C3 =
∥Φ2r+1∥∞
(2r + 1)!

.

Consequently, for any x ∈ C2r+1[0, 1], the global interpolation error satisfies

∥ x−Qnx ∥∞ ≤ C3

∥∥x(2r+1)
∥∥
∞ h2r+1.

More generally, let α ≥ 0 be an integer and define β = min{α, 2r + 1}. Then, for any

x ∈ Cα[0, 1], the following estimate holds:

∥x−Qnx∥∞ ≤ C3

∥∥x(β)∥∥∞ hβ. (1.3.5)

Properties of the Interpolation Polynomial

Consider the polynomial Ψj(t) = (t−τ 0j )(t−τ 1j ) · · · (t−τ 2rj ), where τ ij , i = 0, 1, . . . , 2r, are

the 2r+1 evenly spaced interpolation points in the subinterval [tj−1, tj]. Let c =
tj−1 + tj

2
denote the midpoint of this interval. The interpolation points are symmetric with respect

to c, in the sense that τ ij + τ 2r−ij = 2c. Using this symmetry, for any u ∈ [0, c − tj−1] we

write

Ψj(c− u) =
2r∏
i=0

(
(c− u)− τ ij

)
=

2r∏
i=0

(
(c− τ ij)− u

)
.

Replacing the index i by 2r − i and using c− τ ij = −(c− τ 2r−ij ), we obtain

Ψj(c− u) = (−1)2r+1

2r∏
i=0

(
(c+ u)− τ 2r−ij

)
= (−1)2r+1Ψj(c+ u).

Since 2r + 1 is odd, this yields

Ψj(c− u) = −Ψj(c+ u),

showing that Ψj is antisymmetric about the midpoint c.

As a direct consequence of this antisymmetry, we have the following observation.

Lemma 1.3.1. Let τ ij , i = 0, 1, . . . , 2r, be 2r + 1 evenly spaced interpolation points in

the interval [tj−1, tj]. Then the integral of the interpolation polynomial Ψj over [tj−1, tj]

vanishes, that is, ∫ tj

tj−1

Ψj(s) ds = 0.
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Proof. Let c =
tj−1 + tj

2
denote the midpoint of the interval [tj−1, tj]. Since the interpo-

lation points are evenly spaced, the midpoint c coincides with one of the nodes, namely

τ rj = c. From the antisymmetry property established earlier, we have

Ψj(c+ u) = −Ψj(c− u) for all u ∈ [0, c− tj−1].

We split the integral at the midpoint c and perform a change of variables:∫ tj

tj−1

Ψj(s) ds =

∫ c

tj−1

Ψj(s) ds+

∫ tj

c

Ψj(s) ds

=

∫ c−tj−1

0

Ψj(c− u) du+

∫ tj−c

0

Ψj(c+ u) du.

Since c− tj−1 = tj − c, and using the antisymmetry of Ψj, the second integral becomes∫ c−tj−1

0

Ψj(c+ u) du = −
∫ c−tj−1

0

Ψj(c− u) du.

Hence, the two integrals cancel each other, yielding∫ tj

tj−1

Ψj(s) ds = 0.

This completes the proof.

This property plays a fundamental role in the subsequent error analysis of the interpo-

latory projection. In the classical interpolatory projection setting, superconvergence is

obtained when Gauss points (i.e., the zeros of the Legendre polynomial) are used as col-

location points. The present work shows that a similar improvement can also be achieved

using uniformly distributed collocation points, provided the polynomial degree is even.

Indeed, for polynomial spaces of degree at most 2r, there are 2r+1 uniformly distributed

interpolation nodes on each subinterval. Since the number of interpolation nodes is odd,

the midpoint of each subinterval is itself an interpolation node, resulting in a symmetric

node distribution. Thus, the nodal interpolation polynomial Ψj(t) is antisymmetric about

the midpoint and satisfies ∫ tj

tj−1

Ψj(t) dt = 0.

This cancellation eliminates the leading-order interpolation error, yielding an additional

factor of h in the error estimate and, consequently, the superconvergence of the iterated

and modified projection methods.
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If this symmetry is absent, the cancellation property is lost, and the iterated/modified

methods no longer achieve an improved convergence rate over the corresponding standard

collocation method. This is illustrated in Example 1 of Chapter 2, where the interpolation

point is not located at the midpoint of each subinterval, and

∥K(I − Qn)φ∥∞
∥(I − Qn)φ∥∞

̸→ 0,

violating the necessary condition for superconvergence. Hence, iteration does not improve

the convergence rate. Similar observations are made in Example 6 of Chapter 3.

Therefore, the restriction to even-degree polynomial spaces is essential, as it guarantees the

symmetry and resulting cancellation property required to obtain the improved convergence

rates established in this work.

1.3.3 Projection Methods

We now present several projection methods and their variants for obtaining approximate

solutions of (1.3.1). For completeness, we also include the corresponding error estimates,

as established in Atkinson [13, Chapter 3] and Kulkarni [48]. These methods are developed

in the context of Fredholm integral equations of the second kind and are based on finite-

dimensional subspace approximations of the underlying operator. The analysis focuses

on the convergence and accuracy of the resulting approximate solutions under suitable

regularity assumptions on the kernel and the right-hand side function.

1. Galerkin and Collocation Methods.

In the Galerkin method, the equation (1.3.1) is approximated by

φGn − PnKφGn = Pnf,

whereas in the collocation method, it is approximated by

φCn −QnKφCn = Qnf.

Let πn denote either Pn orQn, and let φn denote either φ
G
n or φCn . SinceK is compact

and πn converges pointwise to the identity operator, it follows that ∥πnK −K∥ →
0 as n → ∞. Further, since I − K is invertible, it follows that I − πnK is also

invertible for all sufficiently large n ≥ n0, and

C4 = sup
n≥n0

∥∥(I − πnK)−1
∥∥ <∞, (1.3.6)
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where I denotes the identity operator on X . To derive an error estimate for the

approximation φn, let φ denote the exact solution of (1.3.1). Then

(I − K)φ = f.

Applying πn to both sides, we obtain

(I − πnK)φ = πnf + (φ− πnφ).

Since the approximate solution φn satisfies

(I − πnK)φn = πnf,

it follows that

(I − πnK)(φ− φn) = φ− πnφ,

and hence

φ− φn = (I − πnK)−1(φ− πnφ).

Taking norms and using estimate (1.3.6), we obtain

∥φ− φn∥∞ ≤
∥∥(I − πnK)−1

∥∥∥φ− πnφ∥∞ ≤ C4 ∥(I − πn)φ∥∞. (1.3.7)

If πn = Pn, the orthogonal projection, or πn = Qn, the interpolatory projection

at 2r + 1 Gauss points on each subinterval of a uniform partition of [0, 1], and if

φ ∈ C2r+1[0, 1], then

∥(I − πn)φ∥∞ = O
(
h2r+1

)
.

If f ∈ C2r+1[0, 1] and κ ∈ C2r+1(Ω), then φ ∈ C2r+1[0, 1], and it follows that

∥φ− φn∥∞ = O
(
h2r+1

)
.

Here, the Gauss points are chosen as the zeros of the Legendre polynomial of degree

2r+1 mapped onto each subinterval, which ensures optimal interpolation properties

and leads to the above order of convergence.

2. Iterated Galerkin/Iterated Collocation (Sloan) Methods.

Consider

φSn −KπnφSn = f.
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Since K is compact and πn converges pointwise to the identity operator, the sequence

of operators {Kπn} converges to K in a collectively compact fashion. Since I − K
is invertible, it follows that I − Kπn is invertible for n ≥ n0 and

C5 = sup
n≥n0

∥∥(I − Kπn)−1
∥∥ <∞. (1.3.8)

To obtain an error estimate for the approximation φSn, we begin by observing that

φ− φSn = (I − K)−1f − (I − Kπn)−1f.

Applying the second resolvent identity yields

φ− φSn = (I − Kπn)−1(K −Kπn)(I − K)−1f.

Since (I − K)−1f = φ, taking norms and using estimate (1.3.8), we obtain∥∥φ− φSn
∥∥
∞ ≤ C5 ∥K(I − πn)φ∥∞. (1.3.9)

Note that

φSn = Kφn + f.

Hence once φn is computed, φSn is obtained by applying K to φn. This method was

proposed by Sloan [83] and φSn is known as iterated Galerkin/iterated collocation

solution.

If πn = Pn or πn = Qn, the interpolatory projection at 2r+ 1 Gauss points on each

subinterval of the uniform partition, and if φ ∈ C4r+2[0, 1], then

∥K(I − πn)φ∥∞ = O
(
h4r+2

)
.

If f ∈ C4r+2[0, 1] and κ ∈ C4r+2(Ω), then φ ∈ C4r+2[0, 1], and it follows that∥∥φ− φSn
∥∥
∞ = O

(
h4r+2

)
.

Observe that the one step iteration improves order of convergence from 2r + 2 to

4r + 2. All these above results are established in Atkinson [13].

If the collocation points are not Gauss points, then there is no improvement in the

order of convergence as compared to the collocation solution φCn , and∥∥φ− φCn
∥∥
∞ =

∥∥φ− φSn
∥∥
∞ = O

(
h2r+1

)
.

This is shown by an example in Chapter 2.



1.3. Linear Integral Equations 19

3. Modified Projection Method.

Define

KM
n = πnKπn + πnK(I − πn) + (I − πn)Kπn, (1.3.10)

which can also be written as

KM
n = πnK +Kπn − πnKπn.

The exact equation (1.3.1) is approximated by

φMn −KM
n φ

M
n = f, (1.3.11)

that is the modified projection method proposed by Kulkarni [48].

Note that ∥∥K −KM
n

∥∥ = ∥(I − πn)K(I − πn)∥ → 0 as n→ ∞.

Hence I − KM
n is invertible for n ≥ n0 and

C6 = sup
n≥n0

∥∥(I − KM
n )−1

∥∥ <∞. (1.3.12)

To derive an error bound for the modified approximation φMn , we begin with

φ− φMn = (I − K)−1f − (I − KM
n )−1f.

Applying the second resolvent identity, we have

φ− φMn = (I − KM
n )−1(K −KM

n )(I − K)−1f.

Using (I − K)−1f = φ together with estimate (1.3.12), it follows that∥∥φ− φMn
∥∥
∞ ≤ C6 ∥(I − πn)K(I − πn)φ∥∞. (1.3.13)

If πn = Pn or πn = Qn, the interpolatory projection at 2r + 1 Gauss points, and if

κ ∈ C4r+2(Ω) and φ ∈ C4r+2[0, 1], then

∥(I − πn)K(I − πn)φ∥∞ = O
(
h6r+3

)
.

It follows that for f ∈ C4r+2[0, 1] and κ ∈ C4r+2(Ω),∥∥φ− φMn
∥∥
∞ = O

(
h6r+3

)
.

If the collocation points are not Gauss points, then∥∥φ− φMn
∥∥
∞ = O

(
h4r+2

)
.
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4. Iterated Modified Projection Method.

Define

φ̃Mn = KφMn + f.

This represents a single step iteration applied to the modified approximation φMn .

Here, φ̃Mn is known as the iterated modified Galerkin/collocation solution.

We now estimate the error in this refined approximation. Using the definition of

φ̃Mn , we write

φ− φ̃Mn = K(φ− φMn )

= K(I − K)−1(K −KM
n )(I − KM

n )−1f

= (I − K)−1K(I − πn)K(I − πn)
(
φ+ φMn − φ

)
,

Taking norms on both sides gives∥∥φ− φ̃Mn
∥∥
∞ ≤

∥∥(I − K)−1
∥∥∥K(I − Qn)K(I − Qn)φ∥∞

+
∥∥(I − K)−1

∥∥∥K(I − Qn)K(I − Qn)∥
∥∥φ− φMn

∥∥
∞. (1.3.14)

This inequality shows that the refinement error consists of two contributions: the

action of the operator K(I−πn)K(I−πn) on the exact solution and the amplification

of the previously obtained approximation error
∥∥φ− φMn

∥∥
∞.

If πn = Pn or πn = Qn, the interpolatory projection at 2r + 1 Gauss points, and if

κ ∈ C4r+2(Ω) and φ ∈ C4r+2[0, 1], then

∥K(I − πn)K(I − πn)φ∥∞ = O
(
h8r+4

)
, ∥K(I − πn)K(I − πn)∥ = O

(
h4r+2

)
.

It follows that for f ∈ C4r+2[0, 1] and κ ∈ C4r+2(Ω),∥∥φ− φ̃Mn
∥∥
∞ = O

(
h8r+4

)
.

All the above results of the two proposed methods are established in Kulkarni [48].

We recall the modified finite-rank approximation of the integral operator K from

(1.3.10) and derive the resulting projection-based algebraic system. The modified op-

erator is given as

KM
n = πnKπn + πnK(I − πn) + (I − πn)Kπn.

The corresponding finite-rank approximation of the integral equation (1.3.11) is given as

φMn −
(
πnKπn + πnK(I − πn) + (I − πn)Kπn

)
φMn = f. (1.3.15)
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To reduce equation (1.3.15) to a system of linear algebraic equations, we apply πn and

(I − πn) to obtain

πnφ
M
n − πnKπnφMn − πnK(I − πn)φ

M
n = πnf, (1.3.16)

(I − πn)φ
M
n − (I − πn)KπnφMn = (I − πn)f. (1.3.17)

Let wMn = πnφ
M
n . Using equation (1.3.17) to eliminate (I − πn)φ

M
n from (1.3.16), we

obtain the reduced equation

wMn −
(
πnKπn + πnK(I − πn)Kπn

)
wMn = πnf + πnK(I − πn)f. (1.3.18)

Equation (1.3.18) constitutes a closed system for the unknown wMn .

Once wMn is determined, the approximation φMn is reconstructed as

φMn = wMn + (I − πn)KwMn + (I − πn)f,

and the corresponding iterated approximation is given by

φ̃Mn = KφMn + f.

Since the dimension of the range R(πn) = Xn is n(2r+1), then equation (1.3.18) reduces

to a linear system of size n(2r + 1). Hence, the size of the algebraic system to be solved

is the same as that arising in the standard Galerkin/collocation method. The additional

computational effort in the present approach stems from the construction of the matrix

associated with the operator πnK(I − πn)Kπn and from the evaluation of the vectors

πnK(I − πn)f and KwMn . This increase in computational cost is relatively modest and is

compensated by the improved order of convergence achieved by the proposed method.

Galerkin and collocation methods approximate the solution of a Fredholm integral

equation by reducing it to a finite system of linear equations. Improved approximations,

referred to as the iterated Galerkin and iterated collocation solutions, are obtained by

applying the integral operator K to the corresponding approximate solutions. In practi-

cal implementations, the inner product as well as integrals arising in these formulations

are evaluated using numerical quadrature rules, leading to discrete Galerkin and discrete

collocation methods and their iterated variants. For an appropriate choice of quadra-

ture, the discrete iterated Galerkin method coincides with the Nyström method. Similar

considerations apply to modified projection methods, where iteration and discretization

together yield enhanced accuracy.
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We now turn our attention to the case where the kernel κ is of Green’s function

type, which arises naturally in the numerical treatment of boundary value problems and

constitutes an important class of kernels in the theory of Fredholm integral equations of

the second kind. Recall that Ω = [0, 1]× [0, 1] and let us consider the partition

Ω1 = {(s, t) : 0 ≤ t ≤ s ≤ 1}, Ω2 = {(s, t) : 0 ≤ s ≤ t ≤ 1}.

A kernel κ : Ω → R is said to be of Green’s function type if it is defined piecewise by

κ(s, t) =

κ1(s, t), (s, t) ∈ Ω1,

κ2(s, t), (s, t) ∈ Ω2,

where κ1 ∈ Cα(Ω1), κ2 ∈ Cα(Ω2) for some integer α ≥ 0, and the condition κ1(s, s) =

κ2(s, s) holds. The kernel κ is continuous on Ω but may exhibit reduced smoothness along

the diagonal s = t, which has a direct impact on the convergence behaviour of numerical

approximation methods.

Let Xn be the space of piecewise polynomials of even degree at most 2r defined on

a uniform partition of [0, 1] with mesh size h =
1

n
. Let πn = Pn, the the restriction to

L∞[0, 1] of the orthogonal projection from L2[0, 1] to Xn. Chatelin-Lebbar [21] established

the following orders of convergence for Galerkin approximation φGn and the corresponding

iterated Galerkin solution φSn. The iterated solution get the improved convergence rate.

If r = 0, then ∥∥φ− φGn
∥∥
∞ = O(h) ,

∥∥φ− φSn
∥∥
∞ = O

(
h2
)
,

whereas if r ≥ 1, then∥∥φ− φGn
∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φSn

∥∥
∞ = O

(
h2r+3

)
.

Further improvement is obtained by the modified projection method introduced by Kulka-

rni [51]. In this case, the modified Galerkin solution φMn and its iterated version φ̃Mn satisfy

the following error estimates. If r = 0, then∥∥φ− φMn
∥∥
∞ = O

(
h3
)
,
∥∥φ− φ̃Mn

∥∥
∞ = O

(
h4
)
,

whereas if r ≥ 1, then∥∥φ− φMn
∥∥
∞ = O

(
h2r+3

)
,
∥∥φ− φ̃Mn

∥∥
∞ = O

(
h2r+5

)
.

Thus, φSn converges to φ faster than φGn and φ̃Mn converges to φ faster than φSn and φMn .
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In this case, let πn = Qn denote the interpolatory projection at 2r+1 Gauss points on

each subinterval of a uniform partition of [0, 1]. Then the following orders of convergence

for the collocation solution φCn and the corresponding iterated collocation solution φSn

were established by Chatelin-Lebbar [21]. If r = 0, then∥∥φ− φCn
∥∥
∞ = O(h) ,

∥∥φ− φSn
∥∥
∞ = O

(
h2
)
,

whereas if r ≥ 1, then∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φSn

∥∥
∞ = O

(
h2r+3

)
.

For the modified collocation method, the following convergence orders are obtained from

Kulkarni [51]. If r = 0, then ∥∥φ− φMn
∥∥
∞ = O

(
h3
)
,

whereas if r ≥ 1, then ∥∥φ− φMn
∥∥
∞ = O

(
h2r+3

)
.

These estimates demonstrate that, although the reduced smoothness of Green’s function

type kernels along the diagonal limits the attainable orders of convergence, modified

projection methods consistently yield higher-order accuracy when compared with the

standard Galerkin and collocation methods.

In this thesis, we investigate the convergence behaviour of numerical approximations

for Fredholm integral equations of the second kind with both smooth kernels and kernels

of Green’s function type. The approximate solutions are constructed using the collocation

method, the iterated collocation method, and their corresponding modified variants.

In Chapter 2, we introduce a family of finite-dimensional subspaces Xn consisting of

piecewise polynomial functions of even degree at most 2r (r ≥ 0), defined on a uniform

partition of [0, 1] into n subintervals with mesh size h =
1

n
. The projection operator

Qn : C[0, 1] → Xn is chosen as an interpolatory projection associated with 2r+ 1 equidis-

tant interpolation points on each subinterval [tj−1, tj], including the endpoints, which are

not necessarily Gauss points. For Fredholm integral equations with smooth kernels, we

establish that the collocation, iterated collocation, modified collocation, and iterated mod-

ified collocation methods converge with orders h2r+1, h2r+2, h4r+3, and h4r+4, respectively.

In the case of Green’s function type kernels and for r ≥ 1, the corresponding convergence

orders reduce to h2r+1, h2r+2, h2r+2, and h2r+3, reflecting the reduced regularity of the

kernel along the diagonal. Moreover, for piecewise constant approximations (r = 0), the
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collocation, iterated collocation, modified collocation, and iterated modified collocation

methods converge with orders 1, 2, 3, and 4, respectively. These theoretical convergence

rates are validated through numerical experiments. Overall, this chapter demonstrates

that both iteration and modification lead to substantial improvements in the accuracy of

collocation-based methods for Fredholm integral equations of the second kind. In particu-

lar, iteration increases the order of convergence, while the modified projection framework

yields higher-order superconvergence without increasing the size of the algebraic system.

The use of equidistant collocation points together with approximation spaces of even-

degree polynomials highlights the robustness and efficiency of the proposed projection

framework. Moreover, this choice motivates its further application to associated eigen-

value problems and Urysohn integral equations of the second kind, which is pursued in

the subsequent chapter.

1.4 Urysohn Integral Equations

Let X = L∞[0, 1], and let Ω × R = [0, 1] × [0, 1] × R. Consider a continuous kernel

κ : Ω× R → R and define the Urysohn integral operator by

K(x)(s) =

∫ 1

0

κ(s, t, x(t)) dt, s ∈ [0, 1], x ∈ X . (1.4.1)

It is well known that K is a compact operator from L∞[0, 1] into C[0, 1]. We are interested

in the nonlinear integral equation

x−K(x) = f, f ∈ X . (1.4.2)

A widely occurring special case of Urysohn integral equations is the Hammerstein

integral equation

x(s)−
∫ 1

0

κ(s, t) g(t, x(t)) dt = f(s), s ∈ [0, 1],

where g : [0, 1] × R → R is continuous. Such equations arise naturally when boundary

value problems for ordinary or partial differential equations are rewritten in integral form;

in this context, the kernel κ(s, t) typically represents a Green’s function. See Krasnoselskii

et al. [45] and Zabreiko-Povolotskii [93].

We assume that the equation (1.4.2) admits a unique solution, denoted by φ. If the

kernel κ(s, t, u) of K satisfies
∂κ

∂u
∈ C(Ω × R), then K is Fréchet differentiable on X and
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its derivative at x ∈ X is given by

(K′(x)y)(s) =

∫ 1

0

∂κ

∂u
(s, t, x(t)) y(t) dt, s ∈ [0, 1], y ∈ X ,

where
∂κ

∂u
(s, t, x(t)) denotes the partial derivative of κ with respect to its third variable,

evaluated at x(t). To study the local behaviour of solutions, we rewrite (1.4.2) as

F (x) = x−K(x)− f = 0,

where F : X → X is Fréchet differentiable, and

F ′(φ) = I − K′(φ).

If 1 is not an eigenvalue of the compact linear operator K′(φ), then I−K′(φ) is invertible.

By the inverse function theorem in Banach spaces, the equation F (x) = 0 admits a unique

solution in a neighbourhood of φ. Thus, φ is an isolated solution of (1.4.2).

Since equations of the form (1.4.2) cannot, in general, be solved exactly, we are in-

terested in approximate solutions of the above equation and it is necessary to construct

accurate numerical approximations. A common approach is to replace (1.4.2) with a

sequence of finite-dimensional approximating problems,

xn −Kn(xn) = fn,

where Kn is a suitable finite-rank approximation of K. The approximate solution xn is

then computed by solving the corresponding nonlinear system using an iterative method.

The methods for approximation fall into two categories:

1. Nyström methods, in which the integral in (1.4.1) is replaced by a convergent

numerical quadrature rule, yielding finite-dimensional Nyström operators; which ap-

proximates K. The Nyström method for nonlinear integral equations is investigated

in Atkinson [5] and in Weiss [91].

2. Projection methods, based on a sequence of continuous finite-rank projections

converging pointwise to the identity operator, and use it to define operators that ap-

proximate K. The classical Galerkin method and the collocation method, associated

respectively with the orthogonal and interpolatory projections, fall in this category.

Projection methods are studied by a number researchers [3, 10, 42, 43, 44, 67, 68, 89,

90]. In [31, 32], another method called the modified projection method is defined and
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investigated by Grammont and Kulkarni. The discrete versions of the Galerkin and

the iterated Galerkin methods are considered in Atkinson-Potra [11]. On the other

hand, the discrete versions of the collocation and the iterated collocation methods

are considered by Atkinson-Flores in [9]. Furthermore, Kulkarni-Rakshit introduced

the discrete versions of the modified projection and of the iterated modified pro-

jection methods for Urysohn integral equations and developed rigorous analyses of

their convergence and superconvergence properties; see [54, 55].

Both approaches reduce the infinite-dimensional equation (1.4.2) to a finite-dimensional

nonlinear system to which standard numerical techniques may be applied. In the sub-

sequent subsections, we focus on projection-based methods and their variants, with par-

ticular attention to modified projection methods that yield higher orders of convergence

while retaining a reasonable computational cost.

1.4.1 Projection Methods

For r ≥ 0, let Xn denote the space of piecewise polynomials of even degree at most 2r

defined over a uniform partition of [0, 1] into n subintervals. With mesh-length h =
1

n
,

the absence of continuity conditions at the nodes implies that dim(Xn) = n(2r + 1), and

clearly Xn ⊂ L∞[0, 1]. We recall the two types of projections from L∞[0, 1] to Xn.

• The map Pn is the restriction to L∞[0, 1] of the orthogonal projection from L2[0, 1]

to Xn.

• Choose 2r + 1 distinct points in each of the subintervals ∆j = [tj−1, tj], j =

1, 2, . . . , n. Let Qn : C[0, 1] → Xn be the map which interpolates a given function at

the (2r + 1)n points in [0, 1]. Using Hahn-Banach theorem, this map is necessarily

extended to L∞[0, 1] as in Atkinson et al. [8], and then Qn : L∞[0, 1] → Xn is a

projection.

For convenience, we write πn = Pn or Qn, so that the Galerkin and collocation methods

can be expressed in a unified form. In both cases,

πnx→ x, x ∈ C[0, 1],

and, for any x ∈ Cα[0, 1], the following estimate holds:

∥(I − πn)x∥∞ ≤ C7

∥∥x(β)∥∥∞hβ,
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where β = min{α, 2r + 1} and C7 is a constant independent of n.

Now, we will give varinats of projection methods as follows:

1. Galerkin and Collocation Methods.

The Galerkin approximation of equation (1.4.2) is given by

φGn − PnK(φGn ) = Pnf.

Similarly, in the collocation method, equation (1.4.2) is approximated by

φCn −QnK(φCn ) = Qnf.

These classical projection methods have been extensively studied in the existing

literature. Detailed discussions can be found in the works of Krasnoselskii [42],

Krasnoselskii et al. [43], and Krasnoselskii-Zabreiko [44].

2. Iterated Galerkin/Iterated Collocation Methods.

Using one step of iteration, the iterated Galerkin solution is defined as

φSn = K(φGn ) + f.

In a similar manner, the iterated collocation solution is defined as

φSn = K(φCn ) + f.

It can be verified that

φSn −K
(
PnφSn

)
= f or φSn −K

(
Qnφ

S
n

)
= f.

The iterated projection methods are analyzed in Atkinson-Potra [10].

If πn = Pn or πn = Qn, the interpolatory projection at 2r + 1 Gauss points in

each subinterval ∆j = [tj−1, tj], j = 1, 2, . . . , n. In case of smooth kernel, assuming

that
∂κ

∂u
∈ C2r+1(Ω × R) and f ∈ C2r+1[0, 1], Atkinson-Potra [10] established the

convergence estimates∥∥φ− φGn
∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φCn

∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φSn

∥∥
∞ = O

(
h4r+2

)
.

Observe that the one step iteration improves order of convergence from 2r + 1 to

4r+2. If the collocation points are not Gauss points, then there is no improvement
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in the order of convergence as compared to the collocation solution φCn . In fact,

Atkinson-Potra [10] demonstrate that∥∥φ− φCn
∥∥
∞ =

∥∥φ− φSn
∥∥
∞ = O

(
h2r+1

)
.

This is also shown by an example in Chapter 3. Thus, we observe that selecting

Gauss points as collocation points improves the convergence orders through iterative

refinement.

3. Modified Projection Method.

Let πn denote either Pn or Qn. In [31, 32], the modified projection approximation

of (1.4.2) is defined through

φMn −KM
n (φMn ) = f, (1.4.3)

where the modified projection operator is given by

KM
n (x) = πnK(x) +K(πnx)− πnK(πnx), x ∈ X . (1.4.4)

The method represents a generalization of the modified projection technique pro-

posed in the linear framework in Kulkarni [48].

4. Iterated Modified Projection Method.

As in the case of the iterated Galerkin/iterated collocation method, we perform

one step of iteration of the modified projection solution, and the associated iterated

modified projection solution is defined by

φ̃Mn = K(φMn ) + f.

If πn = Pn or πn = Qn, the interpolatory projection at 2r + 1 Gauss points in

each subinterval ∆j = [tj−1, tj], j = 1, 2, . . . , n. Under the stronger smoothness

requirements
∂κ

∂u
∈ C4r+2(Ω × R) and f ∈ C4r+2[0, 1], Grammont et al. [33] proved

the higher-order bounds as∥∥φ− φMn
∥∥
∞ = O

(
h6r+3

)
,
∥∥φ− φ̃Mn

∥∥
∞ = O

(
h8r+4

)
.

It is well known that, if the collocation points are not Gauss points, then the collo-

cation method yields an error of order 2r+1, and a single iteration does not enhance

this convergence order (see Atkinson-Potra [10]). In contrast, the modified collo-

cattion method achieves an error of order 4r + 2, thereby providing a significantly

improved approximation compared to both the collocation and iterated collocation

methods (see Grammont et al. [33]).
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Since Xn is a finite-dimensional subspace of X , the construction of the Galerkin approx-

imation φGn and the collocation approximation φCn reduces to solving a nonlinear system

in a finite-dimensional space. An analogous situation holds for the modified projection

approximation φMn , although the operator defining φMn differs from those associated with

the Galerkin and collocation methods, its evaluation likewise leads to a nonlinear system

of the same dimension. It is important to emphasize that, at each discretization level,

the linear systems that arise in the implementation of all these methods possess identical

size. Hence, the computational complexity per discretization level is essentially compa-

rable for the Galerkin, collocation, and modified projection methods. However, despite

this similarity in computational cost, the modified projection method exhibits a signif-

icantly superior convergence order. Consequently, the sequence {φMn } converges to the

exact solution at a notably faster rate than the sequences {φGn } and {φCn } generated by

the Galerkin and collocation methods.

If the kernel κ of the Urysohn integral operator K defined by (1.4.1) possesses sufficient

smoothness, then the Galerkin and collocation methods yield errors of order h2r+1, whereas

the corresponding iterated Galerkin and iterated collocation methods achieve higher-order

convergence of order h4r+2 (see Atkinson-Potra [10]). On the other hand, the modified

projection and iterated modified projection methods provide further improvement, with

errors of order h6r+3 and h8r+4, respectively (see Grammont et al. [33]).

We now turn to the case where the kernel κ is of Green’s function type. For this

purpose, we partition the domain Ω× R = [0, 1]× [0, 1]× R into two regions:

Ω1×R = {(s, t, u) : 0 ≤ t ≤ s ≤ 1, u ∈ R}, Ω2×R = {(s, t, u) : 0 ≤ s ≤ t ≤ 1, u ∈ R}.

Assume that

∂κ

∂u
∈ C2r+1(Ω1 × R),

∂κ

∂u
∈ C2r+1(Ω2 × R),

∂2κ

∂u2
∈ C(Ω× R).

In Atkinson-Potra [10], the analysis is carried out for the case where the orthogonal pro-

jection Pn is employed, and the associated orders of convergence for the Galerkin solution

φGn and the iterated Galerkin solution φSn are derived. For linear integral equations, cor-

responding results were established earlier by Chatelin-Lebbar [21].

If r = 0, then ∥∥φ− φGn
∥∥
∞ = O(h) ,

∥∥φ− φSn
∥∥
∞ = O

(
h2
)
,

whereas if r ≥ 1, then∥∥φ− φGn
∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φSn

∥∥
∞ = O

(
h2r+3

)
.
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In Grammont et al. [34], the following orders of convergence for the modified methods are

obtained. If r = 0, then∥∥φ− φMn
∥∥
∞ = O

(
h3
)
,
∥∥φ− φ̃Mn

∥∥
∞ = O

(
h4
)
,

whereas if r ≥ 1, then∥∥φ− φMn
∥∥
∞ = O

(
h2r+3

)
,
∥∥φ− φ̃Mn

∥∥
∞ = O

(
h2r+5

)
.

The preceding error bound generalizes the result of Kulkarni [51] for linear integral oper-

ators with Green’s function type kernels.

We now consider the interpolatory projection Qn defined at 2r + 1 Gauss points in

each subinterval ∆j = [tj−1, tj], j = 1, 2, . . . , n. Let α ≥ 0 and assume that the kernel κ

of the Urysohn integral operator introduced in (1.4.1) satisfies

∂κ

∂u
,
∂2κ

∂u2
∈ Cα(Ω1 × R),

∂κ

∂u
,
∂2κ

∂u2
∈ Cα(Ω2 × R),

∂κ

∂u
∈ C(Ω× R). (1.4.5)

If α ≥ 2r + 1, the orders of convergence for the collocation solution and the iterated

collocation solution established by Atkinson-Potra [10] are given by∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φSn

∥∥
∞ = O

(
hmin(α, 4r+2, 2r+3)

)
.

Along with the regularity conditions in (1.4.5), we assume in addition that

∂4κ

∂u4
∈ C(Ω× R).

Under this assumption, the following result holds in Kulkarni-Nidhin [57] for the modified

collocation method and its iterated version:∥∥φ− φMn
∥∥
∞ = O

(
h2r+3

)
.

When α ≥ 4 and r = 0, we obtain∥∥φ− φ̃Mn
∥∥
∞ = O

(
h4
)
.

If r ≥ 1 and α ≥ 2r + 3, the iterated modified collocation solution satisfies the enhanced

estimate ∥∥φ− φ̃Mn
∥∥
∞ = O

(
h4r+3

)
.

A comparison of the above error estimates shows that, when r = 0, the orders of con-

vergence corresponding to the collocation, iterated collocation, modified collocation, and
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iterated modified collocation methods are 1, 2, 3, and 4, respectively. For r ≥ 1 and

α ≥ 2r+3, both φSn and φMn converge to the exact solution φ with the same rate, whereas

the iterated modified collocation approximation φ̃Mn achieves a higher rate of convergence.

These bounds generalize the result obtained by Kulkarni [51], which concerns the case of

a linear integral operator with a Green’s function type kernel.

In this thesis, we also investigate the orders of convergence of approximate solutions to

Urysohn integral equations with both smooth kernels and kernels of Green’s function type,

obtained using the collocation method, iterated collocation method, and their modified

variants. In Chapter 3, we consider the finite-dimensional space Xn consisting of piecewise

polynomials of even degree ≤ 2r (r ≥ 0) defined on a uniform partition of [0, 1] into n

subintervals of mesh size h =
1

n
. The projection operator Qn : C[0, 1] → Xn is taken to

be the interpolatory projection at 2r + 1 equidistant nodes (including the endpoints) on

each subinterval [tj−1, tj]; these nodes are not necessarily the Gauss points.

For smooth kernels, we establish that the collocation, iterated collocation, modified

collocation, and iterated modified collocation methods converge with orders h2r+1, h2r+2,

h4r+3, and h4r+4, respectively. For kernels of Green’s function type, and for r ≥ 1,

the corresponding orders of convergence are shown to be h2r+1, h2r+2, h2r+2, and h2r+3,

respectively. Additionally, when r = 0, the orders of convergence associated with the

collocation, iterated collocation, modified collocation, and iterated modified collocation

methods reduce to 1, 2, 3, and 4, respectively. The theoretical orders of convergence which

we proved in this thesis are validated by numerical results.

In many recent studies, such as [54, 57, 62, 64], enhanced convergence is often achieved

by selecting collocation points as the zeros of certain special functions. Such choices are

well known to improve the accuracy of numerical integration and are widely employed

in classical iterated collocation methods. In contrast, the present work adopts a simpler

selection of collocation points, leading to methods that are easier to implement while

still maintaining strong theoretical and numerical performance, thereby illustrating the

effectiveness of the proposed projection framework. Chapter 3 extends the results of

Chapter 2 to Fredholm integral equations with both smooth kernels and kernels of Green’s

function type, using an interpolatory projection.
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1.4.2 Analytical Preliminaries for Urysohn Integral Operators

In this subsection, we present the basic notions concerning multilinear operators and

Fréchet differentiability, as well as the Generalised Taylor’s theorem, which will play a

central role in the analysis carried out in Chapter 3.

Multilinear Operators

For k ≥ 1 let X k = X × · · · × X denote the Cartesian product of k copies of X . For

k = 1, 2, . . ., write BL(X k+1,Y) for the space of bounded linear operators from X into

BL(X k,Y), with the convention BL(X 1,Y) = BL(X ,Y). Equivalently, a member of

BL(X k+1,Y) is a bounded operator from X k+1 into Y . An element of BL(X k,Y) is called

a k-linear operator from X into Y .

If T0 ∈ BL(X k,Y) and x1, . . . , xk ∈ X , then by definition T0x1 ∈ BL(X k−1,Y). We

therefore write T0x1x2 · · · xk−1 ∈ BL(X ,Y) and T0x1x2 · · · xk−1xk ∈ Y . Let x ∈ X , we

denote

T0x1x2 · · · xk−1xk = T0(x1, x2, . . . , xk) ∈ Y ,

and

T0x
k = T0(x, x, . . . , x︸ ︷︷ ︸

k times

).

If T0 is a k-linear operator, it may be viewed as an operator on X × · · · × X into Y , and

its norm is

∥T0∥ = sup
{
∥Aj(T1, . . . , xj)∥ : ∥xi∥ = 1, i = 1, . . . , k

}
.

Elements of BL(X k,Y) are called multilinear operators; for k = 2 they are bilinear, and

for k = 3 they are trilinear.

For a bilinear operator T from X into BL(X ,Y) and x1 ∈ X , the map T x1 is a bounded

linear operator from X into Y . As a mapping T ∈ BL(X 2,Y) is given by

y = T (x1, x2) = (T x1)x2, x1, x2 ∈ X .

We adopt the convention that a multilinear operator acts on the adjacent point first, that

is,

T x1x2 = (T x1)x2, x1, x2 ∈ X .

If T x1x2 = T x2x1 for all x1, x2 ∈ X , then T is symmetric. For more details see Rall [73].
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Fréchet Differentiability

Let X and Y be normed linear spaces and T : X → Y an operator. Recall that the

operator T is said to be Fréchet differentiable at x0 ∈ X if there exists a bounded linear

operator L : X → Y such that

lim
∥h∥→0

∥T (x0 + h)− T (x0)− Lh∥Y
∥h∥X

= 0.

In this case L is the Fréchet derivative of T at x0, and we write T ′(x0) = L.

The Fréchet derivative satisfies the usual linearity and chain-rule properties:

• If L : X → Y is linear then L′(x0) = L for every x0 ∈ X .

• If S, T : X → Y are differentiable at x0 ∈ X and α, β are scalars, then

(αS + βT )′(x0) = αS ′(x0) + βT ′(x0).

• If T : X → Y and S : Y → Z are Fréchet differentiable with T differentiable at x0

and S at T (x0), then the chain rule (Linz [59]) yields

(S ◦ T )′(x0) = S ′(T (x0)) T ′(x0).

Recall from (1.4.4) that

KM
n (x) = πnK(x) + (I − πn)K(πnx).

Since πn is a linear operator, using the above properties we obtain

(KM
n )′(x) = πnK′(x) + (I − πn)K′(πnx) πn

= πnK′(x) + (I − πn)K′(πnx)πn. (1.4.6)

If the second derivative T ′′(x0) exists, it is a symmetric bilinear operator from X into

Y . In general, for k ≥ 1 denote by T (k)(x0) the k-th Fréchet derivative of T at x0; then

T (k)(x0) is a bounded k-linear operator from X k into Y . For x ∈ X we write

T (k)(x0)x
k = T (k)(x0)(x, . . . , x︸ ︷︷ ︸

k times

).
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Generalized Taylor’s Theorem

For δ0 > 0 the closed ball centred at x0 of radius δ0 is

B(x0, δ0) = {x ∈ X : ∥x− x0∥ ≤ δ0}.

If T is (k−1)-times differentiable on a neighbourhood B(x0, δ0) and there exists a k-linear

operator M such that

lim
∥h∥→0

∥∥T (k−1)(x0 + h)− T (k−1)(x0)−Mh
∥∥

∥h∥
= 0,

then M = T (k)(x0) is the k-th derivative of T at x0.

For x0, x1 ∈ X let the line segment joining x0 and x1 be

L(x0, x1) = {x ∈ X : x = θx1 + (1− θ)x0, θ ∈ [0, 1]}.

Theorem 2 (Generalized Taylor’s Theorem). [Rall [73, p. 124]] Let X and Y be Banach

spaces and T : X → Y an operator which is m-times Fréchet differentiable in a neigh-

bourhood B(x0, δ0), δ0 > 0, of x0 ∈ X . Assume that T (m)(x) is integrable from 0 to 1

along any x1 ∈ B(x0, δ0). Then for x1 ∈ B(x0, δ0),

T (x1) = T (x0) +
m−1∑
k=1

1

k!
T (j)(x0)(x1 − x0)

k +Rm(x0, x1),

where

Rm(x0, x1) =
1

(m− 1)!

∫ 1

0

(1− θ)m−1 T (m)
(
x0 + θ(x1 − x0)

)
(x1 − x0)

m dθ.

Fréchet Derivatives of the Urysohn Operator

We now recall the Fréchet derivatives of the Urysohn integral operator K defined in (1.4.1).

If for j ≥ 1 the partial derivative
∂jκ

∂uj
∈ C(Ω×R) , then the j-th Fréchet derivative of K

is given by

(
K(j)(x)(y1, . . . , yj)

)
(s) =

∫ 1

0

∂jκ

∂uj
(
s, t, x(t)

)
y1(t) · · · yj(t) dt, s ∈ [0, 1].

Moreover, one has the bound∥∥K(j)(x)
∥∥ ≤ max

s,t∈[0,1], u∈R

∣∣∣∣∂jκ∂uj (s, t, u)
∣∣∣∣ .
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In particular, let y1, y2 ∈ L∞[0, 1]. Assume that
∂2κ

∂u2
∈ C(Ω× R). Then the operator

K is twice Fréchet differentiable and the first two Fréchet derivatives of K at x are given

by

(K′(x)y1)(s) =

∫ 1

0

∂κ

∂u
(s, t, x(t)) y1(t) dt, s ∈ [0, 1],

(K′′(x)(y1, y2))(s) =

∫ 1

0

∂2κ

∂u2
(s, t, x(t)) y1(t) y2(t) dt, s ∈ [0, 1].

Furthermore, one can see that if 1 is not an eigenvalue of K′(φ), then φ is an isolated

solution of (1.4.2) by following Krasnoselskii-Zabreiko [44].

Proposition 3 (Krasnoselskii-Zabreiko [44]). Let X = L∞[0, 1]. Let K be the Urysohn

integral operator defined by (1.4.1). Let φ be a solution of the equation (1.4.2). Assume

that
∂2κ

∂u2
∈ C(Ω × R) and that 1 is not an eigenvalue of K′(φ). Then φ is an isolated

solution of (1.4.2).

Proof. A detailed proof can be found in [70, Proposition 1.2].

1.4.3 Existence of Approximate Solutions

In this section, we first recall a result of Atkinson-Potra [10] concerning the existence of the

collocation solution φCn in a neighbourhood of the exact solution φ. We then present the

classical Neumann series result together with a perturbation result due to Atkinson [13].

After establishing some preliminary results in Lemmas 1.4.1, 1.4.2, and 1.4.3, one can

prove in Theorem 7 the existence and uniqueness of the modified collocation solution φMn

in a neighbourhood of φ.

Let us recall that X = L∞[0, 1] and the Urysohn integral operator

K(x)(s) =

∫ 1

0

κ(s, t, x(t)) dt, s ∈ [0, 1], x ∈ X ,

where the kernel κ is a real valued continuous function defined on Ω×R = [0, 1]× [0, 1]×R
and is such that

∂κ

∂u
,
∂2κ

∂u2
∈ C(Ω× R).

Then K is Fréchet differentiable and its Fréchet derivative is given by

(K′(x)y)(s) =

∫ 1

0

∂κ

∂u
(s, t, x(t)) y(t) dt, s ∈ [0, 1], y ∈ X .
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Assume that for f ∈ C[0, 1] the equation

x−K(x) = f

has a unique solution φ. Since K maps L∞[0, 1] to C[0, 1], it follows that φ ∈ C[0, 1].

Let Qn denote the interpolatory projection defined in Section 1.4.1. Then

Qnx→ x as n→ ∞ for x ∈ C[0, 1], (1.4.7)

and

sup
n

∥Qn∥ <∞. (1.4.8)

In the following, we recall a well-known result from functional analysis.

Proposition 4 (Neumann Expansion). Let X be a Banach space and let T ∈ BL(X ).

If z ∈ C satisfies ∥T ∥ < |z|, then the operator T − zI is invertible and

(T − zI)−1 = −
∞∑
n=0

T n

z n+1
.

Moreover,

∥(T − zI)−1∥ ≤ 1

|z| − ∥T ∥
.

We now quote the following result from Atkinson [13, Theorem 4.1.1].

Proposition 5. Let X be a Banach space and let T1, T2 ∈ BL(X ). Assume that T1 is

compact and that (I − T1)
−1 exists as a bounded linear operator on X .

(a) If

∥T1 − T2∥ <
1

∥(I − T1)−1∥
,

then (I − T2)
−1 exists, is bounded, and

∥(I − T2)
−1∥ ≤ ∥(I − T1)

−1∥
1− ∥T1 − T2∥ ∥(I − T1)−1∥

.

(b) If

∥(T1 − T2)T2∥ <
1

∥(I − T1)−1∥
,

then (I − T2)
−1 exists, is bounded, and

∥(I − T2)
−1∥ ≤

∥(I − T1)
−1∥
(
1 + ∥(I − T1)

−1T2∥
)

1− ∥(I − T1)−1(T1 − T2)T2∥
.
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Note that the Fréchet derivative K′(φ) is a compact linear operator on X . Since 1 is

not an eigenvalue of K′(φ), it follows that

(I − K′(φ))−1 ∈ BL(X ).

The existence and uniqueness of the collocation solution φCn in a neighbourhood of the

exact solution φ, for all sufficiently large n, and their convergence to φ were proved in

Krasnoselskii [42] and in Krasnoselskii-Zabreiko [44]. We quote the following result from

Atkinson-Potra [10]. (See also Krasnoselskii-Zabreiko [44], p. 326.)

Theorem 6. If 1 is not an eigenvalue of K′(φ), then there are two nonnegative sequences

{ϵn}, {δn}, convergent to 0, such that

1

∥(I − K′(φ))∥
(1−ϵn)∥Qnφ− φ∥∞ ≤

∥∥φ− φCn
∥∥
∞ ≤

∥∥(I − K′(φ))−1
∥∥(1+δn)∥Qnφ− φ∥∞.

Thus, the rate of convergence of {φCn } to φ is the same as that of {Qnφ} to φ. Suppose

that (I − K′(φ))−1 exists and is bounded. Then, for sufficiently large n, the error in the

Sloan iterate satisfies ∥∥φ− φSn
∥∥
∞ ≤ C8 ∥K′(φ)(I − Qn)φ∥∞,

where C8 is a constant independent of n. The superconvergence of {φSn} to φ in the case

of interpolatory projection at Gauss points is first studied in Atkinson-Potra [10].

We first prove some preliminary results which are crucial for the existence and unique-

ness of modified collocation solution φMn .

Lemma 1.4.1. Let {Qn} be a sequence of interpolatory projections satisfying (1.4.7) and

(1.4.8). Then ∥∥K(φ)−KM
n (φ)

∥∥→ 0 as n→ ∞.

Proof. From (1.4.4), with πn = Qn, we have

KM
n (x) = QnK(x) + (I − Qn)K(Qnx).

Hence,

K(φ)−KM
n (φ) = K(φ)−QnK(φ)− (I − Qn)K(Qnφ)

= −(I − Qn)
(
K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)

)
− (I − Qn)K′(φ)(Qnφ− φ).
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Define

βn =
∥K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)∥

∥Qnφ− φ∥
.

By the definition of the Fréchet derivative, βn → 0 as n→ ∞.

Since Qnx → x for all x ∈ C[0, 1] and K′(φ) : L∞[0, 1] → C[0, 1] is a compact linear

operator, it follows that

ηn = ∥(I − Qn)K′(φ)∥ → 0 as n→ ∞. (1.4.9)

Since φ ∈ C[0, 1], we obtain∥∥K(φ)−KM
n (φ)

∥∥ ≤
[
(1 + sup

n
∥Qn∥)βn + ηn

]
∥Qnφ− φ∥ → 0

as n→ ∞. This completes the proof.

Lemma 1.4.2. Assume that
∂2κ

∂u2
∈ C(Ω× R), and let N be a bounded neighbourhood of

φ. Then the Fréchet derivative (KM
n )′ is Lipschitz continuous in N .

Proof. Since
∂2κ

∂u2
∈ C(Ω×R), the operator K is twice Fréchet differentiable. Consequently,

its first derivative K′ is Lipschitz continuous in any bounded neighbourhood N of φ. That

is, there exists a constant γ > 0 such that

∥K′(x)−K′(y)∥ ≤ γ∥x− y∥∞, for all x, y ∈ N .

Using the representation of (KM
n )′ given in (1.4.5), we obtain, for x, y ∈ N ,

(KM
n )′(x)− (KM

n )′(y) = Qn

(
K′(x)−K′(y)

)
+ (I − Qn)

(
K′(Qnx)−K′(Qny)

)
Qn.

Taking norms and applying the Lipschitz continuity of K′, we obtain∥∥(KM
n )′(x)− (KM

n )′(y)
∥∥ ≤ γ

(
sup
n

∥Qn∥+ (1 + sup
n

∥Qn∥) sup
n

∥Qn∥2
)
∥x− y∥∞.

Using (1.4.8), the right-hand side is bounded by a constant multiple of ∥x− y∥∞, inde-

pendent of n. This proves that (KM
n )′ is Lipschitz continuous in N .

Lemma 1.4.3. Assume that 1 is not an eigenvalue of K′(φ). Then there exists a natural

number n0 such that for n ≥ n0, I − (KM
n )′(φ) is invertible and∥∥(I − (KM
n )′(φ))−1

∥∥ ≤ C9,

for some constant C9 = 2∥(I − K′(φ))−1∥ independent of n.



1.4. Urysohn Integral Equations 39

Proof. Recall that

(KM
n )′(φ) = QnK′(φ) + (I − Qn)K′(Qnφ)Qn.

Hence,

K′(φ)− (KM
n )′(φ) = (I − Qn)K′(φ)− (I − Qn)K′(Qnφ)Qn

= (I − Qn)K′(φ)(I − Qn) + (I − Qn)(K′(φ)−K′(Qnφ))Qn.

By (1.4.7), (1.4.8), (1.4.9) and the Lipschitz continuity of K′, it follows that∥∥K′(φ)− (KM
n )′(φ)

∥∥ ≤ (1 + sup
n

∥Qn∥)ηn + (1 + sup
n

∥Qn∥) sup
n

∥Qn∥γ∥φ−Qnφ∥ → 0,

as n→ ∞. Choose n0 such that for n ≥ n0,∥∥K′(φ)− (KM
n )′(φ)

∥∥∥∥(I − K′(φ))−1
∥∥ ≤ 1

2
.

Since I −K′(φ) is invertible, the Neumann series argument implies that I − (KM
n )′(φ) is

invertible for all n ≥ n0. Moreover, by Proposition 5,∥∥(I − (KM
n )′(φ))−1

∥∥ ≤ 2
∥∥(I − K′(φ))−1

∥∥.
This completes the proof..

For n ≥ n0, define

Bn(x) = x−
[
I − (KM

n )′(φ)
]−1 [

x−KM
n (x)− f

]
.

Then Bn(x) = x if and only if x−KM
n (x) = f .

For δ0 > 0, let

B(φ, δ0) = {x ∈ X : ∥x− φ∥∞ ≤ δ0}.

One can prove that, for n large enough, there exists a unique modified collocation

solution φMn in a neighbourhood of the exact solution φ. The proof is similar to that of

Grammont [31] and is therefore omitted.

Theorem 7. Assume that the kernel κ of the Urysohn integral operator K, defined

by (1.4.1), satisfies
∂2κ

∂u2
∈ C(Ω × R), and that 1 is not an eigenvalue of K′(φ), where

φ is the unique solution of the nonlinear integral equation (1.4.2). Then there exists a

constant δ0 > 0 such that, for all sufficiently large n, the modified projection operator
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KM
n admits a unique solution φMn ∈ B(φ, δ0) of the equation (1.4.3). Also, there exists a

nonnegative sequence {αn}, converging to zero as n→ ∞, such that the error estimate

2

3
αn ≤

∥∥φ− φMn
∥∥
∞ ≤ 2αn

holds, where αn =
∥∥∥[I − (KM

n )′(φ)
]−1 [K(φ)−KM

n (φ)
]∥∥∥.

Remark 1. The solution φMn can equivalently be characterized as the unique fixed point

of a contraction mapping Bn on B(φ, δ0), where Bn(x) = x if and only if x−KM
n (x) = f.

The above result is needed in Chapter 3 to obtain the order of convergence of the modified

collocation solution.

1.5 Eigenvalue Problems

This thesis also addresses the numerical approximation of eigenvalue problems associated

with Fredholm integral equations of the second kind. In particular, we consider compact

integral operators K defined on the spaces L2[0, 1] or C[0, 1], generated by continuous

kernel functions. The primary objective is to approximate nonzero eigenvalues and their

corresponding eigenfunctions. Owing to the compactness of K, the spectrum consists

of isolated eigenvalues with finite multiplicity, which makes projection-based numerical

methods especially suitable for such problems.The classical, modified, and their iterated

numerical methods studied in this thesis are constructed using orthogonal and interpola-

tory projections. These approaches reduce the infinite-dimensional eigenvalue problem to

finite-dimensional matrix eigenvalue problems while preserving the essential spectral char-

acteristics of the operator. In particular, modified projection methods yield higher-order

accuracy by constructing appropriate finite-rank approximations of K, with increasing the

dimension of the resulting algebraic systems as compared to standard projection methods.

The convergence analysis is carried out using tools from operator theory, notably

spectral projections associated with isolated eigenvalues. This framework allows a clear

understanding of how approximate eigenvalues and eigenspaces converge to the exact

ones and forms the basis for the error estimates and numerical results presented in the

subsequent chapters.

Let X be a Banach space equipped with the norm ∥·∥ (in particular, X = L2[0, 1] or

C[0, 1]), and let K : X → X be a compact linear operator. The associated eigenvalue

problem is to determine eigenvalue λ ∈ C and a nonzero eigenfunction ψ ∈ X such that

Kψ = λψ, λ ̸= 0, ∥ψ∥ = 1.
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Owing to the compactness of K, its spectrum consists of isolated eigenvalues of finite

multiplicity, which makes such problems suitable for numerical approximation.

In this thesis, we focus on compact integral operators of the form

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt, s ∈ [0, 1], x ∈ X ,

where κ is a real-valued continuous kernel on Ω = [0, 1] × [0, 1], including kernels of

smooth or Green’s function type. A standard approach is to approximate K by a se-

quence of finite-rank operators {Kn}, thereby reducing the problem to finite-dimensional

eigenvalue problems which can be treated as matrix eigenvalue problems. The convergence

analysis of such approximations is well established; see Ahues et al. [1], Atkinson [13], and

Osborn [65]. Several numerical techniques have been developed for constructing the ap-

proximating operators Kn. These include Nyström methods, which replace the integral

operator by a convergent quadrature rule, and projection-based methods such as Galerkin

and collocation methods. A general abstract framework for these methods was given by

Atkinson [13]. The convergence of Nyström methods was rigorously analyzed using the

concept of collectively compact convergence introduced by Anselone [4] and further stud-

ied by Atkinson [6]. Degenerate kernel methods were investigated by Schafer [78], and

Nelakanti [63]. Projection methods have a long history in eigenvalue analysis, originating

from the work of Kantorovitch [40] and Kantorovitch and Akilov [41]. Their convergence

properties are well documented in Krasnoselskii et al. [43] and in the monographs by

Baker [15], Chatelin [20], and Ahues et al. [1].

Beyond convergence, the rate of convergence of approximate eigenvalues and eigen-

functions is of primary importance. For smooth kernels, convergence rates and asymptotic

expansions have been studied in Ahues et al. [1], Atkinson [13], Baker [15], Chatelin [20],

Sloan [86], and Kulkarni [47]. Eigenvalue problems involving Green’s kernels, which may

lack smoothness along the diagonal, were investigated in Chatelin-Lebbar [22], Rane [74,

76], and Kulkarni-Rane [56]. Superconvergence phenomena for iterated eigenfunctions

were first observed by Sloan [84] and further developed by deBoor-Swartz [26, 27] and

Chatelin [18, 19, 20].

Further improvements in spectral approximations have been achieved through itera-

tive and modified projection techniques. In particular, the modified projection method

proposed by Kulkarni [49, 52] yields faster convergence of eigenelements for sufficiently

smooth kernels when compared with classical iterated projection methods, with additional

enhancement obtained via the iterated modified projection method. High-order and su-
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perconvergent Nyström and degenerate kernel methods based on projections at Gauss

points were developed in [2]. In all these approaches, the continuous eigenvalue problem

is ultimately reduced to a finite-dimensional matrix eigenvalue problem constructed using

suitable piecewise polynomial approximation spaces.

1.5.1 Projection Methods for Eigenvalue Problems

Let X be a Banach space and recall that K : X → X be a compact integral operator. We

consider the eigenvalue problem

Kψ = λψ, (1.5.1)

where λ ∈ C \ {0} and 0 ̸= ψ ∈ X . Since K is compact, its spectrum consists of at most

countably many eigenvalues of finite algebraic multiplicity, with zero as the only possible

accumulation point. A standard approach for approximating (1.5.1) is to replace K by a

sequence of finite-rank operators and to solve the resulting matrix eigenvalue problems.

Let {Kn} be a sequence of finite-rank operators converging to K in the sense of collective

compactness, that is, {Knx : ∥x∥ ≤ 1, n ∈ N} has compact closure in X . Then each Kn

has a finite spectrum, and the eigenvalue problem

Knψn = λnψn, λn ̸= 0, ∥ψn∥ = 1

reduces to a matrix eigenvalue problem. Under standard assumptions, the approximate

eigenpairs (λn, ψn) converge to a true eigenpair (λ, ψ) of (1.5.1); see Atkinson [13] and

Ahues et al. [1]. Projection methods form one of the most widely used classes of such

approximations.

For a fixed integer r ≥ 0, let Xn denote the space of piecewise polynomials of even

degree at most 2r defined on a uniform partition of [0, 1] into n subintervals. No continuity

conditions are imposed at the partition points. If h =
1

n
denotes the mesh size, then each

subinterval contributes 2r+1 degrees of freedom, and hence dim(Xn) = n(2r+1). Clearly,

Xn ⊂ L∞[0, 1].

We consider two different projections from L∞[0, 1] onto Xn. The first one, denoted by

Pn, is obtained by restricting the orthogonal projection from L2[0, 1] onto Xn to the space

L∞[0, 1]. The second projection, denoted by Qn, is defined through interpolation. More

precisely, 2r+1 distinct interpolation points are chosen in each subinterval ∆j = [tj−1, tj],

j = 1, 2, . . . , n, and Qn : C[0, 1] → Xn interpolates a given function at these (2r + 1)n

points. By an application of the Hahn-Banach theorem (see Atkinson et al. [8]), this

operator can be extended to a bounded projection from L∞[0, 1] onto Xn.
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For notational convenience, we write πn = Pn or Qn, so that both the Galerkin and

the collocation methods can be treated in a unified manner. In either case, {πn}n≥1 be a

sequence of finite-rank projection operators on X satisfies

πnx→ x, for all x ∈ C[0, 1], as n→ ∞.

The classical Galerkin/collocation approximation replaces K by πnK, leading to the

finite-dimensional eigenvalue problem

πnKψn = λnψn, ψn ∈ R(πn).

A refinement of this approach was proposed by Sloan [84] in the form of the iterated

Galerkin/collocation method, where the operator is replaced by Kπn. The refined eigen-

vector is defined as

ψSn =
1

λn
Kψn.

Since φSn is obtained by applying K, it belongs to the range of the original operator, where

the exact eigenfunctions lie. Moreover, it is easy to verify that

K
(
πnψ

S
n

)
= λnψ

S
n .

This iteration often improves the accuracy of the computed eigenfunctions without in-

creasing the dimension of the discrete eigenvalue problem. These methods are extensively

studied in the literature (see, for example, [13, 15, 20, 22, 26, 27, 86]).

To further improve convergence, Kulkarni [49] introduces a modified finite-rank oper-

ator

KM
n = πnKπn + πnK(I − πn) + (I − πn)Kπn.

A straightforward computation shows that

K −KM
n = (I − πn)K(I − πn),

which converges to zero in operator norm as n → ∞ under standard approximation

assumptions on πn. Hence, {KM
n } provides a norm-convergent sequence of finite-rank

operators. The corresponding eigenvalue problem is

KM
n ψ

M
n = λMn ψ

M
n ,

∥∥ψMn ∥∥ = 1. (1.5.2)

Since KM
n is finite-rank, (1.5.2) reduces to a matrix eigenvalue problem.
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The corresponding iterated modified eigenvector is given as

ψ̃Mn =
1

λMn
KψMn , (1.5.3)

which lies in the exact range of K and provides an improved approximation to the true

eigenfunction.

When λ is a simple eigenvalue of K, the modified projection method exhibits a sub-

stantially higher order of convergence than the classical projection and iterated projection

methods. Since KM
n = πnK + Kπn − πnKπn, and πn maps X onto the finite-dimensional

space Xn, it follows that for any x ∈ X , the terms πnKx and πnKπnx belong to Xn, while

Kπnx ∈ K(Xn). Therefore, R(KM
n ) ⊂ Yn := Xn + K(Xn). Since dim(Xn) = n(2r + 1)

and dim
(
K(Xn)

)
≤ dim(Xn), we obtain dim(Yn) ≤ 2n(2r + 1). Therefore, the eigen-

value analysis of KM
n can be restricted to the finite-dimensional space Yn, and the asso-

ciated eigenvalue problem reduces to a matrix eigenvalue problem of dimension at most

2n(2r+ 1). In contrast, the standard projection (or Sloan) method based on πnK gives a

matrix eigenvalue problem of dimension n(2r + 1). Compared with this standard projec-

tion methods, the modified projection method leads to a quadratic eigenvalue problem,

which, after linearization, results in a matrix problem of approximately twice the size of

the standard projection methods, thereby increasing the computational cost moderately.

However, this additional cost is compensated by the higher-order convergence achieved

by the modified projection method, leading to improved accuracy for the same mesh size.

In practical computations, the continuous eigenvalue problems are replaced by fully

discrete methods obtained by approximating the integrals appearing in the definition of

the operator and in the associated inner products using suitable numerical quadrature

formulas. This discretization leads to matrix eigenvalue problems that can be efficiently

implemented on a computer. When the projection πn is chosen as an orthogonal pro-

jection, the resulting methods correspond to the discrete Galerkin and iterated discrete

Galerkin methods. On the other hand, if πn is taken to be an interpolatory projection,

one obtains the discrete collocation and iterated discrete collocation methods.

The convergence and accuracy of these discrete projection methods for one-dimensional

eigenvalue problems with smooth kernels were studied by Kulkarni-Nelakanti [53]. It was

shown that, provided the quadrature rules are sufficiently accurate, the discrete methods

preserve the convergence rates of the corresponding continuous methods and may even

exhibit superconvergence of the approximate eigenvalues and eigenfunctions. Further en-

hancements in eigenvalue accuracy, based on Richardson extrapolation applied to iterated
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discrete Galerkin and collocation methods, were reported by Chen et al. [23]. Although,

our thesis is focused on projection-based methods only not the discrete projection based

methods.

However, the present work is confined to projection-based methods formulated at the

operator level and does not involve discretization through numerical quadrature.

1.5.2 Spectral Theory of Compact Operators

Let X be a Banach space, which in the present thesis is taken to be either X = L2[0, 1]

or C[0, 1]. Recall that, we denote by BL(X ) the space of all bounded linear operators

mapping X into itself. This space is equipped with the operator norm defined by

∥K∥ = sup
∥x∥=1

∥Kx∥, K ∈ BL(X ).

Let K ∈ BL(X ) be a compact linear operator. By definition, K maps bounded subsets

of X into relatively compact sets. Compact operators arise naturally in the theory of

integral equations and play a central role in spectral approximation theory due to their

well-structured spectral properties.

Recall that the resolvent set of K is defined by

ρ(K) =
{
z ∈ C : (K − zI)−1 ∈ BL(X )

}
,

where I denotes the identity operator on X . The spectrum of K is defined as the com-

plement of the resolvent set, namely, σ(K) = C \ ρ(K).

The spectral radius of the operator K is given by rσ(K) = sup{|λ| : λ ∈ σ(K)}. Since
rσ(K) ≤ ∥K∥ and the resolvent set ρ(K) is open, it follows that the spectrum σ(K)

is a compact subset of C. When K is a compact operator on an infinite-dimensional

Banach space, the spectrum possesses a particularly simple structure. In this case, every

nonzero spectral value of K is an eigenvalue of finite multiplicity, and zero is the only

possible accumulation point of the spectrum σ(K). The point spectrum of K consists of

all λ ∈ σ(K) for which the operator K − λI is not injective. For such a value λ, there

exists a nontrivial vector x ∈ X satisfying Kx = λx, and λ is called an eigenvalue of K.

For K ∈ BL(X ), we denote the range space and the null space of K, respectively, by

R(K) = {Kx : x ∈ X} and N (K) = {x ∈ X : Kx = 0}.

Associated with each eigenvalue λ of the operatorK are two distinct notions of multiplicity.

The geometric multiplicity of λ, denoted by gm(λ), is defined as the dimension of the null
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space of K−λI, that is, gm(λ) = dimN (K−λI). The algebraic multiplicity of λ is defined

as the dimension of the generalized eigenspace associated with λ, which is characterized

through the corresponding spectral projection.

The following lemma, due to Anselone [4], provides a useful criterion for upgrading

pointwise convergence of bounded operators to uniform convergence on relatively compact

subsets of a Banach space.

Lemma 1.5.1. Let X be a Banach space and let Y ⊂ X be a relatively compact set. Sup-

pose that K and Kn are bounded linear operators on X satisfying ∥Kn∥ ≤ C, for all n ∈
N, where C is a constant independent of n. Assume further that for each x ∈ X ,

∥Knx−Kx∥ → 0 as n → ∞. Then, ∥Knx−Kx∥ → 0 as n → ∞, uniformly for

all x ∈ Y. That is, pointwise convergence of Kn to K implies uniform convergence on the

relatively compact subset Y.

Let {Kn} ⊂ BL(X ) be a sequence of bounded linear operators converging to K in

the collectively compact sense, that is, Knx → Kx for all x ∈ X and the set {Knx :

∥x∥ ≤ 1, n ∈ N} is relatively compact in X . Such convergence arises naturally in

projection-based numerical methods, including Galerkin, collocation, and Nyström meth-

ods for integral equations.

Theorem 8. Let X be a Banach space and let {Kn} ⊂ BL(X ) be a sequence of bounded

linear operators converging to K in the collectively compact sense. Then the following

properties hold:

(i) There exists a constant C > 0 such that ∥Kn∥ ≤ C for all n ∈ N.

(ii) ∥(Kn −K)K∥ → 0 as n→ ∞.

(iii) ∥(Kn −K)Kn∥ → 0 as n→ ∞.

Proof. By the definition of collectively compact convergence, the sequence {Kn} converges
pointwise to K and the set S = {Knx : ∥x∥ ≤ 1, n ∈ N} is relatively compact in X .

(i) Since S is relatively compact in a normed space, it is necessarily bounded. Thus, there

exists a constant C > 0 such that ∥y∥ ≤ C for all y ∈ S. By the definition of the operator

norm,

∥Kn∥ = sup
∥x∥≤1

∥Knx∥ ≤ C
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for all n ∈ N, which establishes uniform boundedness.

(ii) Note that K is a compact operator as it is the pointwise limit of a collectively compact

sequence. Let A = {Kx : ∥x∥ ≤ 1}. Since K is compact, A is relatively compact. A

sequence of bounded operators converging pointwise to zero converges uniformly on any

relatively compact set, see Lemma 1.5.1. Since (Kn −K) → 0 pointwise, it follows that

∥(Kn −K)K∥ = sup
∥x∥≤1

∥(Kn −K)Kx∥ = sup
y∈A

∥(Kn −K)y∥ → 0 as n→ ∞.

(iii) Consider again the set S as defined at the start of the proof. By hypothesis, S is

relatively compact. Using the same principle used in part (ii), the pointwise convergence

of (Kn − K) to the zero operator implies uniform convergence on the relatively compact

set S. Since Knx ∈ S for all n ∈ N, it follows that:

∥(Kn −K)Kn∥ = sup
∥x∥≤1

∥(Kn −K)Knx∥ ≤ sup
y∈S

∥(Kn −K)y∥.

The right-hand side tends to zero as n→ ∞, which completes the proof.

Here and throughout this section, C denotes a generic positive constant, independent of

n, whose value may change from line to line.

Spectral Projections

Let λ ∈ σ(K) be an isolated spectral value. Choose a simple, closed, positively oriented

contour Γ ⊂ ρ(K) such that λ lies strictly inside Γ and no other point of the spectrum

σ(K) lies in the interior of Γ. In particular, when λ ̸= 0, the contour Γ can be chosen so

that it separates λ from zero and from the remainder of the spectrum of K.

The spectral projection associated with K and λ is defined by

E = − 1

2πi

∫
Γ

(K − zI)−1 dz.

The operator E is a bounded projection satisfying E2 = E. Moreover, the range R(E)

coincides with the generalized eigenspace associated with the eigenvalue λ. If rankE =

m <∞, then λ is an eigenvalue of K and the integer m is called the algebraic multiplicity

of λ. In particular, if dimR(E) = 1, then λ is said to be a simple eigenvalue.

We begin by recalling some standard properties of the spectral projection associated

with a simple eigenvalue of a compact operator, which will be used repeatedly in the

subsequent analysis.
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Proposition 9. Let X be a complex Banach space and let K : X → X be a compact linear

operator. Suppose that λ ̸= 0 is a simple eigenvalue of K, with normalized eigenvector ψ

satisfying Kψ = λψ and ∥ψ∥ = 1. Let Γ be a positively oriented circle enclosing λ and no

other point of σ(K), and define the spectral projection

E = − 1

2πi

∫
Γ

(K − zI)−1 dz.

Then the following statements hold:

(i) E2 = E.

(ii) R(E) = N (K − λI) = span{ψ}.

(iii) N (E) = R(K − λI).

(iv) X = R(E)⊕N (E) = N (K−λI)⊕R(K−λI), and every x ∈ X admits the unique

decomposition x = Ex+ (x− Ex).

(v) EK = KE.

Remark 2. Proposition 9 is stated for a simple eigenvalue. If λ has algebraic multiplicity

m > 1, the spectral projection E still satisfies E2 = E and EK = KE, but R(E) coincides

with the generalized eigenspace N ((K−λI)ℓ), rather than with the eigenspace itself. Here,

ℓ denotes the ascent of the eigenvalue λ, that is, the smallest integer such that N ((K −
λI)ℓ) = N ((K − λI)ℓ+1).

For two nonzero subspaces Y ,Z ⊂ X , the gap from Y to Z is defined by

δ(Y ,Z) = sup
{
d(y,Z) : y ∈ Y , ∥y∥ = 1

}
, d(y,Z) = inf

z∈Z
∥y − z∥.

Since δ(Y ,Z) is not symmetric, we define the symmetric gap by

δ̂(Y ,Z) = max{δ(Y ,Z), δ(Z,Y)}.

This notion provides a quantitative measure of the distance between subspaces and will

be used to study convergence of approximate eigenspaces.

Recall that a sequence {Kn} ⊂ BL(X ) is converging to K in the collectively compact

sense. By results due to Osborn [65], for all sufficiently large n, the contour Γ lies in

ρ(Kn) and the resolvents (Kn − zI)−1 are uniformly bounded on Γ:

max
z∈Γ

∥∥(Kn − zI)−1
∥∥ <∞.
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The spectral projection associated with Kn is given by

En = − 1

2πi

∫
Γ

(Kn − zI)−1 dz.

Let En has rank m <∞, that is, λ is an eigenvalue of K with algebraic multiplicity m.

Proposition 10 (Ahues et al. [1]). For all sufficiently large n, there exists a constant

C > 0, independent of n, such that the following estimates hold:

∥E − En∥ ≤ C ∥K − Kn∥,

∥(E − En)E∥ ≤ C ∥(K −Kn)K∥,

and

∥(E − En)En∥ ≤ C ∥(K −Kn)Kn∥.

We also recall the following result from Ahues et al. [1], p. 86, which plays a crucial role

in the analysis of spectral projections.

Proposition 11. Let P1 and P2 be two projections on X . If rσ(P1 − P2) < 1, then

rankP1 = rankP2.

Using the above estimates, we observe that

rσ(E − En) ≤ C ∥E − En∥ → 0 as n→ ∞,

and, moreover,

rσ
(
(E − En)

2
)
≤
∥∥(E − En)

2
∥∥ ≤ ∥(E − En)E∥+ ∥(E − En)En∥ → 0 as n→ ∞.

Consequently, by Proposition 11, it follows that

rankEn = rankE = m, for all sufficiently large n.

Thus, for sufficiently large n, En has the same rank m as E, and Kn possesses exactly

m eigenvalues λn,1, λn,2, . . . , λn,m inside Γ, counted with algebraic multiplicity. Since in-

dividual eigenvalues may reorder under perturbations, it is convenient to consider their

arithmetic mean

λ̂n =
1

m

m∑
j=1

λn,j,
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which converges to λ as n→ ∞. This averaged eigenvalue plays a central role in theoret-

ical error estimates for eigenvalue approximation.

The above framework forms the operator-theoretic foundation for the spectral analysis

of compact operators and their numerical approximations. In Chapter 4, it will be applied

to integral operators and projection-based methods.

We begin by recalling a fundamental result of Osborn [65], which provides an estimate

for the gap between the exact and approximate spectral subspaces associated with a

compact operator, and hence measures the closeness of the corresponding eigenfunctions.

Lemma 1.5.2. For sufficiently large n,

δ̂(R(E),R(En)) ≤ C
∥∥(K −Kn)K|R(E)

∥∥,
where (K −Kn)K|R(E) represents the restriction of (K −Kn)K to R(E).

Also, we consider a modified result of Osborn [65, Theorem 2], as presented by Kulka-

rni [52, Theorem 2.2], which provides improved error bounds for the approximation of

eigenvalues. Specifically, this result yields the following estimate for the eigenvalue error:

Lemma 1.5.3. For sufficiently large n,

|λ− λ̂n| ≤ C
∥∥Kn(K −Kn)K|R(E)

∥∥.
The following result follows from above Lemmas 1.5.2 and 1.5.3 and provides the essential

error bounds for the eigenelements.

Theorem 12. Let {Kn} ⊂ BL(X ) be a sequence of bounded linear operators converging

to the integral operator K in the collectively compact sense, with Kn = πnK. Llet E

and En denote the spectral projections of K and Kn, respectively, associated with their

spectra enclosed by a simple closed contour Γ. Let λ be an eigenvalue of K with algebraic

multiplicity m, and let λ̂n denote the arithmetic mean of the m eigenvalues of Kn inside Γ.

Denote the corresponding spectral subspaces by R(E) and R(En). For any ψn ∈ R(En),

define ψSn = Kψn. Then, for all sufficiently large n, there exists a constant C > 0,

independent of n, such that

∥ψn − Eψn∥ ≤ δ̂
(
R(E),R(En)

)
≤ C

∥∥(K − πnK)K|R(E)

∥∥,∥∥ψSn − EψSn
∥∥ ≤ δ

(
R(E),KR(En)

)
≤ C

∥∥K(K − πnK)K|R(E)

∥∥,
and

|λ− λ̂n| ≤ C
∥∥K(K − πnK)K|R(E)

∥∥.
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Since KM
n converges to K in the operator norm, it follows that for all sufficiently large

n, the operator KM
n has exactly m eigenvalues λMn,1, λ

M
n,2, . . . , λ

M
n,m inside the contour Γ,

counted according to algebraic multiplicity. Let

λ̂Mn =
1

m

m∑
j=1

λMn,j

denote the arithmetic mean of these eigenvalues, and let EM
n denote the corresponding

spectral projection. Then, as a consequence of Lemmas 1.5.2 and 1.5.3, the following

result holds.

Lemma 1.5.4 (Kulkarni [52]). For all sufficiently large n, there exists a constant C > 0,

independent of n, such that

δ̂
(
R(E),R(EM

n )
)
≤ C

∥∥∥(K −KM
n )K

∣∣
R(E)

∥∥∥,
and ∣∣∣λ− λ̂Mn

∣∣∣ ≤ C
∥∥∥K(K −KM

n )K
∣∣
R(E)

∥∥∥.
The following result can be obtained from the above Lemma 1.5.4.

Theorem 13. Let {Kn} ⊂ BL(X ) converging to K in the collectively compact sense,

with Kn = KM
n . Let E and EM

n denote the spectral projections of K and KM
n , respectively,

associated with their spectra enclosed by a simple closed contour Γ. Let λ be an eigenvalue

of K with algebraic multiplicity m, and let λ̂Mn denote the arithmetic mean of the m

eigenvalues of KM
n inside Γ. Denote the corresponding spectral subspaces by R(E) and

R(EM
n ). For any ψMn ∈ R(EM

n ), ψ̃Mn = KψMn . Then, for all sufficiently large n, there

exists a constant C > 0, independent of n, such that∥∥ψMn − EψMn
∥∥ ≤ δ̂

(
R(E),R(EM

n )
)
≤ C

∥∥(K −KM
n )K|R(E)

∥∥,∥∥∥ψ̃Mn − Eψ̃Mn

∥∥∥ ≤ δ
(
R(E),KR(EM

n )
)
≤ C

∥∥K(K −KM
n )K|R(E)

∥∥,
and

|λ− λ̂Mn | ≤ C
∥∥K(K −KM

n )K|R(E)

∥∥.
Theorems 12 and 13 form the core analytical results of this section. These results can

also be found in Bouda et al. [16]. They provide rigorous and quantitative error esti-

mates for both eigenfunctions and eigenvalues arising from projection-based and modified

projection-based approximations of the compact operator K.
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Specifically, Theorem 12 establishes the convergence of the approximate eigenspacesR(En)

to the exact eigenspace R(E) and provides error bounds for the corresponding eigenfunc-

tions and for the arithmetic mean of the approximate eigenvalues. Also, Theorem 13

extends these results to modified projection methods and shows that improved error

bounds are obtained in this case, indicating the enhanced accuracy of the modified meth-

ods. Together, these theorems provide the theoretical foundation for the convergence and

improved convergence behaviour of the numerical methods analyzed in the Chapter 4.

Consider a uniform partition of [0, 1] given by {0 = t0 < t1 < · · · < tn = 1}, where
tj =

j

n
for j = 0, 1, . . . , n, and let h =

1

n
. For r ≥ 0, let Xn denote the space of piece-

wise polynomials of even degree ≤ 2r associated with this partition. In Chapter 4, we

investigate the eigenvalue problem Kψ = λψ, where K is a compact linear operator. The

analysis focuses on the convergence rates of eigenvalue and spectral subspace approxi-

mations for integral operators with smooth kernels as well as for operators with Green’s

function-type kernels. Using orthogonal and interpolatory projection methods at 2r + 1

equidistant collocation points (not necessarily Gauss points) onto the space Xn of even-

degree piecewise polynomials, we study the convergence behaviour of standard, iterated,

and modified projection methods. Superconvergence rates for eigenvalue approximations

obtained through the modified projection method are established. In particular, we estab-

lished that the iterated and modified projection approaches yield improved convergence

rates for the associated eigenfunctions compared to the corresponding standard projec-

tion methods. The theoretical results are rigorously justified and further supported by

numerical experiments.

Unlike earlier works [49, 52], which address smooth kernels using orthogonal projec-

tion and Gauss-point-based interpolatory projections, the present study primarily focuses

on integral operators with Green’s function-type kernels and employs orthogonal as well

as interpolatory projections based on equidistant collocation points. Extending the su-

perconvergence results developed in Chapter 2 for linear Fredholm integral equations to

the corresponding eigenvalue problems, we prove that iteration preserves the superconver-

gence of eigenfunctions, while the modified projection method enhances the convergence

rate of eigenvalue approximations, thereby demonstrating the efficiency and flexibility of

the proposed framework.
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1.6 Organisation of Thesis

The thesis is organised as follows:

Chapter 2 presents an analytical study of projection-based numerical methods for

the linear equation x−Kx = f , where K is a Fredholm integral operator on C[0, 1]. The
analysis covers both smooth kernels and kernels of Green’s function-type. For r ≥ 0,

using interpolatory projections at 2r + 1 equidistant (non-Gaussian) points onto piece-

wise polynomial spaces of even degree ≤ 2r, we analyze the convergence of the standard,

iterated, modified, and iterated modified collocation methods. For smooth kernels, the

modified methods yield higher-order convergence and superconvergence, while for Green’s

function-type kernels they retain their superior accuracy despite reduced regularity. A

single iteration step is also shown to enhance the accuracy of both standard and modified

methods. Thus, the results hold even with simple equidistant collocation points, high-

lighting the robustness of our projection framework. Numerical experiments are given to

support the theoretical findings.

Chapter 3 extends the analysis to the nonlinear integral equation x−K(x) = f, where

K is a Urysohn integral operator acting on L∞[0, 1] and has either a smooth kernel or a

Green’s function-type kernel. By employing the same interpolatory projection at equidis-

tant (non-Gaussian) points onto piecewise polynomial spaces of even degree, we establish

that the iterated methods achieve accelerated convergence over both the standard and

modified collocation methods. The order of convergence of each method aligns well with

the results obtained for the linear integral equation discussed in the previous chapter,

for both smooth kernels and Green’s function-type kernels. Numerical experiments are

provided to validate and illustrate the theoretical findings.

Chapter 4 examines the eigenvalue problem Kψ = λψ, for compact Fredholm inte-

gral operator K acting on C[0, 1] or L2[0, 1]. The analysis addresses two classes of kernels:

smooth kernels and kernels of Green’s function type. Using orthogonal and interpola-

tory projections at equidistant (non-Gaussian) points onto piecewise polynomial spaces

of even degree, we derive convergence rates for the approximation of simple eigenvalues

and the corresponding spectral subspaces. The modified projection method is shown to

be particularly effective, providing significantly higher convergence rates for both eigen-

value and eigenfunction approximations. Furthermore, the iterated projection methods

yield superconvergent eigenfunction approximations. These advantages persist for both

smooth and Green’s function-type kernels. Numerical results included at the end of the
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chapter confirm the theoretical findings.

Finally, Chapter 5 presents a summary of the principal findings of the thesis along

with limitations and outlines possible directions for future research.



Chapter 2

Fredholm Integral Equations with

Smooth and Green’s Kernels
1

This chapter presents an analytical study of projection-based numerical methods for solv-

ing Fredholm integral equations of the second kind on the space of continuous functions

over the interval [0, 1]. The approach is based on finite-dimensional subspaces of piecewise

polynomials of even degree, defined over a uniform partition, together with an interpo-

latory projection operator constructed from equally spaced collocation points. Within

this framework, four numerical methods are considered: the standard collocation, iter-

ated collocation, modified collocation, and iterated modified collocation methods. For

smooth kernels, the standard and iterated collocation methods exhibit moderate con-

vergence, while the modified and iterated modified methods achieve substantially higher

accuracy, demonstrating superconvergence. The study is further extended to equations

with non-smooth kernels of the Green’s function-type, where the modified methods retain

their superior convergence behaviour despite kernel singularities. Moreover, a single iter-

ation step is shown to enhance the accuracy of both standard and modified collocation

solutions. The results highlight that these improved convergence rates are obtained even

with simple equidistant (non-Gaussian) collocation points, confirming the robustness and

efficiency of the proposed projection framework. Numerical experiments presented at the

end validate the theoretical findings.

1
A portion of the work presented in this chapter has been published in The Journal of Analysis, vol. 33, pp. 1599-1621, 2025.

55



56 Chapter 2. Fredholm Integral Equations with Smooth and Green’s Kernels

2.1 Preliminaries

Consider the Banach space X = C[0, 1] equipped with the supremum norm. Suppose a

function κ is continuous real-valued function on Ω = [0, 1]× [0, 1], and define the integral

operator

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt, s ∈ [0, 1], x ∈ X . (2.1.1)

The operator K is bounded linear on the space X . The operator equation under consid-

eration is

x−Kx = f, f ∈ X . (2.1.2)

Since κ is continuous on the compact domain Ω, the operator K is compact on X . The

function f is assumed to be given. Assume that 1 is not in the spectrum of K, ensuring

that (I−K)−1 exists and must be bounded. The equation (2.1.2) admits a unique solution,

denoted by φ. Moreover, if f ∈ Cα[0, 1] for α ≥ 0, it follows that φ ∈ Cα[0, 1] as well;

see [21]. Since finding the exact solution is challenging, a class of numerical methods

is employed to approximate the solution. These methods include the classical Galerkin

and collocation approaches, which rely on projecting operators onto subspaces. In these

approaches, the sequence of projections converges pointwise to the identity operator,

ensuring the accuracy of the approximation. In this chapter, we will discuss the collocation

methods as well as its variants, analyzing the orders of convergence for both smooth and

non-smooth kernels of Green’s function-type.

Let Xn denote a finite-dimensional space, consisting of piecewise polynomial functions

defined over a uniform partition of the interval [0, 1] into n subintervals, each of length

h =
1

n
. Within each subinterval, a fixed number of distinct interpolation points are chosen,

referred to as collocation points. LetQn : X → Xn denote the corresponding interpolatory

operator, which maps a continuous function onto its interpolant in Xn determined by

the prescribed interpolation nodes. For any φ ∈ C[0, 1], the projection satisfies Qnφ →
φ as n→ ∞, which follows from the uniform convergence of interpolants on the refined

partitions. By the Hahn-Banach theorem, Qn can be extended continuously to L∞[0, 1],

thereby defining a bounded projection operator Qn : L∞[0, 1] → Xn. We now proceed to

review the construction of the collocation method and its modified variants based on this

general interpolatory framework.

In the collocation method, the original equation (2.1.2) is approximated by

φCn −QnKφCn = Qnf. (2.1.3)
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The corresponding iterated collocation solution is obtained by a single iteration step as

φSn = KφCn + f. (2.1.4)

The modified collocation method is defined by

φMn −KM
n φ

M
n = f, (2.1.5)

where the modified operator KM
n is given by

KM
n = QnK +KQn −QnKQn.

An iterated version of the modified collocation method is then defined as

φ̃Mn = KφMn + f, (2.1.6)

which yields the iterated modified collocation solution.

2.1.1 Interpolatory Projection

We briefly recall the interpolatory projection operator Qn, as introduced in Chapter 1.

Let the interval [0, 1] be uniformly partitioned into n subintervals

0 = t0 < t1 < · · · < tn = 1, tj =
j

n
, j = 0, 1, . . . , n,

with mesh size h =
1

n
and subintervals ∆j = [tj−1, tj], j = 1, 2, . . . , n.

For r ≥ 0 be an integer and we consider the piecewise polynomial space

Xn =
{
x ∈ L∞[0, 1] : x|∆j

is a polynomial of even degree ≤ 2r, j = 1, 2, . . . , n
}

as an approximating space with respect to the above partition.

For r ̸= 0, the interpolation nodes in ∆j are chosen as

τ ij = tj−1 +
ih

2r
= tj−1 + hζi, ζi =

i

2r
, i = 0, 1, . . . , 2r.

For r = 0, a single midpoint node is used as

τj =
tj−1 + tj

2
.

The interpolatory operator Qn : X → Xn is defined such that for each subinterval ∆j of

the uniform partition,

Qnx(τ
i
j) = x(τ ij), i = 0, 1, . . . , 2r, (2.1.7)
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where τ ij are the prescribed interpolation nodes in ∆j. It follows that

Qnx→ x for all x ∈ C[0, 1],

as the mesh size h → 0. The interpolatory operator Qn can be extended to a bounded

linear operator on L∞[0, 1] by extending the associated bounded linear functionals using

the Hahn-Banach theorem.

Let x ∈ C[0, 1], and let {τ 0j , τ 1j , . . . , τ 2rj } be distinct interpolation points in the subin-

terval ∆j = [tj−1, tj]. Denote the first divided difference of x at τ 0j by
[
τ 0j
]
x = x(τ 0j ), and

the (2r + 1)th divided difference of x at the points τ 0j , τ
1
j , . . . , τ

2r
j by

[
τ 0j , τ

1
j , . . . , τ

2r
j

]
x =

[
τ 1j , τ

2
j , . . . , τ

2r
j

]
x−

[
τ 0j , τ

1
j , . . . , τ

2r−1
j

]
x

τ 2rj − τ 0j
,

and so on recursively.

Let Ψj(t) denote the interpolation node polynomial over ∆j, defined as

Ψj(t) =
2r∏
i=0

(t− τ ij).

Since Qn,jx (where Qn,j denotes the restriction of Qn to ∆j) is the polynomial that

interpolates x at the points {τ 0j , τ 1j , . . . , τ 2rj }, the classical interpolation error formula

yields

x(t)−Qn,jx(t) = Ψj(t)
[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x, t ∈ ∆j.

As established in Chapter 1, if x ∈ C2r+1(∆j), the interpolation error satisfies the classical

estimate

∥(I − Qn,j)x∥∆j ,∞ ≤ C1

∥∥x(2r+1)
∥∥
∆j ,∞

h2r+1,

where C1 is a constant independent of h. Consequently, for any x ∈ C 2r+1[0, 1], the global

error satisfies

∥ (I − Qn) x ∥∞ ≤ C1

∥∥x(2r+1)
∥∥
∞ h 2r+1. (2.1.8)

The analysis presented in this chapter is devoted to establishing higher-order conver-

gence results for the iterated versions of the collocation and modified collocation methods

in the case of smooth kernels, and to extending this analysis to integral equations with

Green’s function-type kernels. The chapter has been arranged in the following way. In

Section 2.2, we present the convergence analysis for integral equations involving smooth

kernels. Section 2.3 is devoted to the convergence behaviour corresponding to kernels of

Green’s function-type. The numerical experiments supporting the theoretical results are

reported in Section 2.4, while concluding remarks are summarized in Section 2.5.
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2.2 Convergence Analysis for Smooth Kernels

In this section, we consider the Fredholm integral operator K defined by (2.1.1) with a

smooth kernel κ ∈ C2r+2(Ω), given by

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt, s ∈ [0, 1], x ∈ X .

Then K : C[0, 1] → C[0, 1] is a compact linear operator. We further assume that the inte-

gral operator K admits a continuous extension to L∞[0, 1] and satisfiesR(K) ⊂ C2r+2[0, 1].

This assumption is satisfied for smooth kernels and is required for the subsequent error

analysis. The corresponding Fredholm integral equation of the second kind can be ex-

pressed as

x−Kx = f, f ∈ X .

As in Section 2.1, we assume that the above equation admits a unique solution φ. If

f ∈ C2r+1[0, 1], then the solution satisfies φ ∈ C2r+1[0, 1]. Moreover, it is known that the

collocation approximation φCn satisfies the following error estimate:∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
.

When the collocation points of the interpolatory projection Qn are chosen arbitrarily,

either as partition points or any other points that are not the roots of special orthogonal

polynomials, the iterated collocation solution φSn may fail to exhibit superconvergence.

This behaviour can be demonstrated by the following example.

Example 1. Let X = C[0, 1], and let Xn be the space of piecewise constant functions with

respect to the uniform partition of [0, 1] as

0 = t0 < t1 < · · · < tn = 1, tj =
j

n
, j = 0, 1, . . . , n.

Define the interpolatory operator Qn : C[0, 1] → Xn by interpolation at points

τj =
3j − 2

3n
, j = 1, 2, . . . , n.

Consider the compact linear operator K defined by

(Kx)(s) =
∫ 1

0

s x(t) dt, s ∈ [0, 1].

Since 1 is not an eigenvalue of K, the Fredholm equation

x−Kx = f, f(s) = 2s, s ∈ [0, 1],
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has the exact solution φ(s) = 4s.

Now, for s ∈ [tj−1, tj], we have

(I − Qn)φ(s) = 4s− 4(3j − 2)

3n
.

Therefore, ∫ 1

0

(I − Qn)φ(t) dt =
n∑
j=1

∫ tj

tj−1

(
4t− 4(3j − 2)

3n

)
dt =

2

3n
.

It follows that

∥K(I − Qn)φ∥∞ = max
s∈[0,1]

∣∣∣∣s ∫ 1

0

(I − Qn)φ(t) dt

∣∣∣∣ = 2

3n
,

and

∥(I − Qn)φ∥∞ = max
1≤j≤n

{
max

s∈[tj−1,tj ]
|(I − Qn)φ(s)|

}
≤ 8

3n
.

By a result in [13], the iterated collocation solution is superconvergent if and only if

∥K(I − Qn)φ∥∞
∥(I − Qn)φ∥∞

→ 0 as n→ ∞.

In this case, the condition fails since

∥K(I − Qn)φ∥∞
∥(I − Qn)φ∥∞

≥ 1

4
.

Hence, no improvement in the convergence rate is achieved through iteration. Indeed,

from [48, Theorem 3.1], for κ ∈ C2r+1[0, 1], we have∥∥φ− φMn
∥∥
∞ =

∥∥φ− φ̃Mn
∥∥
∞ = O

(
h4r+2

)
.

Superconvergence under Appropriate Interpolation methods

An appropriate selection of interpolation points can significantly enhance the convergence

rate of both the collocation and the modified collocation methods. Recall the uniform

partition of the interval [0, 1] given as

0 = t0 < t1 < · · · < tn = 1, tj =
j

n
, h =

1

n
.

Within each subinterval [tj−1, tj], we define 2r + 1 interpolation points as

τ ij = tj−1 + ζih, i = 0, 1, 2, . . . , 2r,

where {ζi}2ri=0 are distinct points in [0, 1].

For a non-negative integer r, let the finite-dimensional approximating space Xn be the

space of piecewise polynomial functions on [0, 1], each of degree not exceeding 2r on every

subinterval of the given uniform partition.
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(i) Gauss Interpolation Points: If {ζ0, ζ1, . . . , ζ2r} are chosen as the Gauss points

(i.e., the roots of the Legendre polynomial of degree ≤ 2r) on [0, 1], and if κ ∈ C4r+2(Ω)

and f ∈ C4r+2[0, 1], then from Atkinson [13, Chapter 3], the following error estimates

hold: ∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φSn

∥∥
∞ = O

(
h4r+2

)
.

Furthermore, Kulkarni [48, Theorem 4.5] established that∥∥φ− φMn
∥∥
∞ = O

(
h6r+3

)
,
∥∥φ− φ̃Mn

∥∥
∞ = O

(
h8r+4

)
.

(ii) Equidistant Interpolation Points: Alternatively, if the interpolation points are

chosen as equidistant nodes within each subinterval, i.e.,

ζi =
i

2r
, i = 0, 1, 2, . . . , 2r,

and if κ ∈ C4r+2(Ω) and φ ∈ C4r[0, 1], then following Atkinson [13, Section 3.4.3], we

obtain ∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φSn

∥∥
∞ = O

(
h2r+2

)
.

In this context, Rane [75] investigated the modified projection method and its iterated

version for the space of piecewise quadratic polynomials defined over the same partition

of [0, 1]. The following convergence results, stated therein (without proof), hold for the

approximating space Xn:∥∥φ− φMn
∥∥
∞ = O

(
h4r+3

)
,
∥∥φ− φ̃Mn

∥∥
∞ = O

(
h4r+4

)
.

A rigorous proof of these estimates will be provided in a subsequent section, utilizing

fundamental results from elementary analysis.

In both of the aforementioned cases, it is evident that a single iteration of the projection-

based approximation substantially accelerates the convergence rate, demonstrating the

critical role of interpolation point selection in achieving superconvergence.

2.2.1 Error Estimates for Smooth Kernels

In this section, we introduce the notation and several preliminary results that will be

utilized in subsequent convergence analysis. Let α and β be non-negative integers such

that 0 ≤ α+ β ≤ 2r + 3. We define the mixed partial derivative of the kernel κ by

D(α,β)κ(s, t) =
∂α+βκ

∂sα∂tβ
(s, t),
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and set

C2 = max
0≤α+β≤2r+3

{
sup

0≤s,t≤1

∣∣D(α,β)κ(s, t)
∣∣} .

Here, the constant C2 provides a uniform upper bound for all partial derivatives of κ up

to total order 2r + 3.

For any non-negative integer γ, if x ∈ C2r+γ[0, 1], we define the corresponding maxi-

mum norm as

∥x∥2r+γ,∞ = max
0≤i≤2r+γ

∥∥x(i)∥∥∞ = max
0≤i≤2r+γ

{
sup
t∈[0,1]

∣∣x(i)(t)∣∣} ,
where x(i) denotes the i-th derivative of x. In particular, the usual supremum norm on

C[0, 1] is denoted by

∥x∥∞ = sup
t∈[0,1]

|x(t)|.

We now establish several propositions that quantify the error behaviour of integral

operators involving K and Qn, under the assumption that the kernel κ is smooth.

Proposition 14. If the kernel κ is continuously differentiable with respect to t and x ∈
C2r+2[0, 1], then

∥K(I − Qn)x∥∞ ≤ 2C2∥x∥2r+2,∞h
2r+2,

where C2 is a constant independent of h.

Proof. For s ∈ [0, 1], we write

K(I − Qn)x(s) =

∫ 1

0

κ(s, t)(I − Qn)x(t) dt

=
n∑
j=1

∫ tj

tj−1

κ(s, t)(I − Qn,j)x(t) dt.

For each subinterval [tj−1, tj], the interpolation remainder can be expressed as

(I − Qn,j)x(t) = Ψj(t) [τ
0
j , τ

1
j , . . . , τ

2r
j , t]x, t ∈ [tj−1, tj],

where Ψj(t) =
∏2r

i=0

(
t− τ ij

)
. Then,

K(I − Qn)x(s) =
n∑
j=1

∫ tj

tj−1

κ(s, t)Ψj(t)
[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x dt,

For fixed s, let

f sj (t) = κ(s, t)
[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x, t ∈ [tj−1, tj], for j = 1, 2, . . . , n.
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Then

K(I − Qn)x(s) =
n∑
j=1

∫ tj

tj−1

f sj (t)Ψj(t) dt (2.2.1)

For j = 1, 2, . . . , n, define

ωj(t) =

∫ t

tj−1

Ψj(s) ds.

Then, by Leibnitz rule

ω′
j(t) = Ψj(t), ωj(t) ≥ 0 for t ∈ [tj−1, tj],

Obseve that, ωj(tj−1) = 0 and by Lemma 1.3.1 ωj(tj) = 0.

Using above result in equation (2.2.1), we have

K(I − Qn)x(s) =
n∑
j=1

∫ tj

tj−1

f sj (t)ω
′
j(t) dt

= −
n∑
j=1

∫ tj

tj−1

(f sj )
′(t)ωj(t) dt. (2.2.2)

Note that,

(f sj )
′(t) = κ(s, t)

[
τ 0j , τ

1
j , . . . , τ

2r
j , t, t

]
x+D(0,1)κ(s, t)

[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x.

From Hilderbrand [36], we recall standard result of divided difference as follows:

Since x ∈ C2r+2[0, 1] and t ∈ [tj−1, tj], we have[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x =

x(2r+1)(ξj1)

(2r + 1)!
, and

[
τ 0j , τ

1
j , . . . , τ

2r
j , t, t

]
x =

x(2r+2)(ξj2)

(2r + 2)!
,

for some ξj1, ξ
j
2 ∈ [tj−1, tj]. Therefore, for s ∈ [0, 1] and t ∈ [tj−1, tj],∣∣(f sj )′(t)∣∣ ≤ 2C2∥x∥2r+2,∞.

Also, for j = 1, 2, . . . , n, we observe that

∥Ψj∥∞ = max
t∈[0,1]

|Ψj(t)| = O
(
h2r+1

)
.

Using (2.2.2), we obtain

|K(I − Qn)x(s)| ≤
n∑
j=1

∫ tj

tj−1

∫ t

tj−1

|(f sj )′(t)||Ψj(s)| ds dt

≤ 2C2∥x∥2r+2,∞h
2r+2.

Thus, we have

∥K(I − Qn)x∥∞ ≤ 2C2∥x∥2r+2,∞h
2r+2,

which completes the proof.
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Proposition 15. If the kernel κ ∈ C2r+1(Ω) and x ∈ C2r+2[0, 1], then

∥(I − Qn)K(I − Qn)x∥∞ = O
(
h4r+3

)
.

Proof. Let κ ∈ C2r+1(Ω) and let x ∈ C2r+2[0, 1]. Then K(I − Qn)x ∈ C2r+1[0, 1].

Using the interpolation error estimate (2.1.8), we obtain

∥(I − Qn)K(I − Qn)x∥∞ ≤ C1

∥∥(K(I − Qn)x)
(2r+1)

∥∥
∞h

2r+1. (2.2.3)

Consider

K(I − Qn)x(s) =

∫ 1

0

κ(s, t)(I − Qn)x(t) dt.

Since κ ∈ C2r+1(Ω), differentiation under the integral sign is valid, yielding

(K(I − Qn)x)
(2r+1) (s) =

∫ 1

0

∂2r+1κ

∂s2r+1
(s, t)(I − Qn)x(t) dt

=
n∑
j=1

∫ tj

tj−1

D(2r+1,0)κ(s, t)(I − Qn,j)x(t) dt

=
n∑
j=1

∫ tj

tj−1

D(2r+1,0)κ(s, t)Ψj(t)[τ
0
j , τ

1
j , . . . , τ

2r
j , t]x dt.

For fixed s, we assume that

gsj (t) = D(2r+1,0)κ(s, t)
[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x, t ∈ [tj−1, tj], for j = 1, 2, . . . , n.

Therefore,

(K(I − Qn)x)
(2r+1) (s) =

n∑
j=1

∫ tj

tj−1

gsj (t)Ψj(t) dt

It is easy to see that, for s ∈ [0, 1] and t ∈ [tj−1, tj],∣∣(gsj )′(t)∣∣ ≤ 2C2∥x∥2r+2,∞.

Let cj be the midpoint of ∆j. By the mean-value form of Taylor’s theorem, for each

t ∈ ∆j there exists ξt ∈ ∆j such that

gsj (t) = gsj (cj) + (t− cj)(g
s
j )

′(ξt).

Using the antisymmetry of Ψj about cj (Lemma 1.3.1, Chapter 1), we have
∫ tj
tj−1

Ψj(t) dt =

0, and hence ∫ tj

tj−1

gsj (t)Ψj(t) dt =

∫ tj

tj−1

(t− cj)(g
s
j )

′(ξt)Ψj(t) dt.
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Taking absolute values, we obtain∣∣∣∫ tj

tj−1

gsj (t)Ψj(t) dt
∣∣∣ ≤ 2C2∥x∥2r+2,∞

∫ tj

tj−1

|t− cj| |Ψj(t)| dt.

On ∆j we have |t− cj| ≤ h/2 and, since each factor (t− τ ij) = O(h) on ∆j,∫ tj

tj−1

|Ψj(t)| dt = O
(
h2r+2

)
.

Therefore each subinterval contributes∣∣∣∫ tj

tj−1

gsj (t)Ψj(t) dt
∣∣∣ = O(h) ·O

(
h2r+2

)
= O

(
h2r+3

)
,

uniformly in s and j. Summing over j = 1, . . . , n
(
with n =

1

h

)
yields∣∣(K(I − Qn)x)

(2r+1)(s)
∣∣ ≤ n ·O

(
h2r+3

)
=

1

h
O
(
h2r+3

)
= O

(
h2r+2

)
,

uniformly in s. Hence there exists C3 > 0, independent to h, such that∥∥(K(I − Qn)x)
(2r+1)

∥∥
∞ ≤ C3∥x∥2r+2,∞ h2r+2.

Finally, substituting this into (2.2.3) gives

∥(I − Qn)K(I − Qn)x∥∞ ≤ C1C3∥x∥2r+2,∞ h(2r+1)+(2r+2) = O
(
h4r+3

)
,

which completes the proof.

Proposition 16. If the kernel κ ∈ C2r+2(Ω) and x ∈ C2r+2[0, 1], then

∥K(I − Qn)K(I − Qn)x∥∞ = O
(
h4r+4

)
.

Proof. Assume that κ ∈ C2r+2(Ω) and let x ∈ C2r+2[0, 1]. Then K(I −Qn)x ∈ C2r+2[0, 1].

Using the Proposition 14, we get

∥K(I − Qn)K(I − Qn)x∥∞ ≤ 2C2∥K(I − Qn)x∥2r+2,∞h
2r+2. (2.2.4)

To estimate the derivative norm ∥K(I − Qn)x∥2r+2,∞, note that

∥K(I − Qn)x∥2r+2,∞ = max
0≤i≤2r+2

∥∥∥(K(I − Qn)x)
(2r+2)

∥∥∥
∞
.

Since κ ∈ C2r+2(Ω), and the argument used in Proposition 15 applies. Following the same

reasoning, one obtains∣∣∣(K(I − Qn)x)
(2r+2) (s)

∣∣∣ ≤ 2C2∥x∥2r+2,∞h
2r+2.

From estimate (2.2.4), we have

∥K(I − Qn)K(I − Qn)x∥∞ ≤ 4(C2)
2∥x∥2r+2,∞h

4r+4,

which proves the result.
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2.2.2 Collocation Methods and Their Variants

In this subsection, we analyze the convergence properties of the collocation method and

its iterated and modified variants for solving the Fredholm integral equation of the second

kind, as given in (2.1.2). The discussion builds upon the interpolatory projection operator

Qn introduced earlier, which is defined over a uniform partition of the interval [0, 1] using

piecewise polynomials of even degree ≤ 2r. The choice of an even-degree polynomial

basis ensures the symmetry of interpolation and facilitates higher-order accuracy in the

resulting numerical approximations.

Convergence of Collocation and Iterated Collocation Solutions

We begin by recalling that the collocation approximation φCn to the true solution φ is

obtained by enforcing the integral equation (2.1.3) at 2r + 1 collocation points. The

corresponding iterated collocation solution φSn is then constructed by applying the integral

operator K once more to improve the accuracy of the collocation solution, as defined

in (2.1.4).

According to the error bounds (1.3.7) and (1.3.9) given in Chapter 1, the collocation

and iterated collocation errors satisfy the following estimates:∥∥φ− φCn
∥∥
∞ ≤ C4∥(I − Qn)φ∥∞ (2.2.5)

and ∥∥φ− φSn
∥∥
∞ ≤ C5∥K(I − Qn)φ∥∞, (2.2.6)

where C4 =
∥∥(I − QnK)−1

∥∥ < ∞ and C5 =
∥∥(I − KQn)

−1
∥∥ < ∞ is a constant indepen-

dent of h.

By applying inequality (2.1.8) and Proposition 14, we obtain the following error bounds:∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φSn

∥∥
∞ = O

(
h2r+2

)
.

This clearly demonstrates that the one-step iteration improves the convergence order by

one, validating the use of the iterated collocation method as a refinement over the standard

collocation method.

Convergence of Modified Collocation Solution and Its Iterated Form

We now turn to an enhanced version of the collocation method, the modified collo-

cation method, which introduces a correction term involving the projection residual
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(I − Qn)K(I − Qn). This modification significantly improves the approximation prop-

erties, especially when the kernel κ is smooth. The convergence behaviour of both the

modified collocation solution φMn and the iterated modified collocation solution φ̃Mn is

summarized by the following theorem.

Theorem 17. Let K be the Fredholm integral operator defined by (2.1.1) with a smooth

kernel κ ∈ C2r+2(Ω), and let φ denote the unique solution of (2.1.2) for f ∈ C2r+2[0, 1].

Let Qn be the interpolation operator onto the subspace Xn defined by (2.1.7). Denote by

φMn and φ̃Mn the modified collocation and iterated modified collocation solutions, defined

respectively by (2.1.5) and (2.1.6). Then the following error estimates hold:∥∥φ− φMn
∥∥
∞ = O

(
h4r+3

)
,
∥∥φ− φ̃Mn

∥∥
∞ = O

(
h4r+4

)
.

Proof. To derive these results, we first note that the modified collocation error satisfies∥∥φ− φMn
∥∥
∞ ≤ C6∥(I − Qn)K(I − Qn)φ∥∞, (2.2.7)

and the iterated modified collocation error satisfies∥∥φ− φ̃Mn
∥∥
∞ ≤

∥∥(I − K)−1
∥∥∥K(I − Qn)K(I − Qn)φ∥∞

+
∥∥(I − K)−1

∥∥∥K(I − Qn)K(I − Qn)∥
∥∥φ− φMn

∥∥
∞, (2.2.8)

where C6 is a constant independent of n; see (1.3.13) and (1.3.14) given in Chapter 1.

Using Proposition 15 in (2.2.7), we obtain∥∥φ− φMn
∥∥
∞ = O

(
h4r+3

)
.

To further estimate the term ∥K(I − Qn)K(I − Qn)∥, observe that Qn represents a se-

quence of projections converging pointwise to the identity operator, and that ∥Qn∥ re-

mains uniformly bounded. Since K is a bounded linear operator, the problem reduces to

finding an upper bound for ∥(I − Qn)K∥. For a smooth kernel κ, inequality (2.1.8) yields

∥(I − Qn)Kx∥∞ ≤ C1

∥∥(Kx)(2r+1)
∥∥
∞h

2r+1 ≤ C2C1∥x∥∞h
2r+1.

Using this estimate, Proposition 16, and the previously obtained bound on
∥∥φ− φMn

∥∥
∞

in (2.2.8), we obtain ∥∥φ− φ̃Mn
∥∥
∞ = O

(
h4r+4

)
,

thereby completing the proof.
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The results presented in this section confirm that both iteration and modification

significantly enhance the accuracy of collocation-based numerical methods for Fredholm

integral equations of the second kind. Specifically, the one-step iteration increases the

convergence order by one, while the modified collocation framework achieves supercon-

vergence of higher order, depending on the smoothness of the kernel and the degree of

the polynomial approximation. These findings demonstrate that, even when collocation

points are equidistant rather than Gaussian, the proposed projection framework retains

its high efficiency. In subsequent section, we extend this analysis to integral equations

with non-smooth Green’s function-type kernels, where similar iterative strategies continue

to yield accelerated convergence.

2.3 Convergence Analysis for Green’s Kernels

Let X = C[0, 1] and the compact linear integral operator K : X → X is defined as

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt, s ∈ [0, 1], x ∈ X ,

where κ(s, t) is a real-valued continuous kernel function of the Green’s function-type. For

r ≥ 0, we assume that the smoothness parameter α satisfies α > r. Consider the subsets

of Ω as

Ω1 = {(s, t) | 0 ≤ t ≤ s ≤ 1}, Ω2 = {(s, t) | 0 ≤ s ≤ t ≤ 1}.

Suppose there exist functions κi ∈ Cα(Ωi), i = 1, 2, such that the kernel κ can be written

as

κ(s, t) =

κ1(s, t), (s, t) ∈ Ω1,

κ2(s, t), (s, t) ∈ Ω2,

and κ1(s, s) = κ2(s, s), for all s ∈ [0, 1]. A kernel κ satisfying these properties is referred

to as a Green’s kernel. Such kernels are generally non-smooth, as their regularity is

restricted to the separate domains Ω1 and Ω2, with only continuity across the diagonal.

2.3.1 Divided Difference Bounds

We use the following notations throughout the article: Let j, k be non-negative integer

and we set

D(j,k)κi(s, t) =
∂j+kκi
∂sj∂tk

(s, t), for i = 1, 2.

Define

C7 = max
j,k=0,1,2

{
sup

(s,t)∈Ωi

∣∣D(j,k)κi(s, t)
∣∣ : for i = 1, 2

}
,
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For l = 1, 2, we define

Ml = max
1≤k≤n

{
sup

tk−1≤t≤s≤tk

∣∣D(l,0)κ1(s, t)
∣∣ , sup

tk−1≤s≤t≤tk

∣∣D(l,0)κ2(s, t)
∣∣ }.

Now, for x ∈ X and s ∈ [0, 1] we have

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt =

∫ s

0

κ1(s, t)x(t) dt+

∫ 1

s

κ2(s, t)x(t) dt.

Using the Leibnitz rule

(Kx)′(s) =
∫ s

0

∂κ1
∂s

(s, t)x(t) dt+

∫ 1

s

∂κ2
∂s

(s, t)x(t) dt,

which implies

|(Kx)′(s)| ≤
(

sup
0≤t≤s≤1

∣∣D(1,0)κ1(s, t)
∣∣) s∥x∥∞ +

(
sup

0≤s≤t≤1

∣∣D(1,0)κ2(s, t)
∣∣) (1− s)∥x∥∞.

Then,

∥(Kx)′∥∞ ≤ C7∥x∥∞. (2.3.1)

Let x ∈ C[0, 1], and let {τ 0j , τ 1j , . . . , τ 2rj } be distinct points in in [0, 1]. For any

s ∈ [0, 1], the divided difference of x at the points τ 0j , τ
1
j , . . . , τ

2r
j and s is denoted by[

τ 0j , τ
1
j , . . . , τ

2r
j , s

]
x. The key observation is that

[
τ 0j , τ

1
j , . . . , τ

2r
j , s

]
Kx =

∫ 1

0

[
τ 0j , τ

1
j , . . . , τ

2r
j , s

]
κ(·, t)x(t) dt,

where
[
τ 0j , τ

1
j , . . . , τ

2r
j , s

]
κ(·, t) denotes the divided difference of the kernel function κ with

respect to its first variable.

In the following, we prove two important lemmas based on the divided difference of Kx
at τ 0j , τ

1
j , . . . , τ

2r
j and s, denoted by

[
τ 0j , τ

1
j , . . . , τ

2r
j , s

]
Kx.

Lemma 2.3.1. Let r ≥ 0 and
{
τ 0j , τ

1
j , . . . , τ

2r
j

}
be the set of collocation points in the

subinterval [tj−1, tj] for j = 1, 2, . . . , n. Then, for some constant C10, we have

sup
s∈[tj−1,tj ]

∣∣[τ 0j , τ 1j , . . . , τ 2rj , s]Kx∣∣ ≤ C10 ∥x∥∞ h−2r.

Proof. Let the collocation points in each subinterval be given by

τ ij = tj−1 +
ih

2r
= tj−1 + hζi, for i = 0, 1, . . . , 2r and j = 1, 2, . . . , n,
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where ζi =
i

2r
∈ [0, 1]. Clearly, τ ij ∈ [tj−1, tj].

The integral operator K is defined by

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt,

where the kernel κ is assumed to be Green’s function-type, given by

κ(s, t) =

κ1(s, t), 0 ≤ t ≤ s ≤ 1,

κ2(s, t), 0 ≤ s ≤ t ≤ 1.

Let s ∈ [tj−1, tj]. Then the divided difference [τ 0j , τ
1
j , s]Kx can be written as

[τ 0j , τ
1
j , s]Kx =

∫ 1

0

[τ 0j , τ
1
j , s]κ(·, t) x(t) dt

=
n∑
k=1
k ̸=j

∫ tk

tk−1

[τ 0j , τ
1
j , s]κ(·, t) x(t) dt+

∫ tj

tj−1

[τ 0j , τ
1
j , s]κ(·, t) x(t) dt. (2.3.2)

Since κ is sufficiently smooth in each interval [tk−1, tk] for k ̸= j, we can bound the first

summation term as ∣∣∣∣∣
∫ tk

tk−1

[τ 0j , τ
1
j , s]κ(·, t) x(t) dt

∣∣∣∣∣ ≤M2 ∥x∥∞ h, (2.3.3)

since κ and its partial derivatives up to second order are bounded on [tk−1, tk], the divided

difference [τ 0j , τ
1
j , s]κ(·, t) is uniformly bounded by M2, and the integral over an interval

of length h then gives a bound of order M2h∥x∥∞.

Next, we focus on estimating the second term in (2.3.2), corresponding to the local

interval [tj−1, tj]. To this end, we derive a bound for [τ 0j , s]κ(·, t) for s ∈ [tj−1, tj].

Case (I): tj−1 ≤ s < τ 0j . In this situation, the first divided difference of κ with respect

to the first variable is given by

[τ 0j , s]κ(·, t) =
κ(s, t)− κ(τ 0j , t)

s− τ 0j
.

Depending on the position of t relative to s and τ 0j , we have

[τ 0j , s]κ(·, t) =



κ1(s, t)− κ1(τ
0
j , t)

s− τ 0j
, tj−1 ≤ t ≤ s,

κ2(s, t)− κ1(τ
0
j , t)

s− τ 0j
, s < t < τ 0j ,

κ2(s, t)− κ2(τ
0
j , t)

s− τ 0j
, τ 0j ≤ t ≤ tj.
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For a fixed s ∈ [tj−1, τ
0
j ], the function [τ 0j , s]κ(·, t) is continuous on [tj−1, tj]. Since both

κ1(., t) and κ2(., t) are continuously differentiable with respect to s, by the Mean Value

Theorem there exist points η1, η2 ∈ (s, τ 0j ) such that

κ1(s, t)− κ1(τ
0
j , t)

s− τ 0j
= D(1,0)κ1(η1, t),

κ2(s, t)− κ2(τ
0
j , t)

s− τ 0j
= D(1,0)κ2(η2, t).

Hence, for tj−1 ≤ t ≤ s, we obtain∣∣∣∣κ1(s, t)− κ1(τ
0
j , t)

s− τ 0j

∣∣∣∣ = ∣∣D(1,0)κ1(η1, t)
∣∣ ≤ sup

tj−1≤t≤s≤tj

∣∣D(1,0)κ1(s, t)
∣∣ =M1.

Similarly, for τ 0j ≤ t ≤ tj,∣∣∣∣κ2(s, t)− κ2(τ
0
j , t)

s− τ 0j

∣∣∣∣ = ∣∣D(1,0)κ2(η2, t)
∣∣ ≤ sup

tj−1≤s≤t≤tj

∣∣D(1,0)κ2(s, t)
∣∣ =M1.

Therefore, we obtain∣∣[τ 0j , s]κ(·, t)∣∣ ≤M1, for tj−1 ≤ t ≤ s and τ 0j ≤ t ≤ tj. (2.3.4)

Now, consider the intermediate region s < t < τ 0j . We write

κ2(s, t)− κ1(τ
0
j , t)

s− τ 0j
=
κ2(s, t)− κ2(t, t) + κ1(t, t)− κ1(τ

0
j , t)

s− τ 0j

=
D(1,0)κ2(η3, t) (s− t)

s− τ 0j
+
D(1,0)κ1(η4, t) (t− τ 0j )

s− τ 0j
,

for some η3 ∈ (s, t) and η4 ∈ (t, τ 0j ). Taking absolute values and using the boundedness

of derivatives, we have∣∣∣∣κ2(s, t)− κ1(τ
0
j , t)

s− τ 0j

∣∣∣∣ ≤ ∣∣D(1,0)κ2(η3, t)
∣∣+ ∣∣D(1,0)κ1(η4, t)

∣∣ ≤ 2M1.

Therefore, we write ∣∣[τ 0j , s]κ(·, t)∣∣ ≤ 2M1, for s ≤ t ≤ τ 0j .

Thus, combining this with (2.3.4), we conclude that

sup
t∈[tj−1,tj ]

∣∣[τ 0j , s]κ(·, t)∣∣ ≤ 2M1, for all s ∈ [tj−1, τ
0
j ]. (2.3.5)

Case (II): s = τ 0j . In this case, by definition,

[τ 0j , τ
0
j ]κ(·, t) =

D(1,0)κ1(τ
0
j , t), tj−1 ≤ t < τ 0j ,

D(1,0)κ2(τ
0
j , t), τ 0j < t ≤ tj,
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and hence

sup
t∈[tj−1,tj ]

∣∣[τ 0j , τ 0j ]κ(·, t)∣∣ ≤M1. (2.3.6)

Case (III): τ 0j < s ≤ tj. Proceeding analogously as in Case (I), we again obtain

sup
t∈[tj−1,tj ]

∣∣[τ 0j , s]κ(·, t)∣∣ ≤ 2M1.

Combining (2.3.5), (2.3.6), and above estimate, we conclude that

sup
s,t∈[tj−1,tj ]

∣∣[τ 0j , s]κ(·, t)∣∣ ≤ 2M1. (2.3.7)

Now, for the second divided difference, using the definition we have

[τ 0j , τ
1
j , s]κ(·, t) =

[τ 0j , s]κ(·, t)− [τ 1j , s]κ(·, t)
τ 0j − τ 1j

=
1

h(ζ0 − ζ1)

(
[τ 0j , s]κ(·, t)− [τ 1j , s]κ(·, t)

)
.

Hence, it follows from (2.3.7) that∣∣[τ 0j , τ 1j , s]κ(·, t)∣∣ ≤ 1

h|ζ0 − ζ1|

( ∣∣[τ 0j , s]κ(·, t)∣∣+ ∣∣[τ 1j , s]κ(·, t)∣∣ ) ≤ 4M1

h|ζ0 − ζ1|
.

Therefore, ∣∣∣∣∣
∫ tj

tj−1

[τ 0j , τ
1
j , s]κ(·, t) x(t) dt

∣∣∣∣∣ ≤ 4M1

h|ζ0 − ζ1|
∥x∥∞ =

C8

h
∥x∥∞,

where C8 =
4M1

|ζ0 − ζ1|
is a constant independent of h.

Finally, combining (2.3.3) with the above inequality in (2.3.2), we get∣∣[τ 0j , τ 1j , s]Kx∣∣ ≤ (M2h+
C8

h

)
∥x∥∞ ≤ C9

h
∥x∥∞,

for some constant C9 > 0. By extending this reasoning inductively to higher-order divided

differences, we obtain the desired estimate∣∣[τ 0j , τ 1j , . . . , τ 2rj , s]Kx∣∣ ≤ C10∥x∥∞h
−2r,

for some constant C10 > 0 independent of h. Since s ∈ [tj−1, tj] was arbitrary, the proof

is complete.

Lemma 2.3.2. Let r ≥ 0 and let
{
τ 0j , τ

1
j , . . . , τ

2r
j

}
be the set of collocation points in the

subinterval [tj−1, tj] for j = 1, 2, . . . , n. Then, for some constant C13, we have

sup
s∈[tj−1,tj ]

∣∣[τ 0j , τ 1j , . . . , τ 2rj , s, s]Kx∣∣ ≤ C13 ∥x∥∞ h−2r.
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Proof. Let s ∈ [tj−1, tj]. Using the linearity of the integral operator K, we can write

[τ 0j , s, s]Kx =

∫ 1

0

[τ 0j , s, s]κ(·, t) x(t) dt

=
n∑
k=1
k ̸=j

∫ tk

tk−1

[τ 0j , s, s]κ(·, t) x(t) dt+
∫ tj

tj−1

[τ 0j , s, s]κ(·, t)x(t) dt. (2.3.8)

Since the kernel κ is assumed to be sufficiently differentiable with respect to s in each

subinterval [tk−1, tk] for k ̸= j, the first term in (2.3.8) can be bounded as∣∣∣∣∣
∫ tk

tk−1

[τ 0j , s, s]κ(·, t) x(t) dt

∣∣∣∣∣ ≤M2 ∥x∥∞ h. (2.3.9)

The main effort now is to estimate the second integral in (2.3.8), corresponding to the

local interval [tj−1, tj]. To this end, we analyze [τ 0j , s, s]κ(·, t) for τ 0j , s ∈ [tj−1, tj].

Case (I): tj−1 ≤ s < τ 0j . In this case, by the definition of divided differences,

[τ 0j , s, s]κ(·, t) =
[s, s]κ(·, t)− [τ 0j , s]κ(·, t)

s− τ 0j
.

Hence, expanding both terms according to the piecewise nature of κ, we obtain

[τ 0j , s, s]κ(·, t) =



∂κ1
∂s

(s, t)−
(
κ1(s, t)− κ1(τ

0
j , t)

s− τ 0j

)
s− τ 0j

, tj−1 ≤ t ≤ s,

∂κ2
∂s

(s, t)−
(
κ2(s, t)− κ1(τ

0
j , t)

s− τ 0j

)
s− τ 0j

, s < t < τ 0j ,

∂κ2
∂s

(s, t)−
(
κ2(s, t)− κ2(τ

0
j , t)

s− τ 0j

)
s− τ 0j

, τ 0j ≤ t ≤ tj.

The function [τ 0j , s, s]κ(·, t) may have a possible discontinuity at t = s due to the piecewise

definition of κ. However, since both κ1(·, t) and κ2(·, t) are continuous on [s, τ 0j ] and

differentiable on (s, τ 0j ), the Mean Value Theorem implies that

κ1(s, t)− κ1(τ
0
j , t)

s− τ 0j
= D(1,0)κ1(ν1, t),

κ2(s, t)− κ2(τ
0
j , t)

s− τ 0j
= D(1,0)κ2(ν2, t),
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for some ν1, ν2 ∈ (s, τ 0j ). Then, for tj−1 ≤ t ≤ s, we have∣∣∣∣∣
∂κ1
∂s

(s, t)−
(
κ1(s,t)−κ1(τ0j ,t)

s−τ0j

)
s− τ 0j

∣∣∣∣∣ =
∣∣∣∣∣D(1,0)κ1(s, t)−D(1,0)κ1(ν1, t)

s− τ 0j

∣∣∣∣∣
=

∣∣∣∣∣D(2,0)κ1(ν3, t)(s− ν1)

s− τ 0j

∣∣∣∣∣, for some ν3 ∈ (s, ν1).

Since D(2,0)κ1 is continuous and bounded, we write∣∣∣[τ 0j , s, s]κ(·, t)∣∣∣ ≤M2, for all tj−1 ≤ t ≤ s.

Similarly, for τ 0j ≤ t ≤ tj, an analogous argument yields∣∣∣[τ 0j , s, s]κ(·, t)∣∣∣ ≤M2.

Thus, ∣∣[τ 0j , s, s]κ(·, t)∣∣ ≤M2, for tj−1 ≤ t ≤ s and τ 0j ≤ t ≤ tj. (2.3.10)

Next, for the intermediate range s < t < τ 0j , we write

κ2(s, t)− κ1(τ
0
j , t)

s− τ 0j
=
κ2(s, t)− κ2(t, t) + κ1(t, t)− κ1(τ

0
j , t)

s− τ 0j

=
D(1,0)κ2(ν5, t)(s− t)

s− τ 0j
+
D(1,0)κ1(ν6, t)(t− τ 0j )

s− τ 0j
,

for some ν5 ∈ (s, t) and ν6 ∈ (t, τ 0j ). Then∣∣∣∣∣∂κ2∂s
(s, t)−

(
κ2(s, t)− κ1(τ

0
j , t)

s− τ 0j

) ∣∣∣∣∣
=

∣∣∣∣∣D(1,0)κ2(s, t)−
D(1,0)κ2(ν5, t)(s− t)

s− τ 0j
−
D(1,0)κ1(ν6, t)(t− τ 0j )

s− τ 0j

∣∣∣∣∣
gives ∣∣∣∣∣∂κ2∂s

(s, t)−
(
κ2(s, t)− κ1(τ

0
j , t)

s− τ 0j

) ∣∣∣∣∣ ≤M1 +M1 +M1 = 3M1.

Therefore, ∫ τ0j

s

∣∣∣∣∣
∂κ2
∂s

(s, t)−
(
κ2(s,t)−κ1(τ0j ,t)

s−τ0j

)
s− τ 0j

∣∣∣∣∣dt ≤ 3M1.

Combining this with (2.3.10), we have∣∣∣∣∣
∫ tj

tj−1

[τ 0j , s, s]κ(·, t)x(t) dt

∣∣∣∣∣ ≤ (M2 + 3M1 +M2) ∥x∥∞ = (3M1 + 2M2)∥x∥∞.
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Finally, substituting this and (2.3.9) into (2.3.8), we obtain∣∣[τ 0j , s, s]Kx∣∣ ≤ (M2h+ 3M1 + 2M2) ∥x∥∞ ≤ C11∥x∥∞, (2.3.11)

where C11 = 3M1+3M2 is a constant independent of h, obtained by noting thatM2h ≤M2

for 0 < h ≤ 1 and hence absorbing the h-dependent term into the constant bound.

Case (II): s = τ 0j . Here,

[τ 0j , τ
0
j , τ

0
j ]Kx =

1

2
(Kx)′′(τ 0j )

=
1

2

(
∂κ1
∂s

(τ 0j , τ
0
j )−

∂κ2
∂s

(τ 0j , τ
0
j )

)
x(τ 0j )

+
1

2

[∫ τ0j

tj−1

∂2κ1
∂s2

(τ 0j , t)x(t) dt+

∫ tj

τ0j

∂2κ2
∂s2

(τ 0j , t)x(t) dt

]
.

Hence, ∣∣[τ 0j , τ 0j , τ 0j ]Kx∣∣ ≤ (M1 +M2)∥x∥∞. (2.3.12)

Case (III): τ 0j < s ≤ tj. By symmetry, an argument identical to Case (I) yields∣∣[τ 0j , s, s]Kx∣∣ ≤ (M2h+ 3M1 + 2M2)∥x∥∞ ≤ C11∥x∥∞.

Combining (2.3.11), (2.3.12), and the above bound, we obtain

sup
s∈[tj−1,tj ]

∣∣[τ 0j , s, s]Kx∣∣ ≤ C11∥x∥∞, (2.3.13)

which proves the desired estimate for r = 0.

For r = 1, we have

[τ 0j , τ
1
j , s, s]Kx =

[τ 0j , s, s]Kx− [τ 1j , s, s]Kx
τ 0j − τ 1j

=
1

h(ζ0 − ζ1)

(
[τ 0j , s, s]Kx− [τ 1j , s, s]Kx

)
,

which gives ∣∣[τ 0j , τ 1j , s, s]Kx∣∣ ≤ 1

h|ζ0 − ζ1|

( ∣∣[τ 0j , s, s]Kx∣∣+ ∣∣[τ 1j , s, s]Kx∣∣ ).
Applying (2.3.13), it follows that

sup
s∈[tj−1,tj ]

∣∣[τ 0j , τ 1j , s, s]Kx∣∣ ≤ 2C11

h|ζ0 − ζ1|
∥x∥∞ = C12h

−1∥x∥∞,



76 Chapter 2. Fredholm Integral Equations with Smooth and Green’s Kernels

where C12 =
2C11

|ζ0 − ζ1|
.

Finally, applying this argument recursively for higher-order divided differences, by math-

ematical induction we conclude that

sup
s∈[tj−1,tj ]

∣∣[τ 0j , τ 1j , . . . , τ 2rj , s, s]Kx∣∣ ≤ C13∥x∥∞ h−2r,

where C13 is a positive constant independent of h. This completes the proof.

2.3.2 Error Estimates for Green’s Kernels

We now proceed to establish several auxiliary results using standard analytical techniques

together with the previously stated lemmas. These results will play a crucial role in

deriving the main theorem.

Proposition 18. If x ∈ C2r+2[0, 1], then

∥K(I − Qn)x∥∞ ≤ 2C7∥x∥2r+2,∞h
2r+2,

where C7 is a constant, defined earlier, and independent of h.

Proof. For any fixed s ∈ [0, 1], the action of K(I − Qn) can be written as

K(I − Qn)x(s) =

∫ 1

0

κ(s, t)(I − Qn)x(t) dt

=
n∑
j=1

∫ tj

tj−1

κ(s, t)(I −Qn,j)x(t) dt

=
n∑
j=1

∫ tj

tj−1

κ(s, t)Ψj(t)[τ
0
j , τ

1
j , . . . , τ

2r
j , t]x dt,

where

Ψj(t) =
2r∏
i=0

(t− τ ij), j = 1, 2, . . . , n.

Now, fix s ∈ [ti−1, ti] ⊂ [0, 1] for some 1 ≤ i ≤ n. We decompose the summation in two

parts to distinguish the integral over the element containing s:

K(I − Qn)x(s) =
n∑
j=1
j ̸=i

∫ tj

tj−1

κ(s, t)Ψj(t)[τ
0
j , τ

1
j , . . . , τ

2r
j , t]x dt

+

∫ ti

ti−1

κ(s, t)Ψi(t)[τ
0
i , τ

1
i , . . . , τ

2r
i , t]x dt. (2.3.14)
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For each fixed s, define the function

f sj (t) = κ(s, t)[τ 0j , τ
1
j , . . . , τ

2r
j , t]x, t ∈ [tj−1, tj],

so that each term in (2.3.14) can be expressed as an integral involving f sj (t)Ψj(t). De-

pending on the position of the subinterval relative to s, we write

f sj (t) =

κ1(s, t)[τ 0j , . . . , τ 2rj , t]x, j ≤ i,

κ2(s, t)[τ
0
j , . . . , τ

2r
j , t]x, j ≥ i.

Since κ is continuously differentiable in t and x ∈ C2r+2[0, 1], each f sj is continuous on

[tj−1, tj] and differentiable on (tj−1, tj).

Applying the Taylor expansion of f sj (t) around the midpoint cj of ∆j, there exists ζj1 ∈
(tj−1, tj) such that

f sj (t) = f sj (cj) + (t− cj) (f
s
j )

′(ζj1).

Differentiating f sj (t) yields

(f sj )
′(ζj1) =

κ1(s, ζj1)[τ 0j , . . . , τ 2rj , ζj1, ζj1]x+D(0,1)κ1(s, ζj1)[τ
0
j , . . . , τ

2r
j , ζj1]x, j ≤ i,

κ2(s, ζj1)[τ
0
j , . . . , τ

2r
j , ζj1, ζj1]x+D(0,1)κ2(s, ζj1)[τ

0
j , . . . , τ

2r
j , ζj1]x, j ≥ i.

Since κ and its partial derivatives up to first order are bounded on [0, 1]× [0, 1], and since

the divided differences of x up to order 2r + 2 are bounded by ∥x∥2r+2,∞, we have∣∣(f sj )′(ζj1)∣∣ ≤ 2C7∥x∥2r+2,∞.

Hence, ∫ tj

tj−1

κ(s, t)Ψj(t)[τ
0
j , . . . , τ

2r
j , t]x dt =

∫ tj

tj−1

(t− cj) (f
s
j )

′(ζj1)Ψj(t) dt.

The integral on the right-hand side is of order h2r+3 because Ψj(t) is a polynomial of

degree 2r + 1 and (t− cj) adds one more power of h. Therefore,∣∣∣∣∣
∫ tj

tj−1

κ(s, t)Ψj(t)[τ
0
j , . . . , τ

2r
j , t]x dt

∣∣∣∣∣ ≤ 2C7∥x∥2r+2,∞h
2r+3.

For the interval containing s, namely [ti−1, ti], by Lemma 1.3.1, we have∫ ti

ti−1

Ψi(t) dt = 0.
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Hence, we can write∫ ti

ti−1

κ(s, t)Ψi(t)
[
τ 0i , τ

1
i , . . . , τ

2r
i , t

]
x dt =

∫ ti

ti−1

(f si )(t)Ψi(t) dt, s ∈ [ti−1, ti]

=

∫ ti

ti−1

[(f si )(t)− (f si )(s)]Ψi(t) dt.

Since the function f si is continuous on [ti−1, ti] and differentiable on (ti−1, ti), by Mean

Value Theorem, for some ζj2 ∈ (ti−1, ti), we have

(f si )(t)− (f si )(s) = (t− s)(f si )
′(ζj2).

Consequently, ∣∣∣∣∫ ti

ti−1

κ(s, t)Ψi(t)[τ
0
i , . . . , τ

2r
i , t]x dt

∣∣∣∣ ≤ 2C7∥x∥2r+2,∞h
2r+3.

Combining both cases in (2.3.14), we obtain

|K(I − Qn)x(s)| ≤
n∑
j=1
j ̸=i

∣∣∣∣∣
∫ tj

tj−1

κ(s, t)[τ 0j , . . . , τ
2r
j , t]xΨj(t) dt

∣∣∣∣∣
+

∣∣∣∣∫ ti

ti−1

κ(s, t)[τ 0i , . . . , τ
2r
i , t]xΨi(t) dt

∣∣∣∣ .
Since there are n such subintervals with uniform width h =

1

n
, the summation over all j

yields a total contribution proportional to h2r+2. Consequently, we obtain

|K(I − Qn)x(s)| ≤
n∑
j=1

2C7∥x∥2r+2,∞h
2r+3 ≤ 2C7∥x∥2r+2,∞h

2r+2.

Taking the supremum over s ∈ [0, 1], the desired inequality follows:

∥K(I − Qn)x∥∞ ≤ 2C7∥x∥2r+2,∞h
2r+2,

which completes the proof.

Proposition 19. If x ∈ C2r+2[0, 1], then

∥(I − Qn)K(I − Qn)x∥∞ =


O(h2r+2) , r ≥ 1,

O(h3) , r = 0.
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Proof. We begin by considering the case r ≥ 1. For any sufficiently smooth function

x ∈ C2r+2[0, 1], we can estimate the operator norm as

∥(I − Qn)K(I − Qn)x∥∞ ≤ ∥I −Qn∥ ∥K(I − Qn)x∥∞.

Since the sequence of projection operators {Qn} is uniformly bounded, there exists a

positive constant q > 0 such that ∥Qn∥ ≤ q for all n. Consequently, ∥I − Qn∥ ≤ 1 + q,

which is also bounded independently of n. Now, by Proposition 18, we already know that

∥K(I − Qn)x∥∞ ≤ 2C7∥x∥2r+2,∞h
2r+2.

Substituting this estimate into the previous inequality yields

∥(I − Qn)K(I − Qn)x∥∞ ≤ 2C7(1 + q)∥x∥2r+2,∞h
2r+2.

Hence,

∥(I − Qn)K(I − Qn)x∥∞ = O
(
h2r+2

)
, for r ≥ 1.

Next, we treat the case r = 0. In this situation, Qn corresponds to a piecewise constant

projection operator. Using inequality (2.1.8), we can write

∥(I − Qn)K(I − Qn)x∥∞ ≤ C1 ∥(K(I − Qn)x)
′∥∞ h.

From the result of Chatelin-Lebbar [22, Theorem 15], it follows that the derivative of

K(I − Qn)x satisfies the bound

∥(K(I − Qn)x)
′∥∞ = O

(
h2
)
.

Combining the above two estimates, we obtain

∥(I − Qn)K(I − Qn)x∥∞ = O
(
h3
)
, for r = 0.

This concludes the proof.

Proposition 20. If x ∈ C2r+1[0, 1], then

∥K(I − Qn)K(I − Qn)x∥∞ =


O(h2r+3) , r ≥ 1,

O(h4) , r = 0.
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Proof. We begin by observing that for any s ∈ [0, 1], the operator expression can be

written as

K(I − Qn)K(I − Qn)x(s) =

∫ 1

0

κ(s, t) (I − Qn)K(I − Qn)x(t) dt

=
n∑
j=1

∫ tj

tj−1

κ(s, t) (I −Qn,j)K(I − Qn)x(t) dt

=
n∑
j=1

∫ tj

tj−1

κ(s, t)
(
[τ 0j , τ

1
j , . . . , τ

2r
j , t]K(I − Qn)x

)
Ψj(t) dt.

(2.3.15)

Let s ∈ [ti−1, ti] ⊂ [0, 1] for some fixed i with 1 ≤ i ≤ n. For convenience, define for each

subinterval [tj−1, tj]

gsj (t) = κ(s, t)
(
[τ 0j , τ

1
j , . . . , τ

2r
j , t]K(I − Qn)x

)
, t ∈ [tj−1, tj],

for j = 1, 2, . . . , n. Depending on whether t ≤ s or t ≥ s, the kernel splits naturally as

gsj (t) =


κ1(s, t)

(
[τ 0j , τ

1
j , . . . , τ

2r
j , t]K(I − Qn)x

)
, j ≤ i,

κ2(s, t)
(
[τ 0j , τ

1
j , . . . , τ

2r
j , t]K(I − Qn)x

)
, j ≥ i.

We denote the divided differences by

(
δ2rj K(I − Qn)x

)
[t] =

(
[τ 0j , τ

1
j , . . . , τ

2r
j , t]K(I − Qn)x

)
,(

δ2rj K(I − Qn)x
)
[t, t] =

(
[τ 0j , τ

1
j , . . . , τ

2r
j , t, t]K(I − Qn)x

)
.

For j ̸= i, the function gsj is continuous on [tj−1, tj] and differentiable on (tj−1, tj). Hence,

differentiating gsj (t) yields

(gsj )
′(t) =


κ1(s, t)

(
δ2rj K(I − Qn)x

)
[t, t] +D(0,1)κ1(s, t)

(
δ2rj K(I − Qn)x

)
[t], j ≤ i,

κ2(s, t)
(
δ2rj K(I − Qn)x

)
[t, t] +D(0,1)κ2(s, t)

(
δ2rj K(I − Qn)x

)
[t], j ≥ i.

By applying Lemma 2.3.1 and Lemma 2.3.2, together with the interpolation estimate

(2.1.8), we obtain a uniform bound on the derivative of gsj (t):∥∥(gsj )′(t)∥∥∞ ≤ C14C7 ∥(I − Qn)x∥∞ h−2r ≤ C14C7C1

∥∥x(2r+1)
∥∥
∞ h,

where C14 is a positive constant independent of h.
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Substituting gsj (t) back into (2.3.15), we can rewrite

K(I − Qn)K(I − Qn)x(s) =
n∑
j=1
j ̸=i

∫ tj

tj−1

gsj (t)Ψj(t) dt+

∫ ti

ti−1

gsi (t)Ψi(t) dt.

Following a similar argument as used in the proof of Proposition 18, and using the above

derivative bound, we derive that

|K(I − Qn)K(I − Qn)x(s)| ≤ 2C14C7C1

∥∥x(2r+1)
∥∥
∞ h2r+3.

Hence, for r ≥ 1,

∥K(I − Qn)K(I − Qn)x∥∞ = O
(
h2r+3

)
.

For the case r = 0 and x ∈ C2[0, 1], we use the result from Kulkarni-Nidhin [57, Proposi-

tion 3.7], which establishes that

∥K(I − Qn)K(I − Qn)x∥∞ = O
(
h4
)
.

This completes the proof of the proposition.

2.3.3 Collocation Methods and Their Variants

In this subsection, we establish the convergence behaviour of various collocation-type

methods when the kernel of the given Fredholm integral equation is of Green’s function-

type. The analysis includes both the standard and modified collocation methods along

with their corresponding iterated versions.

We begin by determining the orders of convergence for the collocation solution φCn and

its iterated form φSn. The results are based on classical error estimates available in the

literature, particularly in Atkinson [13, Section 3.4]; see Chapter 1.

Theorem 21. Let K be the Fredholm integral operator defined by equation (2.1.1) with

a Green’s function-type kernel, and let φ denote the unique solution of the corresponding

integral equation (2.1.2) for f ∈ C2r+2[0, 1]. Let Qn denote the interpolatory projection

operator onto the finite-dimensional approximating space Xn defined in (2.1.7). If φCn and

φSn are the collocation and iterated collocation approximations of φ, respectively, defined

by (2.1.3) and (2.1.4), then we have∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φSn

∥∥
∞ = O

(
h2r+2

)
.
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Proof. The estimate (2.2.5) indicates that the collocation error is bounded by the interpo-

lation error of the exact solution φ. Using the approximation property of the interpolatory

operator Qn and inequality (2.1.8), we know that

∥(I − Qn)φ∥∞ = O
(
h2r+1

)
.

Using this in (2.2.5) immediately gives∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
.

Similarly, by applying Proposition 18, which provides an additional order of improve-

ment due to the smoothing property of the integral operator K in (2.2.6), we obtain∥∥φ− φSn
∥∥
∞ = O

(
h2r+2

)
.

Hence, both results follow, completing the proof.

The above theorem clearly shows that the collocation approximation φCn achieves an

order of convergence O(h2r+1), while its iterated counterpart φSn achieves a higher order

O(h2r+2). This theorem therefore provides a rigorous theoretical justification for employ-

ing the iterated collocation approach to obtain faster convergence without increasing the

degree of the approximating polynomial space.

We now turn to the modified collocation method, which is designed to improve the

accuracy of the standard collocation solution. The convergence properties of both the

modified collocation solution φMn and its iterated form φ̃Mn are established below.

Theorem 22. Let K be the Fredholm integral operator defined by (2.1.1) with a Green’s

function-type kernel. For f ∈ C2r+2[0, 1], let φ denote the unique solution of (2.1.2), and

let Qn be the interpolatory projection onto Xn defined in (2.1.7). Let φMn and φ̃Mn de-

note the modified collocation and iterated modified collocation solutions defined by (2.1.5)

and (2.1.6), respectively. Then we have

∥∥φ− φMn
∥∥
∞ =


O(h2r+2) , r ≥ 1,

O(h3) , r = 0,

and ∥∥φ− φ̃Mn
∥∥
∞ =


O(h2r+3) , r ≥ 1,

O(h4) , r = 0.
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Proof. From (2.2.7), the error in the modified collocation approximation satisfies∥∥φ− φMn
∥∥
∞ ≤ C6 ∥(I − Qn)K(I − Qn)φ∥∞.

By applying Proposition 19, which provides an estimate for the double application of the

operator K with the projection error, we have

∥∥φ− φMn
∥∥
∞ =


O(h2r+2) , r ≥ 1,

O(h3) , r = 0.

Next, we consider the iterated modified collocation solution φ̃Mn . From (2.2.8), the

corresponding error satisfies the inequality∥∥φ− φ̃Mn
∥∥
∞ ≤

∥∥(I − K)−1
∥∥ ∥K(I − Qn)K(I − Qn)φ∥∞

+
∥∥(I − K)−1

∥∥ ∥K(I − Qn)K(I − Qn)∥
∥∥φ− φMn

∥∥
∞. (2.3.16)

Since K is a bounded linear operator, and using inequality (2.1.8), we obtain the following

bound:

∥K(I − Qn)K(I − Qn)x∥∞ ≤ C1∥K∥∥(K(I − Qn)x)
′∥∞h.

Using inequality (2.3.1) and boundedness of the operator Qn, we obtain

∥K(I − Qn)K(I − Qn)x∥∞ ≤ C7C1(1 + q)∥K∥∥x∥∞h,

which shows that

∥K(I − Qn)K(I − Qn)∥ = O(h) .

Substituting this estimate and the earlier result for
∥∥φ− φMn

∥∥
∞ into inequality (2.3.16)

and using Proposition 20, we conclude that

∥∥φ− φ̃Mn
∥∥
∞ =


O(h2r+3) , r ≥ 1,

O(h4) , r = 0.

Hence, the theorem is proved.

The above theorem shows that the modified and iterated modified collocation meth-

ods achieve higher-order convergence, with the iterated version providing further im-

provement. This reflects their superconvergent behaviour and effectiveness in accurately

approximating solutions of Fredholm integral equations with non-smooth Green’s kernels.
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In this section, we have analyzed the collocation method and its variants for approxi-

mating the solution of the Fredholm integral equation (2.1.2) with a Green’s function-type

kernel. The sequence of projections was defined through interpolatory operators at 2r+1

non-Gaussian collocation points, based on a uniform partition of [0, 1]. Theorems 21

and 22 establish that, under this framework, both the iterated collocation and iterated

modified collocation methods exhibit enhanced convergence orders. These results confirm

that the proposed projection approach ensures accelerated convergence even without re-

lying on Gauss points, thereby providing an effective and flexible alternative for obtaining

accurate numerical solutions.

2.4 Numerical Results

We now present numerical experiments to verify the theoretical convergence rates of the

collocation, iterated collocation, modified collocation, and iterated modified collocation

methods developed in the previous sections.

Let Xn denote the space of piecewise constant functions defined with respect to the

uniform partition of the interval [0, 1]:

0 = t0 < t1 < · · · < tn = 1, tj =
j

n
, j = 0, 1, . . . , n.

The interpolatory projection Qn : L∞[0, 1] → Xn is defined by

Qnx

(
2j − 1

2n

)
= x

(
2j − 1

2n

)
, j = 1, 2, . . . , n.

We observe that, for the iterated collocation method, the order of convergence is
1

n2
, whereas for the iterated version of the modified collocation method, it improves to

1

n4
. Consequently, to evaluate certain integrals numerically with sufficient accuracy, a

quadrature rule possessing at least
1

n4
convergence is required.

We define the error quantities corresponding to the numerical solutions obtained by

solving linear systems of sizes n and 2n, respectively, as

en = ∥φ− φn∥∞, e2n = ∥φ− φ2n∥∞.

Using these error measures, the observed order of convergence is computed as

δ =
log (en/e2n)

log 2
.
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In the following tables, the quantities δC , δIC , δM , and δIM represent the computed

orders of convergence corresponding to the collocation solution φCn , the iterated collocation

solution φSn, the modified collocation solution φMn , and the iterated modified collocation

solution φ̃Mn , respectively. According to the theoretical results, the expected orders of

convergence are

δC = 1, δIC = 2, δM = 3, δIM = 4.

Smooth kernel case: We first present two examples of Fredholm integral equations with

smooth kernels to illustrate the theoretical results developed above.

Example 2. Consider the Fredholm integral equation of the second kind,

x(s)−
∫ 1

0

κ(s, t)x(t) dt = f(s), s ∈ [0, 1].

The kernel κ(s, t) =
1

2
est is infinitely smooth (analytic) on Ω. The right-hand side function

f(s) is chosen such that the exact solution is given in closed form by φ(s) = e−s cos(s).

Table 2.4.1: Comparison of convergence rates in collocation variants for Example 2.

n
∥∥φ− φCn

∥∥
∞ δC

∥∥φ− φSn
∥∥
∞ δIC

∥∥φ− φMn
∥∥
∞ δM

∥∥φ− φ̃Mn
∥∥
∞ δIM

2 2.42× 10−1 1.56× 10−2 4.66× 10−3 7.90× 10−4

4 1.24× 10−1 0.97 4.08× 10−3 1.94 5.66× 10−4 3.04 5.04× 10−5 3.97

8 6.23× 10−2 0.99 1.03× 10−3 1.98 6.96× 10−5 3.02 3.16× 10−6 3.99

16 3.12× 10−2 1.00 2.59× 10−4 2.00 8.63× 10−6 3.01 1.98× 10−7 4.00

32 1.56× 10−2 1.00 6.47× 10−5 2.00 1.07× 10−6 3.01 1.24× 10−8 4.00

64 7.81× 10−3 1.00 1.62× 10−5 2.00 1.34× 10−7 3.00 7.74× 10−10 4.00

The results in Table 2.4.1 clearly demonstrate the progressive improvement in convergence

obtained through iteration and modified projection methods. The standard collocation

method exhibits first-order convergence, while the iterated collocation method improves

the rate to second order. The modified collocation method achieves third-order conver-

gence, and the iterated modified method attains the highest fourth-order accuracy.

Example 3. Consider the Fredholm integral equation of the second kind,

x(s)− (Kx)(s) = 1 + s5/2, s ∈ [0, 1],
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where the compact integral operator K is defined by

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt,

and κ(s, t) =
1

1 + (s− t)2
is a smooth kernel on [0, 1]× [0, 1]. The exact solution φ(s) is

not known in closed form; however, it is known that φ ∈ C2[0, 1] but φ /∈ C3[0, 1].

This example was originally investigated by Kulkarni [48] and the results reported therein,

as well as the numerical data presented in Table 2.4.2, confirm the theoretically predicted

orders of convergence. In particular, the collocation, iterated collocation, modified collo-

cation, and iterated modified collocation methods exhibit convergence of orders 1, 2, 3,

and 4, respectively.

Table 2.4.2: Comparison of convergence rates in collocation variants for Example 3.

n
∥∥φ− φCn

∥∥
∞ δC

∥∥φ− φSn
∥∥
∞ δIC

∥∥φ− φMn
∥∥
∞ δM

∥∥φ− φ̃Mn
∥∥
∞ δIM

4 7.57× 10−1 1.31× 10−1 1.26× 10−3 1.66× 10−5

8 3.57× 10−1 1.08 3.19× 10−2 2.04 1.59× 10−4 2.99 1.29× 10−6 3.68

16 1.74× 10−1 1.04 7.93× 10−3 2.01 1.98× 10−5 3.00 8.54× 10−8 3.92

32 8.56× 10−2 1.02 1.98× 10−3 2.00 2.49× 10−6 3.00 5.48× 10−9 3.96

64 4.25× 10−2 1.01 4.95× 10−4 2.00 3.11× 10−7 3.00 3.50× 10−10 3.97

128 2.12× 10−2 1.01 1.24× 10−4 2.00 3.89× 10−8 3.00 2.12× 10−11 4.04

Green’s kernel case: We next present two illustrative examples involving Fredholm

integral equations with Green’s function-type kernels in order to further examine the

performance of the proposed methods.

Example 4. Consider the Fredholm integral equation of the second kind,

x(s)−
∫ 1

0

κ(s, t)x(t) dt = f(s), s ∈ [0, 1],

where

κ(s, t) =

s(1− t), 0 ≤ s ≤ t,

(1− s)t, t ≤ s ≤ 1,

and the right-hand side f(s) is chosen such that the exact solution is φ(s) = s9/2.



2.4. Numerical Results 87

Table 2.4.3: Comparison of convergence rates in collocation variants for Example 4.

n
∥∥φ− φCn

∥∥
∞ δC

∥∥φ− φSn
∥∥
∞ δIC

∥∥φ− φMn
∥∥
∞ δM

∥∥φ− φ̃Mn
∥∥
∞ δIM

4 3.83× 10−2 1.70× 10−3 2.73× 10−4 1.40× 10−4

8 2.47× 10−2 0.63 5.57× 10−4 1.61 3.90× 10−5 2.80 9.05× 10−6 3.95

16 1.09× 10−2 1.18 1.29× 10−4 2.11 5.03× 10−6 2.96 5.69× 10−7 3.99

32 5.79× 10−3 0.91 3.40× 10−5 1.92 6.34× 10−7 2.99 3.56× 10−8 4.00

64 2.80× 10−3 1.05 8.32× 10−6 2.03 7.94× 10−8 3.00 2.23× 10−9 4.00

128 1.42× 10−3 0.98 2.10× 10−6 1.98 9.93× 10−9 3.00 1.39× 10−10 4.00

Example 5. Cconsider the Fredholm integral equation of the second kind,

x(s)−
∫ 1

0

κ(s, t)x(t) dt =

(
1− 1

π2

)
sin(πs), s ∈ [0, 1],

where

κ(s, t) =

s(1− t), 0 ≤ s ≤ t,

(1− s)t, t ≤ s ≤ 1,

and the exact solution is given by φ(s) = sin(πs).

Table 2.4.4: Comparison of convergence rates in collocation variants for Example 5.

n
∥∥φ− φCn

∥∥
∞ δC

∥∥φ− φSn
∥∥
∞ δIC

∥∥φ− φMn
∥∥
∞ δM

∥∥φ− φ̃Mn
∥∥
∞ δIM

2 7.26× 10−1 1.05× 10−2 3.75× 10−3 2.62× 10−3

4 3.85× 10−1 0.92 2.16× 10−3 2.29 8.82× 10−4 2.09 1.51× 10−4 4.11

8 1.95× 10−1 0.98 5.13× 10−4 2.07 1.23× 10−4 2.84 9.36× 10−6 4.01

16 9.80× 10−2 0.99 1.27× 10−4 2.02 1.58× 10−5 2.96 5.84× 10−7 4.00

32 4.91× 10−2 1.00 3.15× 10−5 2.00 1.99× 10−6 2.99 3.65× 10−8 4.00

64 2.45× 10−2 1.00 7.88× 10−6 2.00 2.50× 10−7 3.00 2.28× 10−9 4.00

From Tables 2.4.3 and 2.4.4, we observe that the computed orders of convergence δC , δIC ,

δM , and δIM are in excellent agreement with the corresponding theoretical predictions.

In particular, the iterative variants of both collocation and modified collocation meth-

ods exhibit a significant improvement in the rate of convergence, thereby confirming the

theoretical superconvergence behaviour established in the preceding analysis.

The numerical results for both smooth and Green’s function-type kernels validate the

theoretical convergence and superconvergence results, confirming the effectiveness of the

proposed projection-based methods.
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2.5 Conclusion

In this chapter, projection-based collocation methods constructed on uniform partitions

with equidistant (non-Gaussian) interpolation points were analyzed for Fredholm integral

equations of the second kind. The theoretical results show that even with this simple

choice of collocation nodes, substantial improvement in accuracy can be achieved through

modified projection and one-step iteration methods.

For smooth kernels κ ∈ C2r+2(Ω), the modified and iterated modified collocation meth-

ods attain the superconvergent orders O(h4r+3) and O(h4r+4), respectively, significantly

improving upon the standard collocation rate O(h2r+1). For Green’s function-type ker-

nels with piecewise regularity, the modified methods retain enhanced convergence, yielding

O(h2r+2) and O(h2r+3) for r ≥ 1, and O(h3) and O(h4) in the lowest-order case r = 0.

These results establish that the proposed projection framework is both robust and

systematically higher-order, providing accurate and computationally efficient approxima-

tions without requiring special quadrature points. The next chapter extends these ideas

to the analysis of Urysohn integral equations of the second kind.



Chapter 3

Urysohn Integral Equations with

Smooth and Green’s Kernels
1

This chapter is devoted to the analytical study of projection-based numerical methods for

the approximate solution of nonlinear Urysohn integral equations of the form x−K(x) = f,

where f is a given function and K is a Urysohn integral operator with both smooth and

Green’s function type kernel acting on L∞[0, 1]. The numerical framework considered

here is based on interpolatory projections onto finite-dimensional approximation spaces

Xn, consisting of piecewise polynomials of even degree defined with respect to a uniform

partition of the interval [0, 1]. The projection operator is constructed using equally spaced

collocation points on each subinterval. Within this framework, four numerical methods

are investigated: the standard collocation method, the iterated collocation method, the

modified collocation method, and the iterated modified collocation method. A detailed

convergence analysis is carried out for each of these schemes, with particular emphasis on

comparing their accuracy and convergence behaviour.

This chapter extends the results of Chapter 2 to nonlinear integral equations and there-

fore requires a more detailed and in-depth analysis. Comparable orders of convergence are

established for Urysohn integral operators with both smooth kernels and Green’s function

type kernels. Finally, numerical experiments are presented to illustrate and validate the

theoretical results developed in this chapter.

1
A portion of the work presented in this chapter has been published in Mathematics and Computers in Simulation, vol. 240, pp. 681-697,

2026.
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3.1 Preliminaries

Let X = L∞[0, 1] and Ω × R = [0, 1] × [0, 1] × R. Let κ : Ω × R → R be a continuous

function. Consider the non-linear integral operator K from L∞[0, 1] to C[0, 1] as

K(x)(s) =

∫ 1

0

κ(s, t, x(t)) dt, s ∈ [0, 1], x ∈ X . (3.1.1)

Such an operator is called as Urysohn integral operator. Since the kernel κ is continuous,

K is compact operator on X . For given f and κ, we consider the following Urysohn

integral equation

x−K(x) = f. (3.1.2)

The Fréchet derivative of K at y ∈ X is given by

(K′(x)y)(s) =

∫ 1

0

∂κ

∂u
(s, t, x(t))y(t) dt, s ∈ [0, 1],

where
∂κ

∂u
(s, t, x(t)) represents the partial derivative of κ with respect to its third compo-

nent u at x(t). Assuming that the equation (3.1.2) possesses a solution φ and, 1 is not

an eigenvalue of the compact linear operator K′(φ). Then, φ is an isolated solution of

(3.1.2). See [42, 44]. Note that, φ ∈ Cα[0, 1] whenever f ∈ Cα[0, 1] for any positive integer

α. (See [10, Corollory 3.2]). Solving the equation (3.1.2) exactly, is often challenging, so

we focus on finding approximate solutions. In collocation method, we employ a sequence

of finite-rank interplatory projections that converge pointwise to the identity operator to

approximate the operator K. This method has been extensively studied in [42, 44, 43].

Let Xn denotes a sequence of finite-dimensional subspaces approximating X , and let

{Qn} represents a sequence of interpolory projections from X to Xn. In the collocation

method, equation (3.1.2) is approximated by

φCn −QnK(φCn ) = Qnf.

For linear integral equations, Sloan [83] introduced the iterated collocation solution, ob-

tained through a single iteration of the collocation solution. This approach was further

opted by Atkinson-Potra [10] for Urysohn integral equations. The iterated collocation

solution is defined by

φSn = K(φCn ) + f.

Additionally, there exists an enhanced approach known as the modified collocation method,

proposed by Grammont-Kulkarni [32] as

φMn −KM
n (φMn ) = f, with KM

n (x) = QnK(x) +K(Qnx)−QnK(Qnx).
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This approach generalizes the modified collocation method for the linear case, as proposed

by Kulkarni [48]. The solution obtained by applying a single iteration in φMn is termed as

the iterated modified collocation solution which is defined by

φ̃Mn = K(φMn ) + f.

For an integer r ≥ 0, let Xn be the space of piecewise polynomials of even degree

≤ 2r on a uniform partition of [0, 1] with mesh length h, and let Qn denote the interpola-

tory projection defined using 2r+ 1 Gauss points (that is, the zeros of the corresponding

Legendre polynomial) per subinterval. For Urysohn integral equations with sufficiently

smooth kernels, the convergence of collocation and iterated collocation methods was an-

alyzed by Atkinson-Potra [10]. The modified collocation method and its iterated version

were studied by Grammont et al. [33], while analogous results for Green’s function type

kernels were obtained in [10, 57]. In all cases, iteration leads to an improvement in the

order of convergence.

When the collocation points are not necessarily Gauss points, both collocation and it-

erated collocation methods converge with same order O(h2r+1), see Atkinson-Potra [10];

whereas the modified and iterated modified collocation methods achieve the higher or-

der O(h4r+2), see Grammont et al. [33]. These results indicate that the choice of Gauss

points as collocation points plays a crucial role in enhancing the convergence rates through

iterative procedures.

In this thesis, we adopt a different choice of the approximating space and the colloca-

tion points from those considered in the aforementioned works. Accordingly, we briefly

describe below the interpolatory projection employed throughout this chapter.

3.1.1 Interpolatory Projection

Let {0 = t0 < t1 < · · · < tn = 1} be the uniform partition of [0, 1], where

tj =
j

n
= jh, j = 0, 1, . . . , n,

and h =
1

n
denotes the mesh size. We write ∆j = [tj−1, tj] for j = 1, 2, . . . , n.

For a fixed integer r ≥ 0, define the finite-dimensional approximating space

Xn =
{
x ∈ L∞[0, 1] : x|∆j

is a polynomial of even degree ≤ 2r, j = 1, . . . , n
}
.
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On each subinterval ∆j, we choose 2r + 1 interpolation points. For r ≥ 1, these points

are taken as

τ ij = tj−1 +
ih

2r
, i = 0, 1, . . . , 2r,

while for r = 0 we use the midpoint

τj =
tj−1 + tj

2
.

We define the interpolatory operator Qn : C[0, 1] → Xn by prescribing the interpolation

conditions

Qnx(τ
i
j) = x(τ ij), i = 0, 1, . . . , 2r, j = 1, 2, . . . , n. (3.1.3)

Let x ∈ C[0, 1]. The (2r+1)-th divided difference of x at the points τ 0j , τ
1
j , . . . , τ

2r
j is given

by

[τ 0j , τ
1
j , . . . , τ

2r
j ]x =

[τ 1j , . . . , τ
2r
j ]x− [τ 0j , . . . , τ

2r−1
j ]x

τ 2rj − τ 0j
.

Define the nodal polynomial

Ψj(t) =
2r∏
i=0

(t− τ ij), j = 1, 2, . . . , n.

Since Qn,jx (the restriction of Qnx to ∆j) interpolates x at the points τ 0j , . . . , τ
2r
j , the

interpolation error admits the representation

x(t)−Qn,jx(t) = Ψj(t) [τ
0
j , τ

1
j , . . . , τ

2r
j , t]x, t ∈ ∆j.

If x ∈ C2r+1(∆j), then standard interpolation theory yields

∥(I − Qn,j)x∥∆j ,∞ ≤ C1

∥∥x(2r+1)
∥∥
∆j ,∞

h2r+1, (3.1.4)

where C1 > 0 is a constant independent of h (see, [13] or Chapter 1).

The operator Qn is initially defined on C[0, 1] and, if necessary, extended to L∞[0, 1]

following the approach of Atkinson et al. [8]. In this setting, Qn is a projection from

L∞[0, 1] onto Xn and satisfies

Qnx→ x, x ∈ C[0, 1],

as n → ∞. Moreover, by combining the local estimate (3.1.4) over all subintervals, it

follows that for any x ∈ C2r+1[0, 1],

∥(I − Qn)x∥∞ ≤ C1

∥∥x(2r+1)
∥∥
∞ h2r+1. (3.1.5)
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More generally, let α ≥ 0 be an integer and set β = min{α, 2r + 1}. Then, for any

x ∈ Cα[0, 1],
∥(I − Qn)x∥∞ ≤ C1

∥∥x(β)∥∥∞ hβ.

In Chapter 2, we analyzed the orders of convergence of approximate solutions of Fred-

holm integral equations with smooth and Green’s function type kernels obtained by the

collocation method, the iterated collocation method, and their modified variants. In that

chapter, the space Xn was taken as the space of piecewise polynomials of even degree

≤ 2r with respect to the same uniform partition, and the projection Qn was defined by

interpolation at 2r + 1 equidistant points (including the endpoints) in each subinterval

[tj−1, tj] discussed above. Although these interpolation points are not Gauss points, we

showed that iterative refinement still improves the orders of convergence for both the

standard and modified collocation methods.

In the present chapter, we extend this theory to Urysohn integral equations with both

smooth kernels and nonsmooth kernels of Green’s function type. Specifically, we construct

approximate solutions of (3.1.2) using collocation methods, modified collocation methods,

and their iterated variants, and establish rigorous convergence results for each case. The

corresponding orders of convergence are derived under appropriate regularity assumptions

on the kernel and the right-hand side.

This chapter is organized as follows. In Section 3.2, we analyze the convergence prop-

erties of the proposed collocation-based methods for Urysohn integral equations with

smooth kernels. Section 3.3 is devoted to the convergence analysis for integral equations

involving non-smooth kernels of Green’s function type. Numerical experiments that sup-

port and illustrate the theoretical results are presented in Section 3.4. Finally, concluding

remarks and possible directions for future research are summarized in Section 3.5.

3.2 Convergence Analysis for Smooth Kernels

Let X = L∞[0, 1], and consider the Urysohn integral operator (3.1.1) as

K(x)(s) =

∫ 1

0

κ(s, t, x(t)) dt, s ∈ [0, 1], x ∈ X ,

where the kernel κ(s, t, u) is a real valued continuous function on Ω × R. For an integer

α ≥ 0, let Cα[0, 1] represent the space of all real-valued functions on [0, 1] which are

α-times continuously differentiable, equipped with the norm

∥x∥α,∞ = max
0≤i≤α

∥∥x(i)∥∥∞ = max
0≤i≤α

{
sup
0≤t≤1

|x(i)(t)|
}
.
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where x(i) is the i-th derivative of the function x. Sometimes, for x ∈ Cα[0, 1], we define

∥x∥α,∞ =
α∑
i=0

∥x(i)∥∞.

Assume that

κ ∈ Cα(Ω× R) and
∂κ

∂u
∈ Cα+p(Ω× R), p ≥ 1.

Then K is a compact operator from L∞[0, 1] to Cα[0, 1]. As in Section 3.1, we assume

that (3.1.2) has a unique solution φ. We also assume that f ∈ Cα[0, 1]. Then, since

φ−K(φ) = f,

the solution φ ∈ Cα[0, 1]. As φ denote the unique solution of equation (3.1.2) and define

q(s, t, u) =
∂κ

∂u
(s, t, u), for all (s, t, u) ∈ Ω× R;

and

q∗(s, t) = q(s, t, φ(t)).

For j, k non-negative integers, we set

D(j,k)q∗(s, t) =
∂j+kq∗
∂sj∂tk

(s, t),

and define the constant as

C2 = max
0≤j+k≤2r+3

{
sup

0≤s,t≤1

∣∣D(j,k)q∗(s, t)
∣∣ }.

For δ0 > 0, let B(φ, δ0) = {x ∈ L∞[0, 1] : ∥x− φ∥∞ < δ0} be a neighborhood of the

exact solution. Since
∂κ

∂u
∈ Cα+p with p ≥ 1, the Fréchet derivative of K at y ∈ L∞[0, 1]

exists and is given by

(K′(x)y)(s) =

∫ 1

0

∂κ

∂u
(s, t, x(t)) y(t) dt =

∫ 1

0

q∗(s, t)y(t) dt, s ∈ [0, 1].

Moreover, K′(x) defines a compact linear operator from L∞[0, 1] into Cα[0, 1] for each

x ∈ B(φ, δ0). The additional regularity p ≥ 1 guarantees that K′ is locally Lipschitz

continuous in B(φ, δ0), that is, there exists a constant γ > 0 such that

∥K′(φ)−K′(x)∥ ≤ γ∥φ− x∥∞, x ∈ B(φ, δ0). (3.2.1)
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For an integer r ≥ 0, whenever Xn be the space of piecewise polynomials of degree

≤ 2r associated with the same uniform partition of [0, 1] and mesh length h =
1

n
. In each

subinterval [tj−1, tj], choose 2r+1 collocation points as Gauss points, and letQn : X → Xn

be the interpolatory projection at the collocation points. Then, the following orders of

convergence are proved in Atkinson-Potra [10] for sufficiently smooth kernel:∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φSn

∥∥
∞ = O

(
h4r+2

)
.

Subsequently, Grammont et al. [33] analyzed the modified collocation method and its

iterated variant and proved the improved convergence estimates∥∥φ− φMn
∥∥
∞ = O

(
h6r+3

)
,
∥∥φ− φ̃Mn

∥∥
∞ = O

(
h8r+4

)
.

As discussed in Section 3.1, when the interpolatory projection is defined using 2r +

1 distinct collocation points in each subinterval that are not necessarily Gauss points,

Atkinson-Potra [10] showed that, for sufficiently smooth kernels, both the collocation and

the iterated collocation methods converge with order O(h2r+1). This behaviour can be

illustrated by the following example.

Example 6. Let X = L∞[0, 1], and let Xn denote the space of piecewise constant functions

with respect to the uniform partition of [0, 1] given by

0 = t0 < t1 < · · · < tn = 1, tj =
j

n
, j = 0, 1, . . . , n.

Define the interpolatory operator Qn : C[0, 1] → Xn by interpolation at the collocation

points

τj =
3j − 2

3n
, j = 1, 2, . . . , n.

Using the Hahn–Banach extension theorem, Qn can be extended to L∞[0, 1], and hence

Qn is a projection. Consider the Urysohn integral equation

x−K(x) = f,

where f(s) = s, s ∈ [0, 1], and

K(x)(s) =

(∫ 1

0

x(t) dt+ 1

)
s, s ∈ [0, 1].

The exact solution of this equation is given by φ(s) = 4s, s ∈ [0, 1]. The operator K is

compact and Fréchet differentiable, with Fréchet derivative(
K′(φ)y

)
(s) =

(∫ 1

0

y(t) dt

)
s, s ∈ [0, 1], y ∈ X .
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Moreover, 1 is not an eigenvalue of K′(φ).

For s ∈ [tj−1, tj], we have

(I − Qn)φ(s) = 4s− 4(3j − 2)

3n
.

A direct computation yields∫ 1

0

(I − Qn)φ(t) dt =
n∑
j=1

∫ tj

tj−1

(
4t− 4(3j − 2)

3n

)
dt =

2

3n
.

Consequently,

∥K′(φ)(I − Qn)φ∥∞ = max
s∈[0,1]

∣∣∣∣(∫ 1

0

(I − Qn)φ(t) dt

)
s

∣∣∣∣ = 2

3n
,

and

∥(I − Qn)φ∥∞ = max
1≤j≤n

{
max

s∈[tj−1,tj ]
|(I − Qn)φ(s)|

}
≤ 8

3n
.

In general, the iterated collocation solution is superconvergent (see [13]) if and only if

∥K′(φ)(I − Qn)φ∥∞
∥(I − Qn)φ∥∞

−→ 0 as n→ ∞.

In the present case, this condition is not satisfied, since

∥K′(φ)(I − Qn)φ∥∞
∥(I − Qn)φ∥∞

≥ 1

4
.

Thus, the iterated collocation method does not exhibit superconvergence for this choice of

interpolatory projection.

In the same setting, Grammont et al. [33] further showed that the modified collocation

method and its iterated variant yield an improved convergence rate of order O(h4r+2). We

observe that selecting Gauss points as collocation points improves the convergence orders

through iterative refinement.

In our analysis, we employ an approximating space Xn consisting of piecewise poly-

nomials of even degree ≤ 2r, together with equidistant collocation points. Recall that

Qn : C[0, 1] → Xn denotes the interpolatory projection defined at (2r + 1)n equidistant

points in [0, 1] defined by (3.1.3). As shown in Chapter 1, the operator Qn admits a

bounded extension to a projection from L∞[0, 1] onto Xn.

In particular, Qnx→ x uniformly for all x ∈ C[0, 1]. Moreover, if x ∈ C2r+1[0, 1], then

the interpolation error satisfies

∥(I − Qn)x∥∞ ≤ C1

∥∥x(2r+1)
∥∥
∞ h2r+1,
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where C1 > 0 is a constant independent of n.

We briefly recall the approximation methods used to compute numerical solutions of

the Urysohn integral equation (3.1.2), which are summarized below.

The collocation approximation of (3.1.2) is defined by

φCn −QnK(φCn ) = Qnf. (3.2.2)

The corresponding iterated collocation solution is given by

φSn = K(φCn ) + f. (3.2.3)

Also, the modified collocation method is defined by

φMn −KM
n (φMn ) = f, (3.2.4)

where the modified operator KM
n is given by

KM
n (x) = QnK(x) +K(Qnx)−QnK(Qnx).

The associated iterated modified collocation solution is defined as

φ̃Mn = K(φMn ) + f. (3.2.5)

This approach is particularly effective in enhancing the convergence rate while maintaining

computational efficiency.

3.2.1 Collocation and Iterated Collocation Methods

Note that the Fréchet derivative K′(φ) is a compact linear operator on X . Since 1 is not

an eigenvalue of K′(φ), the operator I − K′(φ) is boundedly invertible on X . Moreover,

classical results of Krasnoselskii [42], Krasnoselskii-Zabreiko [44], and Atkinson-Potra [10]

ensure that, for all sufficiently large n, the collocation equation (3.2.2) admits a unique

solution φCn in a neighbourhood of φ, and that φCn → φ as n → ∞. Moreover, the errors

of the collocation and iterated collocation approximations satisfy the estimates∥∥φ− φCn
∥∥
∞ ≤ C3 ∥(I − Qn)φ∥∞ (3.2.6)

and ∥∥φ− φSn
∥∥
∞ ≤ C4 ∥K′(φ)(I − Qn)φ∥∞, (3.2.7)

where C3 and C4 are positive constants independent of n. See Chapter 1. The following

result provides an error bound for the composition of the linear operator K′(φ) with the

interpolation operator Qn.
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Proposition 23. Assume that q∗ is continuously differentiable with respect to t and that

x ∈ C2r+2[0, 1]. Then

∥K′(φ)(I − Qn)x∥∞ ≤ 2C2 ∥x∥2r+2,∞ h2r+2.

Proof. We recall that

(K′(φ)x)(s) =

∫ 1

0

q∗(s, t)x(t) dt, q∗(s, t) =
∂κ

∂u
(s, t, φ(t)).

For s ∈ [0, 1], we write

K′(φ)(I − Qn)x(s) =

∫ 1

0

q∗(s, t)(I − Qn)x(t) dt

=
n∑
j=1

∫ tj

tj−1

q∗(s, t)(I − Qn,j)x(t) dt.

On each subinterval [tj−1, tj], the interpolation remainder satisfies

(I − Qn,j)x(t) = Ψj(t) [τ
0
j , τ

1
j , . . . , τ

2r
j , t]x, t ∈ [tj−1, tj],

where Ψj(t) =
∏2r

i=0(t− τ ij). Hence,

K′(φ)(I − Qn)x(s) =
n∑
j=1

∫ tj

tj−1

q∗(s, t)Ψj(t)[τ
0
j , τ

1
j , . . . , τ

2r
j , t]x dt.

For fixed s, define

f sj (t) = q∗(s, t)[τ
0
j , τ

1
j , . . . , τ

2r
j , t]x, t ∈ [tj−1, tj].

Then

K′(φ)(I − Qn)x(s) =
n∑
j=1

∫ tj

tj−1

f sj (t)Ψj(t) dt. (3.2.8)

Define

ωj(t) =

∫ t

tj−1

Ψj(ξ) dξ.

Then ω′
j(t) = Ψj(t), with ωj(tj−1) = ωj(tj) = 0. Using integration by parts in (3.2.8), we

obtain

K′(φ)(I − Qn)x(s) = −
n∑
j=1

∫ tj

tj−1

(f sj )
′(t)ωj(t) dt.

Since

(f sj )
′(t) = q∗(s, t)[τ

0
j , . . . , τ

2r
j , t, t]x+D(0,1)q∗(s, t)[τ

0
j , . . . , τ

2r
j , t]x,
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and x ∈ C2r+2[0, 1], standard divided difference estimates (Hildebrand [36]) yield

|(f sj )′(t)| ≤ 2C2 ∥x∥2r+2,∞, t ∈ [tj−1, tj].

Moreover, ∥Ψj∥∞ = O(h2r+1) and ∥ωj∥∞ = O(h2r+2) . Therefore,∣∣K′(φ)(I − Qn)x(s)
∣∣ ≤ 2C2 ∥x∥2r+2,∞ h2r+2.

Taking the supremum over s ∈ [0, 1] completes the proof.

The above estimate will be now used to determine the convergence orders of the

collocation and iterated collocation methodss. In particular, the convergence order of the

collocation solution of (3.2.2) is obtained by combining the interpolation error estimate

(3.1.5) with the bound (3.2.6). Similarly, the convergence order of the iterated collocation

solution defined by (3.2.3) follows from Proposition 23 together with the estimate (3.2.7).

As a result, we obtain∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,
∥∥φ− φSn

∥∥
∞ = O

(
h2r+2

)
.

These results demonstrate that the iterated collocation method achieves a higher order of

convergence than the standard collocation method, despite the fact that the interpolation

points are not chosen to be Gauss points.

3.2.2 Modified Collocation Method

We first present following lemmas that are essential for the proof of Theorem 24, where

the convergence orders of the modified collocation solution are established.

Lemma 3.2.1. Let q∗ ∈ C2r+1(Ω) and that x ∈ C2r+2[0, 1]. Then

∥(I − Qn)K′(φ)(I − Qn)x∥∞ ≤ 2C1C2∥x∥2r+2,∞ h4r+3.

Proof. Since q∗(s, t) ∈ C2r+1(Ω), that is,
∂κ

∂u
(s, t, φ(t)) ∈ C2r+1(Ω), and since x ∈ C2r+2[0, 1],

it follows that

K′(φ)(I − Qn)x ∈ C2r+1[0, 1].

Using the interpolation error estimate (3.1.5), we obtain

∥(I − Qn)K′(φ)(I − Qn)x∥∞ ≤ C1

∥∥∥(K′(φ)(I − Qn)x
)(2r+1)

∥∥∥
∞
h2r+1. (3.2.9)
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Consider

K′(φ)(I − Qn)x(s) =

∫ 1

0

q∗(s, t)(I − Qn)x(t) dt.

Since q∗ ∈ C2r+1(Ω), we obtain

(
K′(φ)(I − Qn)x

)(2r+1)
(s) =

∫ 1

0

D(2r+1,0)q∗(s, t)(I − Qn)x(t) dt

=
n∑
j=1

∫ tj

tj−1

D(2r+1,0)q∗(s, t)(I − Qn,j)x(t) dt

=
n∑
j=1

∫ tj

tj−1

D(2r+1,0)q∗(s, t)Ψj(t)[τ
0
j , . . . , τ

2r
j , t]x dt.

For fixed s, define

gsj (t) = D(2r+1,0)q∗(s, t)[τ
0
j , . . . , τ

2r
j , t]x, t ∈ [tj−1, tj].

Then (
K′(φ)(I − Qn)x

)(2r+1)
(s) =

n∑
j=1

∫ tj

tj−1

gsj (t)Ψj(t) dt.

Since q∗ ∈ C2r+1(Ω) and x ∈ C2r+1[0, 1], standard divided-difference estimates imply that,

for all s ∈ [0, 1] and t ∈ [tj−1, tj],∣∣(gsj )′(t)∣∣ ≤ 2C2∥x∥2r+2,∞.

Let cj denote the midpoint of ∆j = [tj−1, tj]. By the mean-value form of Taylor’s theorem,

for each t ∈ ∆j there exists ξt ∈ ∆j such that

gsj (t) = gsj (cj) + (t− cj)(g
s
j )

′(ξt).

Using the antisymmetry of Ψj about cj (Lemma 1.3.1, Chapter 1), we obtain∫ tj

tj−1

gsj (t)Ψj(t) dt =

∫ tj

tj−1

(t− cj)(g
s
j )

′(ξt)Ψj(t) dt.

Hence, ∣∣∣∫ tj

tj−1

gsj (t)Ψj(t) dt
∣∣∣ ≤ 2C2∥x∥2r+2,∞

∫ tj

tj−1

|t− cj| |Ψj(t)| dt.

Since |t − cj| ≤
h

2
on ∆j and

∫ tj
tj−1

|Ψj(t)| dt = O(h2r+2), each subinterval contributes

O(h2r+3). Summing over j = 1, . . . , n yields∥∥∥(K′(φ)(I − Qn)x
)(2r+1)

∥∥∥
∞

≤ 2C2∥x∥2r+2,∞ h2r+2.
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Substituting into (3.2.9) gives

∥(I − Qn)K′(φ)(I − Qn)x∥∞ ≤ 2C1C2∥x∥2r+2,∞ h4r+3,

which completes the proof.

Lemma 3.2.2. Assume that the Urysohn integral equation (3.1.2) admits a solution φ ∈
C2r+1[0, 1], and that

∂κ

∂u
∈ C2r+2(Ω× R).

Then ∥∥(I − Qn)
[
K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)

]∥∥
∞ = O

(
h6r+3

)
.

Proof. Since by assumption
∂κ

∂u
∈ C2r+2(Ω× R),

it follows in particular that
∂κ

∂u
is continuously differentiable with respect to u and pos-

sesses continuous mixed derivatives with respect to s up to order 2r + 1. Consequently,

for y1, y2 ∈ L∞[0, 1], the second Fréchet derivative of K at φ exists and is given by

K′′(φ)(y1, y2)(s) =

∫ 1

0

∂2κ

∂u2
(s, t, φ(t)) y1(t)y2(t) dt.

The norm of the bilinear operator K′′(φ) is defined by

∥K′′(φ)∥ = sup
∥y1∥∞≤1, ∥y2∥∞≤1

∥K′′(φ)(y1, y2)∥∞.

Let v ∈ B(φ, δ0). By generalised Taylor’s theorem with integral remainder, we may write

K(φ+ v)(s)−K(φ)(s)−K′(φ)v(s) =

∫ 1

0

(1− θ)K′′(φ+ θv)(v, v)(s) dθ

=: (Rv)(s), s ∈ [0, 1].

Note that

K′′(φ+ θv)(v, v)(s) =

∫ 1

0

∂2κ

∂u2
(s, t, φ(t) + θv(t)) v2(t) dt.

Since
∂κ

∂u
∈ C2r+2(Ω × R), it follows that K′′(φ + θv)(v, v)(s), and hence Rv, belong to

C2r+1[0, 1]. We write

(K′′(φ+ θv)(v, v))
(2r+1)

(s) =

∫ 1

0

∂2r+1

∂s2r+1

(
∂2κ

∂u2
(s, t, φ(t) + θv(t))

)
v2(t) dt,



102 Chapter 3. Urysohn Integral Equations with Smooth and Green’s Kernels

and

(Rv)(2r+1)(s) =

∫ 1

0

(1− θ) (K′′(φ+ θv)(v, v))
(2r+1)

(s) dθ.

Let

C5 = max
s,t∈[0,1]

|u|≤∥φ∥∞+δ0

∣∣∣∣ ∂2r+1

∂s2r+1

(
∂2κ

∂u2
(s, t, u)

)∣∣∣∣ .
Then, for all θ ∈ [0, 1],∥∥∥(K′′(φ+ θv)(v, v))

(2r+1)
∥∥∥
∞

≤ C5∥v∥2∞,
∥∥(Rv)(2r+1)

∥∥
∞ ≤ C5

2
∥v∥2∞.

Using the interpolation estimate (3.1.5), we obtain

∥(I − Qn)Rv∥∞ ≤ C1

∥∥(Rv)(2r+1)
∥∥
∞h

2r+1 ≤ C1C5

2
∥v∥2∞h

2r+1.

Since Qnx → x for all x ∈ C[0, 1], it follows that for n sufficiently large, v = Qnφ − φ ∈
B(φ, δ0). Hence,

∥(I − Qn)R(Qnφ− φ)∥∞ ≤ C1C5

2
∥Qnφ− φ∥2∞h

2r+1.

Finally, since φ ∈ C2r+1[0, 1], again by (3.1.5),

∥Qnφ− φ∥∞ ≤ C1

∥∥φ(2r+1)
∥∥
∞h

2r+1.

Therefore,

∥(I − Qn)[K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)]∥∞ = ∥(I − Qn)R(Qnφ− φ)∥∞

≤ (C1)
3C5

2

∥∥φ(2r+1)
∥∥2
∞ h6r+3,

which completes the proof.

The above proof is adapted from the argument used in Lemma 2.1 of Grammont et

al. [33]. On the basis of the crucial results established in the preceding lemmas, we are now

in a position to state the main convergence result for the modified collocation method.

In particular, the assumptions required for the application of Theorem 7 are satisfied

in the present setting with f ̸= 0. Consequently, there exists a neighbourhood B(φ, δ0)
of the exact solution φ such that, for all sufficiently large n, the modified collocation

equation (3.2.4) admits a unique solution φMn ∈ B(φ, δ0). We now state the corresponding

error estimate for φMn .
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Theorem 24. Assume that the Urysohn integral equation (3.1.2) admits a unique solution

φ, and suppose that κ ∈ C(Ω × R),
∂κ

∂u
∈ C2r+2(Ω × R) and f ∈ C2r+2[0, 1]. Assume

further that 1 is not an eigenvalue of the Fréchet derivative K′(φ). Let Xn be the space

of piecewise polynomials of even degree ≤ 2r with respect to the partition (2.2), and let

Qn : L∞[0, 1] → Xn be the associated interpolatory projection defined by (3.1.3). Let φMn

denote the unique solution of the modified collocation equation (3.2.4) in a neighbourhood

B(φ, δ0) of φ. Then the modified collocation approximation satisfies the superconvergence

estimate ∥∥φMn − φ
∥∥
∞ = O

(
h4r+3

)
,

as n→ ∞.

Proof. By assumption, the operator I − K′(φ) is boundedly invertible. It follows from

Lemma 1.4.3 that, for all sufficiently large n, the operator I − (KM
n )′(φ) is also invertible.

Moreover, its inverse is uniformly bounded, satisfying∥∥∥[I − (KM
n )′(φ)

]−1
∥∥∥ ≤ 2

∥∥(I − K′(φ))−1
∥∥.

An application of Theorem 7 then yields∥∥φMn − φ
∥∥
∞ ≤ 2αn,

where

αn =
∥∥∥[I − (KM

n )′(φ)
]−1 [K(φ)−KM

n (φ)
]∥∥∥

=
∥∥∥[I − (KM

n )′(φ)
]−1

(I − Qn)
(
K(φ)−K(Qnφ)

)∥∥∥
∞
.

Combining the above estimates, we finally obtain∥∥φMn − φ
∥∥
∞ ≤ 4

∥∥(I −K′(φ))−1
∥∥∥(I − Qn)(K(φ)−K(Qnφ))∥∞. (3.2.10)

We write

(I − Qn)(K(φ)−K(Qnφ)) = −(I − Qn)[K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)]

− (I − Qn)K′(φ)(Qnφ− φ).

By Lemma 3.2.2, we have

∥(I − Qn)[K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)]∥∞ = O
(
h6r+3

)
. (3.2.11)
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On the other hand, under the assumptions f ∈ C2r+2[0, 1] and
∂κ

∂u
∈ C2r+2(Ω × R), the

unique solution φ ∈ C2r+2[0, 1]. Then by Lemma 3.2.1, we have

∥(I − Qn)K′(φ)(Qnφ− φ)∥∞ = ∥(I − Qn)K′(φ)(I − Qn)φ∥∞ = O
(
h4r+3

)
.

From (3.2.10), (3.2.11) and the above estimate, we obtain∥∥φMn − φ
∥∥
∞ = O

(
h4r+3

)
.

3.2.3 Iterated Modified Collocation Method

In this subsection, we present the main result of the smooth kernel case. In particular, we

show that the iterated modified collocation method attains a higher order of convergence

than the modified collocation method. The proof of this result is carried out through

a sequence of auxiliary lemmas and propositions, which collectively establish the main

theorem.

Lemma 3.2.3. Assume that q∗ ∈ C2r+2(Ω) and that x ∈ C2r+2[0, 1]. Then

∥K′(φ)(I − Qn)K′(φ)(I − Qn)x∥∞ ≤ 4(C2)
2 ∥x∥2r+2,∞ h4r+4.

Proof. Applying Proposition 23, we obtain

∥K′(φ)(I − Qn)K′(φ)(I − Qn)x∥∞ ≤ 2C2 ∥K′(φ)(I − Qn)x∥2r+2,∞ h2r+2. (3.2.12)

To estimate the derivative norm, observe that

∥K′(φ)(I − Qn)x∥2r+2,∞ = max
0≤i≤2r+2

∥∥∥(K′(φ)(I − Qn)x
)(i)∥∥∥

∞
.

Since q∗ ∈ C2r+2(Ω), the proof proceeds exactly as in Lemma 3.2.1. In particular, one

obtains ∣∣(K′(φ)(I − Qn)x
)(2r+2)

(s)
∣∣ ≤ 2C2 ∥x∥2r+2,∞ h2r+2, s ∈ [0, 1].

Hence,

∥K′(φ)(I − Qn)x∥2r+2,∞ ≤ 2C2 ∥x∥2r+2,∞ h2r+2.

Substituting this estimate into (3.2.12) yields

∥K′(φ)(I − Qn)K′(φ)(I − Qn)x∥∞ ≤ 4(C2)
2 ∥x∥2r+2,∞ h4r+4,

which completes the proof.
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Lemma 3.2.4. Assume that κ,
∂κ

∂u
∈ C2r+1(Ω × R),

∂2κ

∂u2
∈ C2r+2(Ω × R), and f ∈

C2r+2[0, 1]. Then∥∥K′(φ)(I − Qn)
[
K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)

]∥∥
∞ = O

(
h6r+4

)
.

Proof. Define

xn = K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ).

By definition of the Fréchet derivative,

K′(φ)(I − Qn)xn(s) =

∫ 1

0

q∗(s, t)(I − Qn)xn(t) dt, s ∈ [0, 1].

As κ,
∂κ

∂u
∈ C2r+1(Ω×R),

∂2κ

∂u2
∈ C2r+2(Ω×R), and f ∈ C2r+2[0, 1], then the exact solution

satisfies φ ∈ C2r+2[0, 1]. Moreover, the nonlinear remainder

xn = K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ) ∈ C2r+2[0, 1].

Since q∗ is continuously differentiable with respect to t and xn ∈ C2r+2[0, 1], Proposition 23

is applicable with x = xn, yielding

∥K′(φ)(I − Qn)xn∥∞ ≤ 2C2 ∥xn∥2r+2,∞ h2r+2. (3.2.13)

From Lemma 3.2.2, we recall that

xn = K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ) = R(Qnφ− φ).

Moreover, by following Lemma 3.2.2, one can see that

∥xn∥2r+2,∞ = ∥R(Qnφ− φ)∥2r+2,∞ = max
0≤i≤2r+2

∥∥∥(R(Qnφ− φ)
)(i)∥∥∥

∞
≤ C5

2
∥Qnφ− φ∥2∞.

Since φ ∈ C2r+2[0, 1], one can obtain

∥Qnφ− φ∥ ≤ C1

∥∥φ(2r+1)
∥∥
∞h

2r+1.

Thus,

∥xn∥2r+2,∞ ≤ (C1)
2C5

2

∥∥φ(2r+1)
∥∥2
∞h

4r+2. (3.2.14)

Combining (3.2.13) and (3.2.14) together, we obtain

∥K′(φ)(I − Qn)xn∥∞ ≤ (C1)
2C2C5

∥∥φ(2r+1)
∥∥2
∞h

6r+4,

which proves the result.
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Lemma 3.2.5. Assume that κ,
∂κ

∂u
∈ C2r+1(Ω × R),

∂2κ

∂u2
∈ C2r+2(Ω × R), and f ∈

C2r+2[0, 1]. Then ∥∥K′(φ)
(
K(φ)−KM

n (φ)
)∥∥

∞ = O
(
h4r+4

)
.

Proof. By definition of the modified collocation operator,

KM
n (φ) = QnK(φ) +K(Qnφ)−QnK(Qnφ).

Hence,

K(φ)−KM
n (φ) = (I − Qn)

(
K(φ)−K(Qnφ)

)
= −(I − Qn)

[
K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)

]
− (I − Qn)K′(φ)(Qnφ− φ).

Applying K′(φ) and taking norms, we obtain∥∥K′(φ)
(
K(φ)−KM

n (φ)
)∥∥

∞ ≤
∥∥K′(φ)(I − Qn)

[
K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)

]∥∥
∞

+ ∥K′(φ)(I − Qn)K′(φ)(Qnφ− φ)∥∞.

The first term is estimated directly by Lemma 3.2.4, yielding∥∥K′(φ)(I − Qn)
[
K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)

]∥∥
∞ = O

(
h6r+4

)
.

To estimate the second term, we observe that

∥K′(φ)(I − Qn)K′(φ)(Qnφ− φ)∥∞ = ∥K′(φ)(I − Qn)K′(φ)(I − Qn)φ∥∞

Since
∂κ

∂u
(s, t, φ(t)) ∈ C2r+2(Ω) and φ ∈ C2r+2[0, 1], Lemma 3.2.3 applies and we obtain

∥K′(φ)(I − Qn)K′(φ)(Qnφ− φ)∥∞ = O
(
h4r+4

)
.

Combining the above estimates yields∥∥K′(φ)
(
K(φ)−KM

n (φ)
)∥∥

∞ = O
(
h4r+4

)
,

which completes the proof.

Lemma 3.2.6. Assume that κ,
∂κ

∂u
∈ C2r+1(Ω × R),

∂2κ

∂u2
∈ C2r+2(Ω × R), and f ∈

C2r+2[0, 1]. Then ∥∥K′(φ)
(
(KM

n )′(φ)−K′(φ)
)
(φ− φMn )

∥∥
∞ = O

(
h6r+4

)
.
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Proof. By definition of the Fréchet derivative of the modified collocation operator,

(KM
n )′(φ) = QnK′(φ) + (I − Qn)K′(Qnφ)Qn.

Hence,

K′(φ)
(
(KM

n )′(φ)−K′(φ)
)
= −K′(φ)(I − Qn)K′(φ)

+K′(φ)(I − Qn)K′(Qnφ)Qn.

We decompose the second term as

K′(φ)(I − Qn)K′(Qnφ)Qn = K′(φ)(I − Qn)
(
K′(Qnφ)−K′(φ)

)
Qn

+K′(φ)(I − Qn)K′(φ)Qn.

By Kulkarni-Nelakanti [50, Theorem 4.2] as

∥K′(φ)(I − Qn)K′(φ)∥ = O
(
h4r+2

)
.

The Lipschitz continuity of K′ in (3.2.1) implies

∥K′(Qnφ)−K′(φ)∥∞ ≤ γ∥Qnφ− φ∥∞ ≤ γC1

∥∥φ(2r+1)
∥∥
∞h

2r+1,

and the uniform boundedness of Qn then gives∥∥K′(φ)(I − Qn)
(
K′(Qnφ)−K′(φ)

)
Qn

∥∥
∞ = O

(
h2r+1

)
.

Combining the above bounds, we obtain∥∥K′(φ)
(
(KM

n )′(φ)−K′(φ)
)∥∥

∞ = O
(
h2r+1

)
.

Finally, from the convergence estimate for the modified collocation solution established

in Theorem 24, we have ∥∥φMn − φ
∥∥
∞ = O

(
h4r+3

)
.

Therefore,∥∥K′(φ)
(
(KM

n )′(φ)−K′(φ)
)
(φ− φMn )

∥∥
∞ ≤

∥∥K′(φ)
(
(KM

n )′(φ)−K′(φ)
)∥∥

∞

∥∥φ− φMn
∥∥
∞

= O
(
h2r+1

)
·O
(
h4r+3

)
= O

(
h6r+4

)
,

which cmpletes the proof.
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The next theorem constitutes the principal result of this section. It quantifies the

superconvergence achieved by the iterated modified collocation method when applied to

Urysohn integral equations with smooth kernels.

Theorem 25. Let Xn be the space of piecewise polynomials of even degree ≤ 2r with

respect to the uniform partition of [0, 1], and let Qn : L∞[0, 1] → Xn be the interpolatory

projection defined by (3.1.3). Assume that κ,
∂κ

∂u
∈ C2r+1(Ω×R),

∂2κ

∂u2
∈ C2r+2(Ω×R), and

f ∈ C2r+2[0, 1]. Further, assume that 1 is not an eigenvalue of K′(φ). Let φ be the unique

solution of the Urysohn integral equation (3.1.2), and let φ̃Mn ∈ B(φ, δ0) be the iterated

modified collocation solution defined by (3.2.5). Then∥∥φ− φ̃Mn
∥∥
∞ = O

(
h4r+4

)
.

Proof. From the definitions of the exact and modified collocation equations, we have

φ̃Mn − φ = K(φMn )−K(φ).

Applying the generalized Taylor expansion of K about φ,

K(φMn )−K(φ) = K′(φ)(φMn − φ) +R(φMn − φ), (3.2.15)

where the remainder term is given by(
R(φMn − φ)

)
(s) =

∫ 1

0

(1− θ)
(
K′′(φ+ θ(φMn − φ)

)
(φMn − φ)2

)
(s) dθ, s ∈ [0, 1].

Since
∂2κ

∂u2
is continuous on Ω × R. Then the operator K is twice Fréchet differentiable

and the second Fréchet derivative of K is given by,[
K′′(φ+ θ(φMn − φ))(φMn − φ)2

]
(s) =

∫ 1

0

∂2κ

∂u2
(s, t, φ(t) + θ(φMn − φ)(t))(φMn − φ)2(t) dt.

Then

∣∣[K′′(φ+ θ(φMn − φ))(φMn − φ)2
]
(s)
∣∣ ≤

 sup
s,t∈[0,1]

|u|≤∥φ∥∞+δ0

∣∣∣∣∂2κ∂u2
(s, t, u)

∣∣∣∣
∥∥φMn − φ

∥∥2
∞.

Thus, ∥∥[K′′(φ+ θ(φMn − φ))(φMn − φ)2
]∥∥

∞ ≤ C6

∥∥φMn − φ
∥∥2
∞,

where

C6 = sup
s,t∈[0,1]

|u|≤∥φ∥∞+δ0

∣∣∣∣∂2κ∂u2
(s, t, u)

∣∣∣∣
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is a constant. Consequently, we have∥∥R(φMn − φ)
∥∥
∞ ≤ C6

2

∥∥φMn − φ
∥∥2
∞.

Using (3.2.15), we arrive at the error estimate∥∥φ̃Mn − φ
∥∥
∞ ≤

∥∥K′(φ)(φMn − φ)
∥∥
∞ + C6

∥∥φMn − φ
∥∥2
∞. (3.2.16)

From Theorem 24 we already know that∥∥φMn − φ
∥∥
∞ = O

(
h4r+3

)
.

As discussed in Grammont et al. [33], define the operator Bn : X → X by

Bn(x) = φ− (I − K′(φ))−1
(
K′(φ)−K′(φ)φ−KM

n (x) +K′(φ)x
)
.

Then Bn(x) = x if and only if

(I − K′(φ))x = (I − K′(φ))φ−
(
K′(φ)−K′(φ)φ−KM

n (x) +K′(φ)x
)
,

which is equivalent to

x−KM
n (x) = φ−K(φ) = f.

Hence, the modified collocation solution φMn is a fixed point of Bn, that is,

Bn(φ
M
n ) = φMn .

Hence,

φMn − φ = Bn(φ
M
n )− φ

= −(I − K′(φ))−1
(
K′(φ)−K′(φ)φ−KM

n (φMn ) +K′(φ)φMn

)
.

Multiplying by K′(φ) and using the commutativity of K′(φ) with (I−K′(φ))−1, we obtain

K′(φ)(φMn − φ) = −(I − K′(φ))−1K′(φ)
(
K′(φ)−KM

n (φ)
)

+ (I − K′(φ))−1K′(φ)
(
KM
n (φMn )−KM

n (φ)− (KM
n )′(φ)(φMn − φ)

)
+ (I − K′(φ))−1K′(φ)

(
(KM

n )′(φ)−K′(φ)
)
(φMn − φ).

By Lemma 3.2.5, the first term is of order O(h4r+4). By Lemma 3.2.6, the third term is of

order O(h6r+4). The second term can be estimated by applying Lemma 3.3 of Grammont

et al. [33], which yields∥∥KM
n (φMn )−KM

n (φ)− (KM
n )′(φ)(φMn − φ)

∥∥
∞ = O

(∥∥φMn − φ
∥∥2
∞

)
= O

(
h8r+6

)
.
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Hence, ∥∥K′(φ)(φMn − φ)
∥∥
∞ = O

(
h4r+4

)
.

Finally, combining this estimate with (3.2.16), we conclude that∥∥φMn − φ
∥∥
∞ = O

(
h4r+4

)
,

which completes the proof.

Theorem 25 shows that the iterated modified collocation solution converges with or-

der O(h4r+4). This order is higher than that of the modified collocation solution and is

achieved without refining the projection space or increasing the polynomial degree. The

analysis demonstrates that the iterated modified collocation method exhibits a superior

convergence rate compared to the modified collocation approach. Notably, this improve-

ment is obtained without requiring Gauss collocation points and yields a higher order

than all collocation methods considered herein (i.e. collocation, iterated collocation and

modified collocation methods).

3.3 Convergence Analysis for Green’s Kernels

Let X = L∞[0, 1]. In this section, we study the convergence analysis of the Urysohn

integral equation with Green’s function type kernels defined by (3.1.2). Specifically, the

associated Urysohn integral operator K : X → C[0, 1] is given by

K(x)(s) =

∫ 1

0

κ(s, t, x(t)) dt, s ∈ [0, 1], x ∈ X ,

where the kernel κ : Ω× R → R is a real-valued continuous function.

Although, for an integer r ≥ 0, whenever Xn denote the space of piecewise polynomials

of degree ≤ 2r associated with a uniform partition of [0, 1] with mesh length h =
1

n
. The

interpolatory projection Qn defined at 2r + 1 Gauss points on each subinterval ∆j =

[tj−1, tj]. Under suitable smoothness assumptions on the kernel κ of the Urysohn integral

operator, Atkinson-Potra [10] showed that, for α ≥ 2r + 1, the collocation and iterated

collocation solutions satisfy∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,

∥∥φ− φSn
∥∥
∞ = O

(
hmin(α, 4r+2, 2r+3)

)
.

With additional regularity assumptions on higher-order derivatives of κ, Kulkarni-Nidhin [57]

established that the modified collocation method satisfies∥∥φ− φMn
∥∥
∞ = O

(
h2r+3

)
,
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and that the iterated modified collocation method achieves

∥∥φ− φ̃Mn
∥∥
∞ =


O(h4) , r = 0,

O(h4r+3) , r ≥ 1 and α ≥ 2r + 3.

These results indicate that, while the standard and iterated collocation methods exhibit

limited improvement, the iterated modified collocation method attains the highest order

of convergence among the considered schemes.

In this section, we employ an approximation space Xn consisting of piecewise polyno-

mials of even degree not exceeding 2r, together with equidistant collocation points. Recall

that Qn : C[0, 1] → Xn denotes the interpolatory projection defined at (2r + 1)n equally

spaced points in [0, 1], as introduced in (3.1.3). A key feature of the proposed approach

is that it achieves higher-order convergence while relying solely on even-degree piecewise

polynomial spaces and equidistant collocation nodes, which are not required to coincide

with the zeros of special functions. The enhanced convergence rates are obtained under

appropriate smoothness assumptions on the kernel of the underlying integral operator.

Let α ≥ 1 be an integer. Throughout this section, we assume that the kernel κ

associated with the operator K defined in (3.1.1) satisfies the following properties:

1. For i = 1, 2, 3, 4, the functions κ,
∂iκ

∂ui
∈ C(Ω× R).

2. Divide Ω into two parts as Ω1 × R = {(s, t, u) : 0 ≤ t ≤ s ≤ 1, u ∈ R} and

Ω2×R = {(s, t, u) : 0 ≤ s ≤ t ≤ 1, u ∈ R}. There are two functions κi ∈ Cα(Ωi×R),
i = 1, 2, such that

κ(s, t, u) =

κ1(s, t, u) if (s, t, u) ∈ Ω1 × R,

κ2(s, t, u) if (s, t, u) ∈ Ω2 × R.

3. Let

ℓ(s, t, u) =
∂κ

∂u
(s, t, u), m(s, t, u) =

∂2κ

∂u2
(s, t, u), for all (s, t, u) ∈ Ω× R.

Clearly, ℓ, m ∈ C(Ω × R). The partial derivatives of ℓ(s, t, u) and m(s, t, u) with

respect to s and t exhibit jump discontinuities along the line s = t.

4. There exist functions ℓi, mi ∈ C2r+1(Ωi × R), i = 1, 2, such that

ℓ(s, t, u) =

ℓ1(s, t, u) if (s, t, u) ∈ Ω1 × R,

ℓ2(s, t, u) if (s, t, u) ∈ Ω2 × R



112 Chapter 3. Urysohn Integral Equations with Smooth and Green’s Kernels

and

m(s, t, u) =

m1(s, t, u) if (s, t, u) ∈ Ω1 × R,

m2(s, t, u) if (s, t, u) ∈ Ω2 × R.

Since
∂iκ

∂ui
∈ C(Ω × R) for i = 1, 2, 3, 4, the operator K being four times Fréchet

differentiable at x ∈ X is expressed as

K(i)(x)(y1, . . . , yi)(s) =

∫ 1

0

∂iκ

∂ui
(s, t, x(t))y1(t) · · · yi(t) dt, s ∈ [0, 1],

where
∂iκ

∂ui
(s, t, x(t)) =

∂iκ

∂ui
(s, t, u)

∣∣∣∣
u=x(t)

, i = 1, 2, 3, 4,

and y1, y2, y3, y4 ∈ X . Note that K′(x) : X → X is a compact linear operator, while

K(i)(x) : X i → X are multilinear operators, where X i represents the Cartesian product

of i copies of X (see Rall [73] or Chapter 1). The norms of these operators are given by∥∥K(i)(x)
∥∥ = sup

{∥∥K(i)(x)(y1, . . . , yi)
∥∥
∞ : ∥yj∥∞ ≤ 1, j = 1, . . . , i

}
for i = 1, 2, 3, 4. It follows that

∥∥K(i)(x)
∥∥ ≤ sup

s,t∈[0,1]

∣∣∣∣∂iκ∂ui (s, t, x(t))
∣∣∣∣ , i = 1, 2, 3, 4.

Under the above stated assumptions on kernel κ, the Fréchet derivative of K at y ∈ X
is given by

(K′(φ)y)(s) =

∫ 1

0

∂κ

∂u
(s, t, φ(t))y(t) dt =

∫ 1

0

ℓ(s, t, φ(t))y(t) dt, s ∈ [0, 1].

As it is assumed in Section 3.1 that the equation x−K(x) = f , with f ∈ X , admits a

unique solution φ. We seek numerical approximations of this solution. Let f ∈ C2r+1[0, 1].

Then, under the above regularity assumptions on the kernel κ following Atkinson-Potra

[10, Corollary 3.2], we have φ ∈ C2r+1[0, 1].

For δ0 > 0, recall that B(φ, δ0) = {x ∈ X : ∥x− φ∥∞ < δ0} be a closed ball with

centre φ and radius δ0. If x, y ∈ B(φ, δ0), then it can be easily shown that

∥K′(x)−K′(y)∥ ≤ γ∥x− y∥∞, (3.3.1)

for some constant γ.
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We use the following notations throughout the section:

Define S1 = {(s, t) : 0 ≤ t ≤ s ≤ 1}, S2 = {(s, t) : 0 ≤ s ≤ t ≤ 1} and

ℓ∗(s, t) := ℓ(s, t, φ(t)) =

ℓ1,∗(s, t) = ℓ1(s, t, φ(t)), (s, t) ∈ S1,

ℓ2,∗(s, t) = ℓ2(s, t, φ(t)), (s, t) ∈ S2.

By assumption ℓ∗ ∈ C(Ω). Since φ ∈ C2r+1[0, 1], it follows that ℓ1,∗ ∈ C2r+1(S1) and

ℓ2,∗ ∈ C2r+1(S2).

For j, k non-negative integers, we set

D(j,k)ℓi,∗(s, t) =
∂j+kℓi,∗
∂sj∂tk

(s, t), for i = 1, 2.

Define

C7 = max
0≤i≤4

 sup
s,t∈[0,1]

|u|≤∥φ∥∞+δ0

∣∣∣∣∂iκ∂ui (s, t, u)
∣∣∣∣
 ,

C8 = max
1≤k≤n
j=1,2

{
sup

tk−1≤t≤s≤tk

∣∣D(j,0)ℓ1,∗(s, t)
∣∣ , sup

tk−1≤s≤t≤tk

∣∣D(j,0)ℓ2,∗(s, t)
∣∣ }.

From the Fréchet derivatives of K, it is easy to see that∥∥(K′(φ)y)(i)
∥∥
∞ ≤ C7∥y∥∞, i = 0, 1, 2, (3.3.2)

∥∥(K′′(φ)(y1, y2))
(i)
∥∥
∞ ≤ C7∥y1∥∞∥y2∥∞, i = 0, 1, 2. (3.3.3)

The analysis of interpolatory projection methods based on equidistant collocation

points, rather than Gaussian points, for Urysohn integral operators with Green’s function

type kernels appears to be absent from the existing literature. In particular, there is no

detailed study of such projections onto spaces of piecewise polynomials of even degree not

exceeding 2r over a uniform partition of the interval [0, 1]. The purpose of this section

is to address this gap and to develop the analytical tools required for the convergence

analysis in this setting.

3.3.1 Divided Difference Bounds

Let x ∈ C[0, 1], and let {τ 0j , τ 1j , . . . , τ 2rj } ⊂ [0, 1] be a set of 2r + 1 distinct collocation

points. For any s ∈ [0, 1], we denote by
[
τ 0j , τ

1
j , . . . , τ

2r
j , s

]
x the divided difference of the
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function x at the points τ 0j , τ
1
j , . . . , τ

2r
j and s. Recall that the Fréchet derivative of the

Urysohn integral operator K at φ is given by

(K′(φ)x)(s) =

∫ 1

0

ℓ∗(s, t)x(t) dt, s ∈ [0, 1],

where ℓ∗ denotes the associated Green’s function type kernel. A crucial observation is

that the divided difference operator with respect to the first variable may be interchanged

with the integral defining K′(φ). More precisely, for any s ∈ [0, 1], we have

[
τ 0j , τ

1
j , . . . , τ

2r
j , s

] (
K′(φ)x

)
=

∫ 1

0

[
τ 0j , τ

1
j , . . . , τ

2r
j , s

]
ℓ∗(·, t)x(t) dt,

where
[
τ 0j , τ

1
j , . . . , τ

2r
j , s

]
ℓ∗(·, t) denotes the divided difference of the kernel function ℓ∗

with respect to its first argument, with t treated as a parameter.

In this subsection, we establish two fundamental lemmas concerning the divided dif-

ference
[
τ 0j , τ

1
j , . . . , τ

2r
j , s

] (
K′(φ)x

)
, which are essential for the convergence analysis of the

interpolatory projection method at equidistant collocation points.

Lemma 3.3.1. Let r ≥ 0 and
{
τ 0j , τ

1
j , . . . , τ

2r
j

}
be the set of collocation points in [tj−1, tj]

for j = 1, 2, . . . , n. Then

sup
s∈[tj−1,tj ]

∣∣[τ 0j , τ 1j , . . . , τ 2rj , s] (K′(φ)x)
∣∣ ≤ C11∥x∥∞h

−2r,

for some constant C11.

Proof. We recall that the interpolation points within each subinterval [tj−1, tj] are defined

as

τ ij = tj−1 +
ih

2r
= tj−1 + hζi, for i = 0, 1, . . . , 2r; j = 1, 2, . . . , n,

where ζi =
i

2r
∈ [0, 1], so that τ ij ∈ [tj−1, tj]. Also, the action of the Fréchet derivative of

the integral operator on a function x is given by

(K′(φ)x)(s) =

∫ 1

0

∂κ

∂u
(s, t, φ(t)) x(t) dt =

∫ 1

0

ℓ∗(s, t)x(t) dt, s ∈ [0, 1],

where

ℓ∗(s, t) =

ℓ1,∗(s, t) 0 ≤ t ≤ s ≤ 1,

ℓ2,∗(s, t) 0 ≤ s ≤ t ≤ 1.
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Let s ∈ [tj−1, tj], then splitting the integral over all subintervals gives

[τ 0j , τ
1
j , s](K′(φ)x) =

∫ 1

0

[τ 0j , τ
1
j , s]ℓ∗(., t)x(t) dt

=
n∑
k=1
k ̸=j

∫ tk

tk−1

[τ 0j , τ
1
j , s]ℓ∗(., t)x(t) dt+

∫ tj

tj−1

[τ 0j , τ
1
j , s]ℓ∗(., t)x(t) dt.

(3.3.4)

Since ℓ∗ is sufficiently differentiable on the interval [tk−1, tk] for k ̸= j, we have∣∣∣∣∣
∫ tk

tk−1

[τ 0j , τ
1
j , s]ℓ∗(., t)x(t)dt

∣∣∣∣∣ ≤ C8∥x∥∞h. (3.3.5)

To estimate the remaining integral over [tj−1, tj], we bound [τ 0j , τ
1
j , s]ℓ∗(·, t) on that inter-

val. We write [τ 0j , s]ℓ∗(·, t) explicitly and treat three cases. Fix τ 0j , τ
1
j , s ∈ [tj−1, tj].

Case (I) Whenever tj−1 ≤ s < τ 0j . Note that

[τ 0j , s]ℓ∗(., t) =
ℓ∗(s, t)− ℓ∗(τ

0
j , t)

s− τ 0j
=



ℓ1,∗(s, t)− ℓ1,∗(τ
0
j , t)

s− τ 0j
if tj−1 ≤ t ≤ s,

ℓ2,∗(s, t)− ℓ1,∗(τ
0
j , t)

s− τ 0j
if s < t < τ 0j ,

ℓ2,∗(s, t)− ℓ2,∗(τ
0
j , t)

s− τ 0j
if τ 0j ≤ t ≤ tj.

Thus, for a fixed s ∈ [tj−1, τ
0
j ], the function [τ 0j , s]ℓ∗(·, t) is continuous on [tj−1, tj]. Since

ℓ1,∗(·, t) and ℓ2,∗(·, t) are continuous on [s, τ 0j ] and differentiable on (s, τ 0j ), we apply the

mean value theorem to obtain

ℓ1,∗(s, t)− ℓ1,∗(τ
0
j , t)

s− τ 0j
= D(1,0)ℓ1,∗(η1, t), and

ℓ2,∗(s, t)− ℓ2,∗(τ
0
j , t)

s− τ 0j
= D(1,0)ℓ2,∗(η2, t);

for some η1, η2 ∈ (s, τ 0j ).

Now, for t ∈ [tj−1, s], we estimate∣∣∣∣ℓ1,∗(s, t)− ℓ1,∗(τ
0
j , t)

s− τ 0j

∣∣∣∣ ≤ ( sup
tj−1≤t≤s≤tj

∣∣D(1,0)ℓ1,∗(s, t)
∣∣ ) = C8.

Similarly, for t ∈ [τ 0j , tj], we have∣∣∣∣ℓ2,∗(s, t)− ℓ2,∗(τ
0
j , t)

s− τ 0j

∣∣∣∣ ≤ ( sup
tj−1≤s≤t≤tj

∣∣D(1,0)ℓ2,∗(s, t)
∣∣ ) = C8.
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Hence, the divided difference is bounded as∣∣[τ 0j , s]ℓ∗(·, t)∣∣ ≤ C8, for t ∈ [tj−1, s] ∪ [τ 0j , tj]. (3.3.6)

Now, for s < t < τ 0j , we first compute

ℓ2,∗(s, t)− ℓ1,∗(τ
0
j , t)

s− τ 0j
=
ℓ2,∗(s, t)− ℓ2,∗(t, t) + ℓ1,∗(t, t)− ℓ1,∗(τ

0
j , t)

s− τ 0j

=
D(1,0)ℓ2,∗(η3, t)(s− t)

s− τ 0j
+
D(1,0)ℓ1,∗(η4, t)(t− τ 0j )

s− τ 0j
,

for some η3 ∈ (s, t) and η4 ∈ (t, τ 0j ). Therefore,∣∣∣∣ℓ2,∗(s, t)− ℓ1,∗(τ
0
j , t)

s− τ 0j

∣∣∣∣ ≤ C8 + C8 = 2C8.

Thus, ∣∣[τ 0j , s]ℓ∗(·, t)∣∣ ≤ 2C8, for s < t < τ 0j .

Combining this with the bound in (3.3.6), we obtain

sup
t∈[tj−1,tj ]

∣∣[τ 0j , s]ℓ∗(·, t)∣∣ ≤ 2C8. (3.3.7)

Case (II) When s = τ 0j , the divided difference simplifies to the partial derivative

[τ 0j , τ
0
j ]ℓ∗(., t) =

D(1,0)ℓ1,∗(τ
0
j , t) if tj−1 ≤ t < τ 0j < 1,

D(1,0)ℓ2,∗(τ
0
j , t) if tj−1 ≤ τ 0j < t < 1.

Therefore, we obtain the following bound

sup
t∈[tj−1,tj ]

∣∣[τ 0j , τ 0j ]ℓ∗(·, t)∣∣ ≤ C8. (3.3.8)

Case (III) Whenever τ 0j < s ≤ tj, we proceed in the same manner as in Case (I) and

obtain

sup
t∈[tj−1,tj ]

∣∣[τ 0j , s]ℓ∗(., t)∣∣ ≤ 2C8.

Combining this with the estimates from (3.3.7) and (3.3.8), we conclude

sup
s,t∈[tj−1,tj ]

∣∣[τ 0j , s]ℓ∗(·, t)∣∣ ≤ 2C8. (3.3.9)

Now observe that

[τ 0j , τ
1
j , s]ℓ∗(., t) =

[τ 0j , s]ℓ∗(., t)− [τ 1j , s]ℓ∗(., t)

τ 0j − τ 1j
=

1

h(ζ0 − ζ1)

[
[τ 0j , s]ℓ∗(., t)− [τ 1j , s]ℓ∗(., t)

]
,
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which implies∣∣∣∣[τ 0j , τ 1j , s]ℓ∗(., t)∣∣∣∣ ≤ 1

h|ζ0 − ζ1|

[ ∣∣[τ 0j , s]ℓ∗(., t)∣∣+ ∣∣[τ 1j , s]ℓ∗(., t)∣∣ ].
It follows from (3.3.9) that

sup
s,t∈[tj−1,tj ]

∣∣[τ 0j , τ 1j , s]ℓ∗(., t)∣∣ ≤ 4C8

h|ζ0 − ζ1|
.

Therefore, we estimate the integral as∣∣∣∣ ∫ tj

tj−1

[τ 0j , τ
1
j , s]ℓ∗(., t)x(t) dt

∣∣∣∣ ≤ 4C8

h|ζ0 − ζ1|
∥x∥∞ =

C9

h
∥x∥∞,

where C9 =
4C8

|ζ0 − ζ1|
ia constant. Combining this with the estimate from (3.3.5) and

substituting into (3.3.4), we obtain

∣∣[τ 0j , τ 1j , s](K′(φ)x)
∣∣ ≤ (C8h+

C9

h

)
∥x∥∞ ≤ C10

h
∥x∥∞,

for some positive constant C10. Applying mathematical induction, we finally derive the

required estimate:

sup
s∈[tj−1,tj ]

∣∣[τ 0j , τ 1j , . . . , τ 2rj , s](K ′(φ)x)
∣∣ ≤ C11∥x∥∞

1

h2r
,

for some positive constant C11. Since s ∈ [tj−1, tj] was arbitrary, this completes the

proof.

Lemma 3.3.2. Let r ≥ 0 and
{
τ 0j , τ

1
j , . . . , τ

2r
j

}
be the set of collocation points in [tj−1, tj]

for j = 1, 2, . . . , n. Then

sup
s∈[tj−1,tj ]

∣∣[τ 0j , τ 1j , . . . , τ 2rj , s, s] (K′(φ)x)
∣∣ ≤ C13∥x∥∞h

−2r,

for some constant C13.

Proof. Let s ∈ [tj−1, tj]. Then, we consider repeated nodes

[τ 0j , s, s](K
′(φ)x) =

∫ 1

0

[τ 0j , s, s] ℓ∗(·, t)x(t) dt

=
n∑
k=1
k ̸=j

∫ tk

tk−1

[τ 0j , s, s] ℓ∗(·, t)x(t) dt+
∫ tj

tj−1

[τ 0j , s, s] ℓ∗(·, t)x(t) dt. (3.3.10)
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Since ℓ∗ is sufficiently differentiable over each subinterval [tk−1, tk] for k ̸= j, we obtain

the estimate ∣∣∣∣∣
∫ tk

tk−1

[τ 0j , s, s]ℓ∗(., t)x(t)dt

∣∣∣∣∣ ≤ C8∥x∥∞h. (3.3.11)

To proceed, it remains to bound the quantity [τ 0j , s, s]ℓ∗(·, t) for τ 0j , s ∈ [tj−1, tj]. Fix

s ∈ [tj−1, tj].

Case (I) Whenever tj−1 ≤ s < τ 0j , note that

[τ 0j , s, s]ℓ∗(., t) =
[s, s]ℓ∗(., t)− [τ 0j , s]ℓ∗(., t)

s− τ 0j
.

Thus,

[τ 0j , s, s]ℓ∗(., t) =



∂ℓ1,∗
∂s

(s, t)−
(
ℓ1,∗(s,t)−ℓ1,∗(τ0j ,t)

s−τ0j

)
s− τ 0j

if tj−1 ≤ t ≤ s,

∂ℓ2,∗
∂s

(s, t)−
(
ℓ2,∗(s,t)−ℓ1,∗(τ0j ,t)

s−τ0j

)
s− τ 0j

if s < t < τ 0j ,

∂ℓ2,∗
∂s

(s, t)−
(
ℓ2,∗(s,t)−ℓ2,∗(τ0j ,t)

s−τ0j

)
s− τ 0j

if τ 0j ≤ t ≤ tj.

The function [τ 0j , s, s] ℓ∗(·, t) may be discontinuous at t = s. Since ℓ1,∗(·, t) and ℓ2,∗(·, t)
are continuous on [s, τ 0j ] and differentiable on (s, τ 0j ), by the mean value theorem we get

ℓ1,∗(s, t)− ℓ1,∗(τ
0
j , t)

s− τ 0j
= D(1,0)ℓ1,∗(ν1, t); and

ℓ2,∗(s, t)− ℓ2,∗(τ
0
j , t)

s− τ 0j
= D(1,0)ℓ2,∗(ν2, t),

for some ν1, ν2 ∈ (s, τ 0j ).

Now, for t ∈ [tj−1, s],∣∣∣∣∣∣∣
∂ℓ1,∗
∂s

(s, t)−
(
ℓ1,∗(s,t)−ℓ1,∗(τ0j ,t)

s−τ0j

)
s− τ 0j

∣∣∣∣∣∣∣ =
∣∣∣∣∣D(1,0)ℓ1,∗(s, t)−D(1,0)ℓ1,∗(ν1, t)

s− τ 0j

∣∣∣∣∣
=

∣∣∣∣∣D(2,0)ℓ1,∗(ν3, t)(s− ν1)

s− τ 0j

∣∣∣∣∣
≤
(

sup
tj−1≤t≤s≤tj

∣∣D(2,0)ℓ1,∗(s, t)
∣∣ ) = C8,

for some ν3 ∈ (s, ν1). Similarly, for t ∈ [τ 0j , tj], one can see that∣∣∣∣∣∣∣
∂ℓ2,∗
∂s

(s, t)−
(
ℓ2,∗(s,t)−ℓ2,∗(τ0j ,t)

s−τ0j

)
s− τ 0j

∣∣∣∣∣∣∣ ≤
(

sup
tj−1≤s≤t≤tj

∣∣D(2,0)ℓ2,∗(s, t)
∣∣ ) = C8.
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Hence, ∣∣[τ 0j , s, s] ℓ∗(·, t)∣∣ ≤ C8, for t ∈ [tj−1, s] ∪ [τ 0j , tj]. (3.3.12)

Now for s < t < τ 0j ,

ℓ2,∗(s, t)− ℓ1,∗(τ
0
j , t)

s− τ 0j
=
ℓ2,∗(s, t)− ℓ2,∗(t, t) + ℓ1,∗(t, t)− ℓ1,∗(τ

0
j , t)

s− τ 0j

=
D(1,0)ℓ2,∗(ν5, t)(s− t)

s− τ 0j
+
D(1,0)ℓ1,∗(ν6, t)(t− τ 0j )

s− τ 0j
,

ffor some ν5 ∈ (s, t), ν6 ∈ (t, τ 0j ). Therefore,∣∣∣∣∣∂ℓ2,∗∂s
(s, t)−

(
ℓ2,∗(s, t)− ℓ1,∗(τ

0
j , t)

s− τ 0j

) ∣∣∣∣∣
=

∣∣∣∣∣D(1,0)ℓ2,∗(s, t)−
D(1,0)ℓ2,∗(ν5, t)(s− t)

s− τ 0j
−
D(1,0)ℓ1,∗(ν6, t)(t− τ 0j )

s− τ 0j

∣∣∣∣∣ ≤ 3C8.

This yields ∫
τ0j

s

∣∣∣∣∣
∂ℓ2,∗
∂s

(s, t)−
(
ℓ2,∗(s,t)−ℓ1,∗(τ0j ,t)

s−τ0j

)
s− τ 0j

∣∣∣∣∣ dt ≤ 3C8.

Combining with (3.3.12), we get∣∣∣∣ ∫ tj

tj−1

[τ 0j , s, s]ℓ∗(., t)x(t) dt

∣∣∣∣ ≤ (C8 + 3C8 + C8) ∥x∥∞ = 5C8∥x∥∞.

Hence, using bound of (3.3.11) and the above estimate in (3.3.10), we conclude∣∣[τ 0j , s, s](K′(φ)x)
∣∣ ≤ (C8h+ 5C8) ∥x∥∞ ≤ 6C8∥x∥∞. (3.3.13)

Case (II)Whenever s = τ 0j , the third-order divided difference of the function (K ′(φ)x)(s)

at the repeated point τ 0j , denoted by [τ 0j , τ
0
j , τ

0
j ](K

′(φ)x), is defined as

[τ 0j , τ
0
j , τ

0
j ](K′(φ)x) =

1

2
(K′(φ)x)

′′
(τ 0j )

=
1

2

(
∂ℓ1,∗
∂s

(τ 0j , τ
0
j )−

∂ℓ2,∗
∂s

(τ 0j , τ
0
j )

)
x(τ 0j )

+
1

2

[∫ τ0j

tj−1

∂2ℓ1,∗
∂s2

(τ 0j , t)x(t) dt+

∫ tj

τ0j

∂2ℓ2,∗
∂s2

(τ 0j , t)x(t) dt

]
.

Hence, ∣∣[τ 0j , τ 0j , τ 0j ]K′(φ)x
∣∣ ≤ 2C8∥x∥∞. (3.3.14)
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Case (III) Suppose τ 0j < s ≤ tj. Proceeding similarly as in Case (I), we obtain∣∣[τ 0j , s, s](K′(φ)x)
∣∣ ≤ (C8h+ 5C8) ∥x∥∞ ≤ 6C8∥x∥∞.

Combining this with inequalities (3.3.13) and (3.3.14), we derive the following bound

sup
s∈[tj−1,tj ]

∣∣[τ 0j , s, s](K′(φ)x)
∣∣ ≤ 6C8∥x∥∞, (3.3.15)

which establishes the required estimate for the case r = 0.

For r = 1, we analyze the higher-order divided difference

[τ 0j , τ
1
j , s, s](K′(φ)x) =

[τ 0j , s, s](K′(φ)x)− [τ 1j , s, s](K′(φ)x)

τ 0j − τ 1j

=
1

h(ζ0 − ζ1)

[
[τ 0j , s, s](K′(φ)x)− [τ 1j , s, s](K′(φ)x)

]
.

This implies the estimate∣∣[τ 0j , τ 1j , s, s](K′(φ)x)
∣∣ ≤ 1

h|ζ0 − ζ1|

[ ∣∣[τ 0j , s, s](K′(φ)x)
∣∣+ ∣∣[τ 1j , s, s](K′(φ)x)

∣∣ ].
Using inequality (3.3.15), we get

sup
s∈[tj−1,tj ]

∣∣[τ 0j , τ 1j , s, s](K′(φ)x)
∣∣ ≤ 12C8

h|ζ0 − ζ1|
∥x∥∞ = C12∥x∥∞

1

h
,

where C12 =
12C8

|ζ0 − ζ1|
is a constant. By applying mathematical induction, we conclude

that

sup
s∈[tj−1,tj ]

∣∣[τ 0j , τ 1j , . . . , τ 2rj , s, s](K′(φ)x)
∣∣ ≤ C13∥x∥∞

1

h2r
,

for some constant C13, completing the required estimate.

Further in this section, we will now establish convergence orders for collocation and

iteration collocation solutions (i.e. φCn and φSn). Then, we will determine convergence

orders for both the modified collocation solution φMn and the iterated modified collocation

solution φ̃Mn .

3.3.2 Collocation and Iterated Collocation Methods

In this subsection, we first establish an analogous result has already been proved in Chap-

ter 2, and the present analysis follows a similar line of reasoning adapted to the current

setting and following previous lemma.This result plays a crucial role in the derivation of

the main convergence result for the iterated collocation solution.
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Lemma 3.3.3. If x ∈ C2r+2[0, 1], then

∥K′(φ)(I − Qn)x∥∞ ≤ 2C14∥x∥2r+2,∞h
2r+2,

where C14 is a constant independent of h.

Proof. Let s ∈ [0, 1]. Then we have

K′(φ)(I − Qn)x(s) =

∫ 1

0

ℓ∗(s, t)(I − Qn)x(t) dt

=
n∑
j=1

∫ tj

tj−1

ℓ∗(s, t)(I − Qn,j)x(t) dt

=
n∑
j=1

∫ tj

tj−1

ℓ∗(s, t)Ψj(t)
[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x dt,

where

Ψj(t) =
2r∏
i=0

(t− τ ij), for j = 1, 2, . . . , n.

Let s ∈ [ti−1, ti] ⊂ [0, 1], for some 1 ≤ i ≤ n. Then we write

K′(φ)(I − Qn)x(s) =
n∑
j=1
j ̸=i

∫ tj

tj−1

ℓ∗(s, t)Ψj(t)
[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x dt (3.3.16)

+

∫ ti

ti−1

ℓ∗(s, t)Ψi(t)
[
τ 0i , τ

1
i , . . . , τ

2r
i , t

]
x dt.

For fix s, let

f sj (t) = ℓ∗(s, t)
[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x, t ∈ [tj−1, tj], for j = 1, 2, . . . , n.

That is

f sj (t) =

ℓ1,∗(s, t)
[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x, j ≤ i,

ℓ2,∗(s, t)
[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x, j ≥ i.

Note that the function f sj is continuous on [tj−1, tj] and differentiable on (tj−1, tj) for

j ̸= i. Therefore by Taylor series expansion of f sj about the point sj =
tj−1 + tj

2
, there

exist a point ζj1 ∈ (tj−1, tj) such that

(f sj )(t) = f sj (sj) + (t− sj) (f
s
j )

′(ζj1),

where

(f sj )
′(ζj1) =

ℓ1,∗(s, ζj1)
[
τ0j , τ

1
j , . . . , τ

2r
j , ζj1, ζj1

]
x+D(0,1)ℓ1,∗(s, ζj1)

[
τ0j , τ

1
j , . . . , τ

2r
j , ζj1

]
x, j ≤ i,

ℓ2,∗(s, ζj1)
[
τ0j , τ

1
j , . . . , τ

2r
j , ζj1, ζj1

]
x+D(0,1)ℓ2,∗(s, ζj1)

[
τ0j , τ

1
j , . . . , τ

2r
j , ζj1

]
x, j ≥ i.
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Let

C14 = max
k=0,1,2

{
sup

0≤t≤s≤1

∣∣D(0,k)ℓ1,∗(s, t)
∣∣ , sup

0≤s≤t≤1

∣∣D(0,k)ℓ2,∗(s, t)
∣∣ }.

Then ∣∣(f sj )′(ζj1)∣∣ ≤ 2C14∥x∥2r+2,∞.

Now, we write∫ tj

tj−1

ℓ∗(s, t)Ψj(t)
[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x dt =

∫ tj

tj−1

(t− sj) (f
s
j )

′(ζj1)Ψj(t) dt.

It follows that∣∣∣∣∣
∫ tj

tj−1

ℓ∗(s, t)Ψj(t)
[
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
x dt

∣∣∣∣∣ ≤ 2C14∥x∥2r+2,∞h
2r+3.

Since
∫ ti
ti−1

Ψi(t) dt = 0,∫ ti

ti−1

ℓ∗(s, t)Ψi(t)
[
τ 0i , τ

1
i , . . . , τ

2r
i , t

]
x dt =

∫ ti

ti−1

(f si )(t)Ψi(t) dt, s ∈ [ti−1, ti]

=

∫ ti

ti−1

[(f si )(t)− (f si )(s)]Ψi(t) dt.

Since the function f si is continuous on [ti−1, ti] and differentiable on (ti−1, ti), by mean

value theorem, we have

(f si )(t)− (f si )(s) = (t− s)(f si )
′(ζi2),

for some ζi2 ∈ (ti−1, ti). Then∣∣∣∣∫ ti

ti−1

ℓ∗(s, t)Ψi(t)
[
τ 0i , τ

1
i , . . . , τ

2r
i , t

]
x dt

∣∣∣∣ ≤ 2C14∥x∥2r+2,∞h
2r+3.

By (3.3.16),

|K′(φ)(I − Qn)x(s)| ≤
n∑
j=1
j ̸=i

∣∣∣∣∣
∫ tj

tj−1

ℓ∗(s, t)
(
[τ 0j , τ

1
j , . . . , τ

2r
j , t]x

)
Ψj(t) dt

∣∣∣∣∣
+

∣∣∣∣∫ ti

ti−1

ℓ∗(s, t)
(
[τ 0i , τ

1
i , . . . , τ

2r
i , t]x

)
Ψi(t) dt

∣∣∣∣ .
Hence ∣∣K′(φ)(I − Qn)x(s)

∣∣ ≤ 2C14∥x∥2r+2,∞h
2r+2.

Taking the supremum over s ∈ [0, 1] completes the proof.
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The estimate established above is now employed to determine the convergence orders

of the iterated collocation methods for Urysohn integral equations with Green’s function

type kernels. In particular, the convergence order of the collocation solution φCn of (3.2.2)

follows by combining the interpolation error bound (3.1.5) with the stability estimate

(3.2.6). Thus, we obtain ∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
.

Likewise, the convergence order of the iterated collocation solution φSn defined by (3.2.3)

is obtained by invoking Lemma 3.3.3 together with the estimate (3.2.7). Hence, we arrive

at the following error bound ∥∥φ− φSn
∥∥
∞ = O

(
h2r+2

)
.

These results clearly indicate that, in the case of Green’s function type kernels, the iter-

ated collocation method attains a higher order of convergence than the standard colloca-

tion method similar to case of smooth kernels, even though the interpolation nodes are

equidistant and not chosen to be Gauss points.

3.3.3 Modified Collocation Method

For δ0 > 0, let us recall that B(φ, δ) = {x ∈ X : ∥φ− x∥∞ < δ0} . As shown earlier, the

modified collocation solution φMn exists in a neighborhood of φ.

We begin by establishing the following key result, which plays a crucial role in the proof

of Theorem 26, one of the main theorem of this section, where the order of convergence of

the modified collocation solution is derived. Henceforth, we assume that n0 is a positive

integer such that, for all n ≥ n0, it holds that Qnφ ∈ B(φ, δ0).

Lemma 3.3.4. Let r ≥ 1 and f ∈ C2r+1[0, 1]. Then∥∥(I − Qn)
[
K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)

]∥∥
∞ = O

(
h4r+3

)
.

Proof. Consider the generalised Taylor’s theorem upto second-order

K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ) =
1

2
K′′(φ)(Qnφ− φ)2 +R(Qnφ− φ),

with the remainder term

R(Qnφ− φ)(s) =

∫ 1

0

[
K(3)(φ+ θ(Qnφ− φ))(Qnφ− φ)3

]
(s)

(1− θ)2

2
dθ, s ∈ [0, 1].

(3.3.17)
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Recall that
∂3κ

∂u3
is assumed to be continuous on Ω× R, it follows that the operator K is

three times Fréchet differentiable. The third Fréchet derivative of K is then given by[
K(3)(φ+ θ(Qnφ− φ))(Qnφ− φ)3

]
(s) =

∫ 1

0

∂3κ

∂u3
(s, t, φ(t) + θ(Qnφ− φ)(t))(Qnφ− φ)3(t) dt.

Then

∣∣[K(3)(φ+ θ(Qnφ− φ))(Qnφ− φ)3
]
(s)
∣∣ ≤

 sup
s,t∈[0,1]

|u|≤∥φ∥∞+δ0

∣∣∣∣∂3κ∂u3
(s, t, u)

∣∣∣∣
 ∥Qnφ− φ∥3∞.

Thus, we obtain∥∥[K(3)(φ+ θ(Qnφ− φ))(Qnφ− φ)3
]∥∥

∞ ≤ C7∥Qnφ− φ∥3∞.

As a consequence, equation (3.3.17) gives

∥R(Qnφ− φ)∥∞ ≤ C7

6
∥Qnφ− φ∥3∞. (3.3.18)

Note that

(I − Qn)[K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)] =
1

2
(I − Qn)K′′(φ)(Qnφ− φ)2

+ (I − Qn)R(Qnφ− φ). (3.3.19)

Since f ∈ C2r+1[0, 1], it follows that φ ∈ C2r+1[0, 1]. Thus

∥Qnφ− φ∥∞ = O
(
h2r+1

)
.

As Qnφ− φ ∈ C[0, 1], we have K′(φ)(Qnφ− φ)2 ∈ C2[0, 1], and hence∥∥(I − Qn)K′′(φ)(Qnφ− φ)2
∥∥
∞ ≤ C1

∥∥∥(K′′(φ)
(
Qnφ− φ)2

)′∥∥∥
∞
h.

By inequality (3.3.3), it holds that∥∥∥(K′′(φ)
(
Qnφ− φ)2

)′∥∥∥
∞

≤ C7∥Qnφ− φ∥2∞,

which leads to ∥∥(I − Qn)K′′(φ)(Qnφ− φ)2
∥∥
∞ = O

(
h4r+3

)
.

Moreover, using the uniform boundedness of the operator norms ∥Qn∥ and estimate

(3.3.18), we get

∥(I − Qn)R(Qnφ− φ)∥∞ = O
(
h6r+3

)
.

Substituting the above bounds into (3.3.19), we obtain the required estimate∥∥(I − Qn)
[
K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)

]∥∥
∞ = O

(
h4r+3

)
.
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Theorem 26. Let K be a Urysohn integral operator defined as (3.1.1) with Green’s func-

tion type kernel and f ∈ C2r+2[0, 1] be a given function. Further, assume that 1 is not an

eigenvalue of K′(φ), and consider the equation (3.1.2) with φ as the unique solution in

B(φ, δ0). Let Qn be the interpolatory operator onto the approximating space Xn defined

by (3.1.3). Let φMn ∈ B(φ, δ0) be the modified collocation solution of (3.2.4). Then

∥∥φ− φMn
∥∥
∞ =

O(h3) , r = 0,

O(h2r+2) , r ≥ 1.

Proof. Case I: When r = 0. See [57].

Case II: When r ≥ 1.

We write the following estimate from (3.2.10) as

∥∥φ− φMn
∥∥
∞ ≤ 4

∥∥(I −K′(φ))−1
∥∥∥(I − Qn)(K(φ)−K(Qnφ))∥∞. (3.3.20)

Further consider

(I − Qn)(K(φ)−K(Qnφ)) = −(I − Qn)[K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)]

− (I − Qn)K′(φ)(I − Qn)φ. (3.3.21)

Now

∥(I − Qn)K′(φ)(I − Qn)φ∥∞ ≤ ∥I −Qn∥∥K′(φ)(I − Qn)φ∥∞.

Uniformly boundedness of the sequence {Qn} and Lemma 3.3.3 implies

∥(I − Qn)K′(φ)(I − Qn)φ∥∞ = O
(
h2r+2

)
.

Applying above estimate and Lemma 3.3.4 in equation (3.3.21), we obtain

∥(I − Qn)(K(φ)−K(Qnφ))∥∞ = O
(
h2r+2

)
.

Using the above estimate in (3.3.20), we obtained the desired result as

∥∥φ− φMn
∥∥
∞ = O

(
h2r+2

)
.

This proves the theorem.
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3.3.4 Iterated Modified Collocation Method

In this subsection, we establish the main result for the non-smooth(Green’s function type)

kernel case. Specifically, we prove that the iterated modified collocation method achieves

a higher order of convergence than the modified collocation method. We proceed to prove

a series of intermediate results essential for the proof of our main theorem.

Lemma 3.3.5. If x ∈ C2r+1[0, 1], then

∥K′(φ)(I − Qn)K′(φ)(I − Qn)x∥∞ ≤ C16∥x∥2r+1,∞h
2r+3,

where C16 is a constant independent of h.

Proof. For any s ∈ [0, 1],

K′(φ)(I − Qn)K′(φ)(I − Qn)x(s) =

∫ 1

0

ℓ∗(s, t)(I − Qn)K′(φ)(I − Qn)x(t) dt

=
n∑
j=1

∫ tj

tj−1

ℓ∗(s, t)(I − Qn,j)K′(φ)(I − Qn)x(t) dt

=
n∑
j=1

∫ tj

tj−1

gsj (t)Ψj(t) dt, (3.3.22)

where

gsj (t) = ℓ∗(s, t)
([
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
K′(φ)(I − Qn)x

)
, t ∈ [tj−1, tj], for j = 1, 2, . . . , n.

Let s ∈ [ti−1, ti] ⊂ [0, 1], for some 1 ≤ i ≤ n. Note that

gsj (t) =

ℓ1,∗(s, t)
([
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
K′(φ)(I − Qn)x

)
, j ≤ i,

ℓ2,∗(s, t)
([
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
K′(φ)(I − Qn)x

)
, j ≥ i.

Denote (
δ2rj K′(φ)(I − Qn)x

)
[t] =

([
τ 0j , τ

1
j , . . . , τ

2r
j , t

]
K′(φ)(I − Qn)x

)
,

and (
δ2rj K′(φ)(I − Qn)x

)
[t, t] =

([
τ 0j , τ

1
j , . . . , τ

2r
j , t, t

]
K′(φ)(I − Qn)x

)
.

Note that the function gsj is continuous on [tj−1, tj] and differentiable on (tj−1, tj) for j ̸= i.

Then it follows that

(gsj )
′(t) =

ℓ1,∗(s, t)
(
δ2rj K′(φ)(I − Qn)x

)
[t, t] +

(
δ2rj K′(φ)(I − Qn)x

)
[t] D(0,1)ℓ1,∗(s, t), j ≤ i,

ℓ2,∗(s, t)
(
δ2rj K′(φ)(I − Qn)x

)
[t, t] +

(
δ2rj K′(φ)(I − Qn)x

)
[t] D(0,1)ℓ2,∗(s, t), j ≥ i.
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Therefore, by Lemma 3.3.1, Lemma 3.3.2 and estimate (3.1.5), we have∣∣(gsj )′(t)∣∣ ≤ C14C15∥(I − Qn)x∥∞h
−2r ≤ C1C14C15

∥∥x(2r+1)
∥∥
∞h,

where C15 > 0 is a constant independent of h. From (3.3.22), we write

K′(φ)(I − Qn)K′(φ)(I − Qn)x(s) =
n∑
j=1
j ̸=i

∫ tj

tj−1

gsj (t)Ψj(t) dt+

∫ ti

ti−1

gsi (t)Ψi(t) dt

By employing similar argument as presented in the proof of Lemma 3.3.3, we acquire

|K′(φ)(I − Qn)K′(φ)(I − Qn)x(s)| ≤ 2C1C14C15

∥∥x(2r+1)
∥∥
∞h

2r+3.

This proves the lemma.

Lemma 3.3.6. If x ∈ C[0, 1], then

∥K′(φ)(I − Qn)K′(φ)x∥∞ ≤ C17∥x∥∞h
2,

where C17 is a constant independent of h. Further,

∥K′(φ)(I − Qn)K′(φ)∥ = O
(
h2
)
.

Proof. Let s ∈ [0, 1]. Then

K′(φ)(I − Qn)K′(φ)x(s) =

∫ 1

0

ℓ∗(s, t)(I − Qn)K′(φ)x(t) dt

=
n∑
j=1

∫ tj

tj−1

ℓ∗(s, t)(I − Qn,j)K′(φ)x(t) dt.

Since x ∈ C[0, 1], then K′(φ)x ∈ C2[0, 1], and therefore

|K′(φ)(I − Qn)K′(φ)x(s)| ≤ ∥ℓ∗∥∞
n∑
j=1

∫ tj

tj−1

∥(I − Qn,j)K′(φ)x∥∞ dt

≤ ∥ℓ∗∥∞
n∑
j=1

∫ tj

tj−1

C1

∥∥(K′(φ)x)(2)
∥∥
∞h

2 dt.

From the estimate (3.3.2), we have

|K′(φ)(I − Qn)K′(φ)x(s)| ≤ ∥ℓ∗∥∞
n∑
j=1

∫ tj

tj−1

C7C1∥x∥∞h
2 dt = C7C1∥ℓ∗∥∞∥x∥∞h

2.

This proves the required result, where C17 = C7C1∥ℓ∗∥∞ <∞. Thus,

∥K′(φ)(I − Qn)K′(φ)∥ = sup
∥x∥∞≤1

{
sup
s∈[0,1]

|K′(φ)(I − Qn)K′(φ)x(s)|

}
= O

(
h2
)
,

which completes the proof.
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Remark 3. If x ∈ C[0, 1], then it can be shown that

∥K′(φ)(I − Qn)K′′(φ)∥ = O
(
h2
)
,

and ∥∥K′(φ)(I − Qn)K(3)(φ)
∥∥ = O

(
h2
)
.

Lemma 3.3.7. Let r ≥ 1 and f ∈ C2r+1[0, 1], then∥∥K′(φ)(I − Qn)
[
K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)

]∥∥
∞ = O

(
h4r+4

)
.

Proof. Let n0 be a positive integer such that n ≥ n0 implies that Qnφ ∈ B(φ, δ0). Then
by generalized Taylor’s theorem, we have

K(Qnφ)−K(φ)−K′(φ)(Qnφ−φ) =
1

2
K′′(φ)(Qnφ−φ)2+

1

3!
K(3)(φ)(Qnφ−φ)3+R(Qnφ−φ),

where the remainder term is given by

R(Qnφ− φ)(s) =

∫ 1

0

[
K(4)(φ+ θ(Qnφ− φ))(Qnφ− φ)4

]
(s)

(1− θ)3

6
dθ, s ∈ [0, 1]. (3.3.23)

Since
∂4κ

∂u4
is continuous on Ω × R, the operator K is four times Fréchet differentiable, and its

fourth derivative is given by[
K(4)(φ+ θ(Qnφ− φ))(Qnφ− φ)4

]
(s) =

∫ 1

0

∂4κ

∂u4
(s, t, φ(t) + θ(Qnφ− φ)(t)) (Qnφ− φ)4(t) dt.

Hence, we obtain the uniform bound

∣∣∣[K(4)(φ+ θ(Qnφ− φ))(Qnφ− φ)4
]
(s)
∣∣∣ ≤

 sup
s,t∈[0,1]

|u|≤∥φ∥∞+δ0

∣∣∣∣∂4κ∂u4
(s, t, u)

∣∣∣∣
 ∥Qnφ− φ∥4∞.

Thus, ∥∥∥[K(4)(φ+ θ(Qnφ− φ))(Qnφ− φ)4
]∥∥∥

∞
≤ C7∥Qnφ− φ∥4∞.

Now, from equation (3.3.23), we obtain

∥R(Qnφ− φ)∥∞ ≤ C7

24
∥Qnφ− φ∥4∞.

Therefore, we can express

K′(φ)(I − Qn)[K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)] =
1

2
K′(φ)(I − Qn)K′′(φ)(Qnφ− φ)2

+
1

6
K′(φ)(I − Qn)K(3)(φ)(Qnφ− φ)3

+K′(φ)(I − Qn)R(Qnφ− φ). (3.3.24)
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Since f ∈ C2r+1[0, 1], it follows that φ ∈ C2r+1[0, 1]. Therefore, ∥Qnφ− φ∥∞ = O
(
h2r+1

)
, and

by Remark 3, we have the following operator norm estimates∥∥K′(φ)(I − Qn)K′′(φ)(Qnφ− φ)2
∥∥
∞ ≤

∥∥K′(φ)(I − Qn)K′′(φ)
∥∥∥Qnφ− φ∥2∞ = O

(
h4r+4

)
,

(3.3.25)∥∥∥K′(φ)(I − Qn)K(3)(φ)(Qnφ− φ)3
∥∥∥
∞

≤
∥∥∥K′(φ)(I − Qn)K(3)(φ)

∥∥∥∥Qnφ− φ∥3∞ = O
(
h6r+5

)
.

(3.3.26)

Furthermore, we estimate the contribution from the remainder term as∥∥K′(φ)(I − Qn)R(Qnφ− φ)
∥∥
∞ ≤

∥∥K′(φ)
∥∥∥I − Qn∥∥R(Qnφ− φ)∥∞

≤ C18∥R(Qnφ− φ)∥∞ = O
(
h8r+4

)
,

where C18 = ∥K′(φ)∥∥I − Qn∥ < ∞. Combining estimates (3.3.25), (3.3.26), and the above

bound on the remainder term into equation (3.3.24), we conclude that∥∥K′(φ)(I − Qn)
[
K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)

]∥∥
∞ = O

(
h4r+4

)
.

This completes the proof.

Lemma 3.3.8. Let r ≥ 1 and f ∈ C2r+1[0, 1], then∥∥K′(φ)
[
K(φ)−KM

n (φ)
]∥∥

∞ = O
(
h2r+3

)
.

Proof. Since the modified operator is given by

KM
n (φ) = QnK(φ) +K(Qnφ)−QnK(Qnφ),

we consider the difference

K(φ)−KM
n (φ) = (I − Qn)(K(φ)−K(Qnφ))

= −(I − Qn)[K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)]

+ (I − Qn)K′(φ)(I − Qn)φ.

Applying the linear operator K′(φ) to both sides gives∥∥K′(φ)
[
K(φ)−KM

n (φ)
]∥∥

∞ ≤
∥∥K′(φ)(I − Qn)

[
K(Qnφ)−K(φ)−K′(φ)(Qnφ− φ)

]∥∥
∞

+ ∥K′(φ)(I − Qn)K′(φ)(I − Qn)φ∥∞. (3.3.27)

Using Lemma 3.3.5, the second term is estimated as

∥K′(φ)(I − Qn)K′(φ)(I − Qn)φ∥∞ = O
(
h2r+3

)
.

Applying this result along with the estimate from Lemma 3.3.7 to (3.3.27), we obtain the

desired bound.
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Lemma 3.3.9. Let r ≥ 1 and f ∈ C2r+1[0, 1], then∥∥∥K′(φ)
((

KM
n

)′
(φ)−K′(φ))

(
φ− φMn

))∥∥∥
∞

= O
(
h2r+4

)
.

Proof. We begin by expressing the difference between the derivatives of the modified and

original operators as

K′(φ)
(
(KM

n )′(φ)−K′(φ)
)
= −K′(φ)(I−Qn)K′(φ)+K′(φ)(I−Qn)K′(Qnφ)Qn. (3.3.28)

We now decompose the second term on the right-hand side as

K′(φ)(I−Qn)K′(Qnφ)Qn = K′(φ)(I−Qn)(K′(Qnφ)−K′(φ))Qn+K′(φ)(I−Qn)K′(φ)Qn.

(3.3.29)

Using the Lipschitz continuity of K′ from (3.3.1), we have

∥K′(Qnφ)−K′(φ)∥ ≤ γ∥Qnφ− φ∥∞.

Since ∥Qn∥ is uniformly bounded and ∥Qnφ− φ∥∞ = O(h2r+1), it follows that

∥K′(φ)(I − Qn)(K′(Qnφ)−K′(φ))Qn∥ ≤ C18γ∥Qn∥∥Qnφ− φ∥∞ = O
(
h2r+1

)
.

Using the Lemma 3.3.5 and the above estimate in (3.3.29), we obtain

∥K′(φ)(I − Qn)K′(Qnφ)Qn∥ = O
(
h2
)
.

Substituting back into (3.3.28), and again using Lemma 3.3.5, we conclude∥∥K′(φ)
(
(KM

n )′(φ)−K′(φ)
)∥∥ = O

(
h2
)
.

Therefore, we can write∥∥K′(φ)
(
(KM

n )′(φ)−K′(φ))(φ− φMn )
)∥∥

∞ ≤
∥∥K′(φ)

(
(KM

n )′(φ)−K′(φ))
∥∥∥∥φMn − φ

∥∥
∞,

and the Theorem 26 give the required result.

Theorem 27. Let K be a Urysohn integral operator defined as (3.1.1) with Green’s func-

tion type kernel and f ∈ C2r+1[0, 1] be a given function. Further, assume that 1 is not an

eigenvalue of K′(φ), and consider the equation (3.1.2) with φ as the unique solution in

B(φ, δ0). Let Qn be the interpolatory operator onto the approximating space Xn defined by

(3.1.3). Let φ̃Mn ∈ B(φ, δ0) be the iterated modified collocation solution defined by (3.2.5).

Then

∥∥φ− φ̃Mn
∥∥
∞ =

O(h4) , r = 0,

O(h2r+3) , r ≥ 1.
.
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Proof. Case I: When r = 0. See [57].

Case II: When r ≥ 1.

We have φ = K(φ) + f and φ̃Mn = K(φMn ) + f , therefore φ̃Mn − φ = K(φMn )−K(φ). From

estimate (3.2.16), we have

∥∥φ̃Mn − φ
∥∥
∞ ≤

∥∥K′(φ)(φMn − φ)
∥∥
∞ + C7

∥∥φMn − φ
∥∥2
∞. (3.3.30)

We analyze the term K′(φ)(φMn − φ) using the identity

K′(φ)(φMn − φ) = − (I − K′(φ))
−1K′(φ)

[
K(φ)−KM

n (φ)
]

+ (I − K′(φ))
−1 K′(φ)

[
KM
n (φMn )−KM

n (φ)− (KM
n )′(φ)(φMn − φ)

]
+ (I − K′(φ))

−1 K′(φ)
[
((KM

n )′(φ)−K′(φ))(φMn − φ)
]
. (3.3.31)

The bound for the second term of the above equation is obtained using Grammont et al.

[33, Lemma 3.3] as

∥∥KM
n (φMn )−KM

n (φ)− (KM
n )′(φ)(φMn − φ)

∥∥
∞ = O

(∥∥φMn − φ
∥∥2
∞

)
= O

(
h4r+4

)
.

By Lemmas 3.3.8 and 3.3.9, we find that the first and third terms in equation (3.3.31) are

of orders h2r+3 and h2r+4, respectively. Therefore,

∥∥K′(φ)(φMn − φ)
∥∥
∞ = O

(
h2r+3

)
.

Substituting into (3.3.30), we obtain the final convergence estimate

∥∥φ− φ̃Mn
∥∥
∞ = O

(
h2r+3

)
,

which completes the proof.

In several approaches, higher-order convergence is often obtained through carefully

chosen collocation points, typically associated with special points like Gauss points and

that improve numerical integration accuracy. In contrast, the present work adopts a sim-

pler framework based on equidistant collocation points together with even-degree piece-

wise polynomial spaces. Despite this straightforward construction, the proposed method

attains higher-order convergence and exhibits strong theoretical and numerical perfor-

mance, highlighting its effectiveness and practical appeal.
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3.4 Numerical Results

For illustration, we consider two examples: one with a smooth kernel and the other

with a non-smooth (Green’s function type) kernel. These numerical examples verify the

convergence rates obtained in this article. Consider the uniform partition of [0, 1] as

0 = t0 < t1 < · · · < tn = 1, where tj =
j

n
, j = 0, 1, . . . , n.

Example 7. Consider the following nonlinear integral equation

x(s)−
∫ 1

0

1

s+ t+ x(t)
dt = f(s), 0 ≤ s ≤ 1,

where we choose f such that φ(s) =
1

s+ 1
is the exact solution.

Let Xn denote the space of piecewise constant functions associated with the uniform

partition of [0, 1], and letQn : L∞[0, 1] → Xn be the interpolatory projection defined at the

midpoints, as given by (3.1.3). It is observed that the iterated collocation method achieves

a convergence rate of O(1/n2), while the iterated modified collocation method attains a

significantly higher rate of O(1/n4). We replace all the integrals appeared in the above

methods by the composite 2-point Gaussian quadrature rule. In the tables presented,

δC , δS, δM , and δIM denote the computed orders of convergence corresponding to the

collocation, iterated collocation, modified collocation, and iterated modified collocation

methods, respectively.

Table 3.4.1: Comparison of convergence rates in collocation variants for smooth kernel.

n ∥φ− φCn ∥∞ δC ∥φ− φSn∥∞ δS ∥φ− φMn ∥∞ δM ∥φ− φ̃Mn ∥∞ δIM

2 1.93× 10−1 1.27× 10−2 6.92× 10−3 3.30× 10−4

4 1.08× 10−1 0.84 3.15× 10−3 2.01 1.02× 10−3 2.76 2.13× 10−5 3.95

8 5.73× 10−2 0.91 7.86× 10−4 2.00 1.40× 10−4 2.87 1.34× 10−6 3.99

16 2.93× 10−2 0.97 1.96× 10−4 2.00 1.82× 10−5 2.94 8.37× 10−8 4.00

32 1.45× 10−2 1.01 4.91× 10−5 2.00 2.27× 10−6 3.00 5.23× 10−9 4.00

As shown in Table 3.4.1, under smooth kernel conditions, the computed orders of

convergence for both collocation and iterated collocation solutions match well with the

theoretical findings. Similarly, this example confirms that the computed orders for mod-

ified collocation and iterated modified collocation solutions also match the theoretical

results, thereby validating the effectiveness of higher order collocation methods and one

step iteration in achieving accelerated convergence.
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Example 8. Consider

x(s)−
∫ 1

0

κ(s, t) [g(t, x(t)] dt =

∫ 1

0

κ(s, t)f(t)dt, 0 ≤ s ≤ 1,

where

κ(s, t) =

{
s(1− t), 0 ≤ s ≤ t,

(1− s)t, t ≤ s ≤ 1,
and g(t, u) =

1

1 + t+ u

with f(t) so chosen that φ(s) =
s(1− s)

s+ 1
is the exact solution.

This integral equation arises from the boundary value problem (see [10])

x′′(s) = g(s, x(s)) + f(s), 0 < s < 1, x(0) = x(1) = 0.

Nonlinear integral equations of this type frequently arise in the modeling of complex

physical phenomena and in the reformulation of boundary value problems with nonlinear

boundary conditions associated with differential equations (see [13, 28, 66]). Such type

of integral equations are examples of Hammerstien integral equations. Let Xn denote

the space of piecewise constant functions defined with respect to the given uniform par-

tition of [0, 1]. Define the interpolatory projection operator Qn : L∞[0, 1] → Xn as in

equation (3.1.3), where the projection is taken at the midpoints of the subintervals. For

numerical integration, we use the composite 2-point Gauss quadrature rule correspond-

ing to the same partition. To obtain the order convergence of φ̃Mn as O(1/n4), we apply

composite 2-point Gauss quadrature rule with n2 subintervals.

Table 3.4.2: Comparison of convergence rates in collocation variants for Green’s kernel.

n ∥φ− φCn ∥∞ δC ∥φ− φSn∥∞ δS ∥φ− φMn ∥∞ δM ∥φ− φ̃Mn ∥∞ δIM

2 1.50× 10−1 1.30× 10−3 1.31× 10−3 1.31× 10−3

4 9.54× 10−2 0.65 2.31× 10−4 2.49 1.68× 10−4 2.97 7.77× 10−5 4.07

6 6.87× 10−2 0.81 1.02× 10−4 2.01 5.71× 10−5 2.66 1.47× 10−5 4.10

8 5.34× 10−2 0.88 5.81× 10−5 1.95 2.62× 10−5 2.71 4.76× 10−6 3.92

10 4.35× 10−2 0.92 3.67× 10−5 2.07 1.37× 10−5 2.90 1.87× 10−6 4.19

12 3.66× 10−2 0.95 2.59× 10−5 1.90 8.22× 10−6 2.80 9.52× 10−7 3.69

In Table 3.4.2, a numerical example with Green’s function-type kernel demonstrates that

iterations improve the orders of convergence for both collocation and modified colloca-

tion solutions. In the collocation method improving from approximately first order to

second order convergence upon iteration, and the modified collocation solution enhancing
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from third to nearly fourth order accuracy. This highlights the robustness of the iterated

approaches, particularly the iterated modified collocation method, which maintains high

convergence rates even in the presence of reduced kernel smoothness due to discontinuities

along the diagonal.

3.5 Conclusion

In this chapter, we studied the collocation method and its variants for the numerical

solution of Urysohn integral equations with both smooth kernels and non-smooth kernels

of Green’s function type. The discretization is based on interpolatory projections at 2r+1

equidistant collocation points on each subinterval of a partition of [0, 1], using even-degree

piecewise polynomial spaces. While earlier studies show that Gauss points can improve

convergence rates, it is generally observed that when non-Gaussian collocation points are

employed, iteration does not enhance the order of convergence, irrespective of the kernel

regularity, as illustrated in Example 6.

A key contribution of this chapter is the demonstration that higher-order conver-

gence can however be achieved by employing even-degree piecewise polynomial spaces

together with equidistant collocation points. This approach avoids the need for special

node distributions while retaining strong theoretical convergence properties and compet-

itive numerical performance. The results confirm that high-order accuracy is attainable

within a simple and practical discretization framework, highlighting the effectiveness and

flexibility of the proposed method. The main results of this chapter may be summarized

as follows. For smooth kernels, the orders of convergence of the collocation, iterated

collocation, modified collocation, and iterated modified collocation methods are h2r+1,

h2r+2, h4r+3, and h4r+4, respectively. For Green’s function-type kernels, the correspond-

ing convergence orders are h2r+1, h2r+2, h2r+2, and h2r+3, whenever r ≥ 1. In both cases,

the iterated modified collocation method exhibits the fastest convergence, a fact that

is also confirmed by the numerical results. Moreover, the iteration method leads to an

improvement in the convergence rate of the corresponding collocation-based approxima-

tions. These findings further indicate the potential of extending the proposed framework

to integral equations with singular or weakly singular kernels and to higher-dimensional

problems such as boundary integral equations.



Chapter 4

Eigenvalue Problems for Compact

Integral Operators
1

This chapter is devoted to the analytical study of projection-based numerical meth-

ods for the approximation of eigenvalues and spectral subspaces associated with compact

linear integral operators of the form Kψ = λψ, where K is a compact linear integral

operator acting on suitable Banach spaces over [0, 1]. The analysis focuses on integral

operators with both smooth kernels and Green’s function-type kernels. The numerical

framework considered here is based on orthogonal and interpolatory projections onto

finite-dimensional approximation spaces Xn, consisting of piecewise polynomials of even

degree ≤ 2r defined with respect to a uniform partition of the interval [0, 1]. The interpo-

latory projections are constructed using the earlier 2r+1 equally spaced collocation points

on each, which are not required to be Gauss points. Within this framework, standard

and modified variants of Galerkin and collocation methods, together with their iterated

versions, are investigated.

This chapter develops a systematic theory for the convergence of eigenvalue and spec-

tral subspace approximations for both smooth and Green’s function-type kernels. Higher-

order convergence results are established for the modified and iterated projection methods,

demonstrating significant improvements over the standard projection methods. Finally,

numerical experiments are presented to illustrate and validate the theoretical findings

obtained in this chapter.

1
A portion of the work presented in this chapter has been published in Numerical Algorithms, 2026.
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4.1 Preliminaries

Let X = L2[0, 1] or C[0, 1], and Ω = [0, 1] × [0, 1]. Let κ be a real-valued continuous

function on Ω. We aim to solve the eigenvalue problem of finding an eigenfunction 0 ̸=
ψ ∈ X and an eigenvalue λ ∈ C \ {0} such that

Kψ = λψ, (4.1.1)

where K : X → X is a compact linear integral operator, defined by

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt, s ∈ [0, 1], x ∈ X , (4.1.2)

with the kernel function κ ∈ C(Ω), that is, κ is continuous on the closed unit square.

The main objective is to compute nonzero approximate eigenvalues and the corre-

sponding eigenfunctions of such operators. Efficient numerical methods for eigenvalue

problems is essential in many engineering and scientific computing, see [13, 20]. For com-

pact integral operators with smooth (or non-smooth) kernels, commonly used methods

include Galerkin, collocation, degenerate kernel, and Nyström methods. Since compact

operators have well-structured spectra consisting of isolated eigenvalues, projection-based

numerical methods are particularly effective for this class of problems.

Let Kn be a sequence of continuous finite-rank operators converging pointwise to K,

and suppose the family {Kn} is collectively compact. The eigenvalue problem (4.1.1) is

approximated by

Knψn = λnψn, λn ∈ C \ {0}, 0 ̸= ψn ∈ X . (4.1.3)

Since Kn is of finite rank, the eigenvalue problem (4.1.3) can be reduced to a matrix

eigenvalue problem (see Atkinson [13] and Ahues et al. [1]). The approximate solutions

(λn, ψn) converge to the exact solution (λ, ψ) under standard spectral approximation

theory for compact operators. See [1, 13, 20] or Chapter 1.

When establishing the convergence of an approximate solution, a key consideration is

often the rate at which the approximate solution converges to the exact solution. Several

important methods have been developed for computing approximate solutions, including

Nyström methods, where the integral in (4.1.2) is replaced by a convergent quadrature

formula, and projection-based approaches such as Galerkin and collocation methods, along

with their variants. The analysis of approximate solutions for eigenvalue problems with

smooth kernels has been widely studied in the literature [1, 13, 15, 20, 86]. For kernels



4.1. Preliminaries 137

of the Green’s function type, which often lack differentiability along the diagonal, early

investigations were conducted in Chatelin-Lebbar [22], where interpolatory projections

used Gaussian points (zeros of Legendre polynomials) as collocation nodes.

The improvement of spectral subspace approximations in projection methods through

iterative techniques was first introduced by Sloan [84]. In Kulkarni [49, 52], a modified

projection method was proposed for solving (4.1.1) using sequences of projections. It

was shown that for sufficiently smooth kernels, the modified projection method yields

faster convergence of eigenelements compared to the iterated projection method. Fur-

thermore, convergence of eigenfunctions can be significantly enhanced using the iterated

modified projection method, obtained from a one-step iteration of the modified projec-

tion approach. Other notable approaches include the degenerate kernel method developed

by Nelakanti [63], which is based on kernel interpolation in both variables, provides er-

ror bounds for eigenvalues and the distance between spectral subspaces, and shows that

iterating the eigenfunction approximation improves convergence. Nyström and degener-

ate kernel methods employing projections at Gauss points onto spaces of (discontinuous)

piecewise polynomials have been shown to achieve high-order convergence for eigenvalue

problems. In [2], superconvergent Nyström and degenerate kernel methods were proposed

that enhance the convergence order for both eigenvalue and spectral subspace approxima-

tions when the kernel is sufficiently smooth, with further improvements in eigenfunction

convergence via iteration techniques. These methods typically use piecewise polynomial

basis functions, and the resulting finite-dimensional eigenvalue problems are solved in

matrix form.

Consider a uniform partition of [0, 1] given by {0 = t0 < t1 < · · · < tn = 1}, where
tj =

j

n
for j = 0, 1, . . . , n, and let h =

1

n
. For an integer r ≥ 0, let Xn denote the

space of piecewise polynomials of even degree ≤ 2r associated with this partition. Chap-

ter 1 establishes superconvergence for linear Fredholm integral equations with smooth

and Green’s kernels using standard and modified collocation methods based on our choice

of simpler 2r + 1 equidistant collocation points (not necessarily Gauss points) and even-

degree polynomial spaces. In this chapter, we extend these results to the corresponding

eigenvalue problems through orthogonal and interpolatory projection methods under the

similar framework. We derive error estimates for eigenvalues and spectral subspaces,

and show that an additional iteration step yields superconvergence of the eigenfunctions.

Our results indicate that, for eigenvalues, the modified projection method achieves faster

convergence than the standard projection method.
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The structure of this chapter is as follows. Section 4.2 introduces spectral projections

and presents the fundamental results useful throughout the chapter. Section 4.3 defines

the orthogonal and interpolatory projection operators and establishes the key estimates

required for the analysis of the projection-based approximation methods. Section 4.4 is

devoted to the convergence analysis for integral operators with smooth kernels, where the

main results concerning the orders of convergence of the proposed methods are derived.

Section 4.5 extends the analysis to integral operators with Green’s function-type kernels.

Numerical illustrations validating the theoretical results are presented in Section 4.6.

Finally, Section 4.7 summarizes the chapter with concluding remarks.

4.2 Spectral Projection

Let X = L2[0, 1] or C[0, 1], and BL(X ) will denote the set of all bounded linear operators

on X , equipped with the operator norm. Let K : X → X be a compact linear operator,

and let the resolvent set of K is defined as

ρ(K) = {z ∈ C : (K − zI)−1 ∈ BL(X )}

and the spectrum of K is σ(K) = C\ρ(K). The point spectrum of K contains all λ ∈ σ(K)

for which K − λI is not injective. In such cases, λ is referred as an eigenvalue of K. The

geometric multiplicity of λ is defined as the dimension of the null space of K− λI. Let Γ
be a rectifiable, simple, closed, positively oriented curve contained in ρ(K) that separates

λ from the remainder of the spectrum of K. The spectral projection corresponing to K
and λ is then given by:

E = − 1

2πi

∫
Γ

(K − zI)−1 dz ∈ BL(X ),

and the dimension of R(E), the range of the operator E, is referred as the algebraic

multiplicity of λ. If λ has finite algebraic multiplicity, it is classified as a spectral value

of finite type. In this case, λ is an eigenvalue of K. ( See Ahues et al [1, Proposition

1.31].) Furthermore, if the algebraic multiplicity of λ is equal to one, λ is called a simple

eigenvalue of K. For any nonzero subspaces Y and Z of X , define

δ(Y ,Z) = sup{d(y,Z) : y ∈ Y , ∥y∥ = 1},

where d(y,Z) = infz∈Z ∥y − z∥. The gap between Y and Z is then given by

δ̂(Y ,Z) = max{δ(Y ,Z), δ(Z,Y)}.
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This notion provides a quantitative measure of the distance between subspaces and will

be used to study convergence of approximate eigenspaces.

Consider a sequence of operators {Kn} ⊂ BL(X ) that converges to K in a collectively

compact manner, that is, Knx→ Kx for all x ∈ X and the set {Knx : ∥x∥ ≤ 1, n ∈ N}.

As discussed in Chapter 1, for all sufficiently large n, the contour Γ is contained in the

resolvent set ρ(Kn) and supz∈Γ ∥(Kn − zI)−1∥ <∞. Consequently, the spectral projection

associated with Kn, defined by

En = − 1

2πi

∫
Γ

(Kn − zI)−1 dz,

is well defined and has rank m (see Propositions 10 and 11 in Chapter 1). In particular,

the spectrum of Kn inside Γ consists of exactly m eigenvalues λn,1, λn,2, . . . , λn,m, counted

according to their algebraic multiplicities. Define the arithmetic mean of these eigenvalues

as

λ̂n =
1

m

m∑
j=1

λn,j.

We now recall the following results from Chapter 1, which will be used in the subsequent

analysis.

Proposition 28. For all sufficiently large n, the gap between the spectral subspaces sat-

isfies

δ̂
(
R(E),R(En)

)
≤ C

∥∥(K −Kn)K|R(E)

∥∥,
where C > 0 is a constant independent of n, and (K −Kn)K|R(E) denotes the restriction

of (K −Kn)K to the spectral subspace R(E).

Proposition 29. For all sufficiently large n, the arithmetic mean λ̂n of the approximating

eigenvalues satisfies

|λ− λ̂n| ≤ C
∥∥Kn(K −Kn)K|R(E)

∥∥.
The above results are due to Osborn [65] and are presented in the form used by

Kulkarni [52]. Together, these propositions provide the fundamental error bounds for the

approximation of the eigenelements, namely eigenvalues and spectral subspaces.

4.3 Projection Based Methods

Denote the uniform partition of [0, 1] as

0 = t0 < t1 < · · · < tn = 1 where tj =
j

n
, j = 0, 1, . . . , n.
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Denote ∆j = [tj−1, tj]. Let r be a non-negative integer, and define

Xn =
{
x ∈ L∞[0, 1] : x|∆j

is a polynomial of even degree ≤ 2r, j = 1, 2, . . . , n
}
.

Let

h = tj − tj−1 =
1

n
, j = 1, 2, . . . , n.

Since continuity at the partition points is not imposed, the approximation space Xn is a

subspace of L∞[0, 1]. We consider two projection operators mapping into Xn: the orthog-

onal projection Pn, obtained as the restriction to L∞[0, 1] of the L2-orthogonal projection

onto Xn, and the interpolatory projection Qn : C[0, 1] → Xn, defined by interpolation at

2r + 1 points on each subinterval. The construction and properties of these projections

are briefly recalled in the following subsections; full details can be found in Chapter 1.

4.3.1 Orthogonal Projection

Let X = L2[0, 1] denote the space of real-valued, square-integrable functions defined on

the interval [0, 1], equipped with the standard inner product

⟨x, y⟩ =
∫ 1

0

x(t)y(t) dt.

For above uniform partition of [0, 1] with mesh size h, and Xn be the space of piecewise

polynomials of even degree at most 2r. Using scaled Legendre polynomials {Lη}2rη=0 on

each subinterval ∆j = [tj−1, tj], we define local basis functions {ψj,η}, which form an

orthonormal basis of Xn in L2[0, 1]. See Chapter 1.

For f, g ∈ C(∆j), define the local inner product by

⟨f, g⟩∆j
=

∫ tj

tj−1

f(t)g(t) dt,

and the supremum norm by

∥f∥∆j ,∞ = max
t∈[tj−1,tj ]

|f(t)|.

Then the following bound holds:

|⟨f, g⟩∆j
| ≤ h ∥f∥∆j ,∞∥g∥∆j ,∞.

Let P2r,∆j
denote the space of polynomials of degree ≤ 2r on ∆j. The local orthogonal

projection Pn,j : C(∆j) → P2r,∆j
is given by

Pn,jx =
2r∑
η=0

⟨x, ψj,η⟩∆j
ψj,η,
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and satisfies ⟨Pn,jx, y⟩∆j
= ⟨x,Pn,jy⟩∆j

, P2
n,j = Pn,j and Pn,jPn,i = 0 for i ̸= j. Moreover,

from (4.3.2) there exists a constant C1 > 0, independent of h, such that

∥Pn,jx∥∆j ,∞ ≤ C1∥x∥∞.

The global orthogonal projection Pn : C[0, 1] → Xn is then defined by

Pnx =
n∑
j=1

Pn,jx. (4.3.1)

By a Hahn-Banach extension argument, Pn extends to a bounded projection on L∞[0, 1]

satisfying

∥Pn∥ ≤ C1. (4.3.2)

Finally, if x ∈ C2r+1(∆j), then the following standard approximation estimate holds (see

Chapter 1):

∥(I − Pn,j)x∥∆j ,∞ ≤ C2

∥∥x(2r+1)
∥∥
∆j ,∞

h2r+1, (4.3.3)

where C2 is a constant independent of h. In fact, let α ≥ 0 be an integer and set

β = min{α, 2r + 1}. Then, for any x ∈ Cα[0, 1] one can see that

∥(I − Pn)x∥∞ ≤ C2

∥∥x(β)∥∥∞hβ. (4.3.4)

4.3.2 Interpolatory Projection

Let X = C[0, 1] be the space of continuous real valued function on the interval [0, 1],

equipped with the supremum norm defined as ∥x∥∞ = supt∈[0,1] |x(t)|. In each sub-interval

[tj−1, tj], consider 2r + 1 equally spaced interpolation points as

τ ij = tj−1 +
ih

2r
, i = 0, 1, . . . , 2r for r ≥ 1, and τj =

tj−1 + tj
2

for r = 0.

Note that these interpolation nodes are equidistant in each subinterval. The interpolatory

operator Qn : X → Xn is defined as

Qnx(τ
i
j) = x(τ ij), i = 0, 1, 2, . . . , 2r; j = 1, 2, . . . , n. (4.3.5)

Note that Qnx → x for all x ∈ C[0, 1]. By employing the Hahn-Banach theorem, Qn can

be extended to L∞[0, 1], making Qn : L∞[0, 1] → Xn a projection.

If x ∈ C2r+1(∆j), a standard result from Chapter 1 implies that

∥(I − Qn)x∥∞ ≤ C3

∥∥x(2r+1)
∥∥
∞h

2r+1, (4.3.6)
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where C3 is a constant independent of h. More generally, for any x ∈ Cα[0, 1],

∥(I − Qn)x∥∞ ≤ C3

∥∥x(β)∥∥∞ hβ,

where β = min{α, 2r + 1} with α ≥ 0 be an integer.

4.3.3 Estimates in the Methods of Approximation

The classical projection method for approximating the eigenvalue problem (4.1.1) is ob-

tained by replacing Kn by πnK in (4.1.3) as

πnKψn = λnψn, λn ∈ C \ {0}, ψn ∈ Xn, ∥ψn∥∞ = 1.

A one-step iteration to refine the eigenfunction is given by

ψSn =
1

λn
Kψn,

which satisfies the condition

KπnψSn = λnψ
S
n .

In the modified projection method, the operator Kn is replaced with a finite-rank operator

defined as

KM
n = πnKπn + πnK(I − πn) + (I − πn)Kπn = πnK +Kπn − πnKπn.

As a consequence,∥∥K −KM
n

∥∥ = ∥(I − πn)K(I − πn)∥ → 0 as n→ ∞.

The approximation (4.1.3) now requires finding λMn ∈ C \ {0} and ψMn ∈ X such that∥∥ψMn ∥∥∞ = 1 and

KM
n ψ

M
n = λMn ψ

M
n .

The corresponding iterated eigenfunction for the modified method is defined as

ψ̃Mn =
1

λMn
KψMn .

Let {Kn} be a sequence of finite rank bounded linear operators converging to K in

the collectively compact sense. We consider the standard and modified projection-based

approximations defined by Kn = πnK and Kn = KM
n , respectively. Let λ be a nonzero

eigenvalue of K with algebraic multiplicity m, and let λ̂n and λ̂Mn denote the arithmetic



4.4. Convergence Analysis for Smooth Kernels 143

means of the m eigenvalues of πnK and KM
n , respectively, lying inside a simple closed con-

tour Γ that encloses λ. Let E, En, and E
M
n denote the corresponding spectral projections

associated with Γ. The associated spectral subspaces are denoted by R(E), R(En), and

R(EM
n ). Then, the results presented below are consequences of Propositions 28 and 29

and are stated as Theorems 12 and 13 in Chapter 1.

For any ψn ∈ R(En), define ψ
S
n = Kψn. Then, for all sufficiently large n,

∥ψn − Eψn∥ ≤ δ̂
(
R(E),R(En)

)
≤ C

∥∥(K − πnK)K|R(E)

∥∥, (4.3.7)∥∥ψSn − EψSn
∥∥ ≤ δ

(
R(E),KR(En)

)
≤ C

∥∥K(K − πnK)K|R(E)

∥∥, (4.3.8)

and

|λ− λ̂n| ≤ C
∥∥K(K − πnK)K|R(E)

∥∥. (4.3.9)

For any ψMn ∈ R(EM
n ), define ψ̃Mn = KψMn . Then, for all sufficiently large n,∥∥ψMn − EψMn

∥∥ ≤ δ̂
(
R(E),R(EM

n )
)
≤ C

∥∥(K −KM
n )K|R(E)

∥∥, (4.3.10)∥∥∥ψ̃Mn − Eψ̃Mn

∥∥∥ ≤ δ
(
R(E),KR(EM

n )
)
≤ C

∥∥K(K −KM
n )K|R(E)

∥∥, (4.3.11)

and

|λ− λ̂Mn | ≤ C
∥∥K(K −KM

n )K|R(E)

∥∥. (4.3.12)

Throughout this chapter, we restrict our attention to the case in which λ is a simple

eigenvalue of K. For the projection-based schemes introduced earlier, we take πn = Pn,
which yields the Galerkin method and its associated variants. Similarly, choosing πn = Qn

leads to the collocation method and its variants. Under these settings, we establish the

main convergence results for both the Galerkin and collocation methods and their variants.

In the subsequent sections, we investigate the convergence of eigenelements for compact

integral operators with both smooth kernels and Green’s function-type kernels.

4.4 Convergence Analysis for Smooth Kernels

Consider the Fredholm integral operator K : X → X defined by

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt, s ∈ [0, 1], x ∈ X ,

where the kernel function κ is assumed to be smooth, that is, κ ∈ C2r+2(Ω). Throughout

this section, we adopt the following notation: let j and k be non-negative integers such
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that 0 ≤ j+k ≤ 2r+3. We denote the smoothness of kernel κ in mixed partial derivatives

as

D(j,k)κ(s, t) =
∂j+kκ

∂sj∂tk
(s, t).

Then, define the constant

C4 = max
0≤j+k≤2r+3

{
sup

0≤s,t≤1

∣∣D(j,k)κ(s, t)
∣∣} .

For x ∈ C[0, 1] and 0 ≤ j ≤ 2r + 2, we have

(Kx)(j)(s) =
∫ 1

0

∂jκ

∂sj
(s, t)x(t) dt =

∫ 1

0

D(j,0)κ(s, t)x(t) dt, s ∈ [0, 1].

Hence, ∥∥(Kx)(j)∥∥∞ ≤ C4∥x∥∞. (4.4.1)

4.4.1 Orthogonal Projection Based Approximations

In this subsection, we present some key results that are essential for the approximation of

eigenelements using orthogonal projections. Although several of these results are already

available in the literature, we state them here for completeness and for ease of reference

in the subsequent analysis.

Proposition 30. If x ∈ C2r+1[0, 1], then

∥K(I − Pn)x∥∞ ≤ (C2)
2C4

∥∥x(2r+1)
∥∥
∞ h4r+2.

The above result is adapted from Chatelin-Lebbar [21, Theorem 3]. A related following

estimate can also be found in Kulkarni [48, Proposition 4.2].

Proposition 31. If x ∈ C2r+1[0, 1], then

∥(I − Pn)K(I − Pn)x∥∞ ≤ C5

∥∥x(2r+1)
∥∥
∞ h6r+3,

and

∥K(I − Pn)K(I − Pn)x∥∞ ≤ C6

∥∥x(2r+1)
∥∥
∞ h8r+4,

where C5 = (C2)
3C4 and C6 = ((C2)

2C4)
2
, are the constants independent of h.

Lemma 4.4.1. Let K be the linear integral operator defined by (4.1.2) with a smooth

kernel κ ∈ C2r+1(Ω). Let Pn be the orthogonal projection onto the approximating space

Xn defined by (4.3.1). Then∥∥(K − PnK)K|R(E)

∥∥ = O
(
h2r+1

)
,∥∥K(K − PnK)K|R(E)

∥∥ = O
(
h4r+2

)
.
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Proof. By definition of the operator norm,∥∥∥(K − PnK)K
∣∣
R(E)

∥∥∥ = sup
ψ∈R(E)

{
∥(K − PnK)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

Let ψ ∈ R(E) and set y = Kψ. Since κ ∈ C2r+1(Ω), differentiation under the integral

sign is valid up to order 2r + 1. Hence, K maps C[0, 1] continuously into C2r+1[0, 1], so

that y ∈ C2r+1[0, 1], and consequently Ky ∈ C2r+2[0, 1]. Then

(K − PnK)Kψ = (I − Pn)Ky.

Using the estimate (4.3.4) of the orthogonal projection, we obtain

∥(I − Pn)Ky∥∞ ≤ C2

∥∥(Ky)(2r+1)
∥∥
∞ h2r+1.

From inequality (4.4.1), we have∥∥(Ky)(2r+1)
∥∥
∞ ≤ C4∥y∥∞ ≤ (C4)

2∥ψ∥∞.

Therefore, we obtain

∥(K − PnK)Kψ∥∞ ≤ C2(C4)
2∥ψ∥∞h

2r+1.

Since ∥ψ∥∞ = 1, we conclude that∥∥∥(K − PnK)K
∣∣
R(E)

∥∥∥ = O(h2r+1).

Next, we estimate∥∥∥K(K − PnK)K
∣∣
R(E)

∥∥∥ = sup
ψ∈R(E)

{
∥K(K − PnK)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

Let ψ ∈ C2r+1[0, 1]. Then y = Kψ ∈ C2r+1[0, 1], and consequently Ky ∈ C2r+1[0, 1].

Therefore,

K(K − PnK)Kψ = K(I − Pn)Ky.

Applying Proposition 30, we obtain

∥K(K − PnK)Kψ∥∞ = ∥K(I − Pn)Ky∥∞ ≤ (C2)
2C4

∥∥(Ky)(2r+1)
∥∥
∞h

4r+2.

As shown earlier, the quantity
∥∥(Ky)(2r+1)

∥∥
∞ is independent of h and so

∥K(K − PnK)Kψ∥∞ ≤ (C2)
2C4∥ψ∥∞h

4r+2,

which implies ∥∥∥K(K − PnK)K
∣∣
R(E)

∥∥∥ = O
(
h4r+2

)
.

This completes the proof.
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Lemma 4.4.2. Let K be the linear integral operator defined by (4.1.2) with a smooth

kernel κ ∈ C2r+1(Ω). Let Pn be the orthogonal projection onto the approximating space

Xn defined by (4.3.1). Then∥∥(K −KM
n )K|R(E)

∥∥ = O
(
h6r+3

)
,∥∥K(K −KM

n )K|R(E)

∥∥ = O
(
h8r+4

)
,

where KM
n = PnK +KPn − PnKPn.

Proof. Let ψ ∈ R(E). Since R(E) is invariant under K, we have Kψ ∈ R(E). By

definition of the operator norm restricted to R(E),∥∥∥(K −KM
n )K

∣∣
R(E)

∥∥∥ = sup
ψ∈R(E)

{∥∥(K −KM
n )Kψ

∥∥
∞ : ∥ψ∥∞ = 1

}
= sup

ψ∈R(E)

{
∥(I − Pn)K(I − Pn)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

Let ψ ∈ C2r+1[0, 1]. Then Kψ ∈ C2r+1[0, 1]. Applying Proposition 31, we obtain

∥(I − Pn)K(I − Pn)Kψ∥∞ ≤ C5

∥∥(Kψ)(2r+1)
∥∥
∞ h6r+3.

Further, by inequality (4.4.1), ∥∥(Kψ)(2r+1)
∥∥
∞ ≤ C4∥ψ∥∞.

Hence,

∥(I − Pn)K(I − Pn)Kψ∥∞ ≤ C4C5∥ψ∥∞ h6r+3.

Since ∥ψ∥∞ = 1, it follows that∥∥∥(K −KM
n )K

∣∣
R(E)

∥∥∥ = O
(
h6r+3

)
.

Next, we estimate∥∥∥K(K −KM
n )K

∣∣
R(E)

∥∥∥ = sup
ψ∈R(E)

{
∥K(I − Pn)K(I − Pn)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

Again, since ψ ∈ C2r+1[0, 1], we have Kψ ∈ C2r+1[0, 1]. Applying Proposition 31, we

obtain

∥K(I − Pn)K(I − Pn)Kψ∥∞ ≤ C6

∥∥(Kψ)(2r+1)
∥∥
∞ h8r+4.

Using again inequality (4.4.1), we get

∥K(I − Pn)K(I − Pn)Kψ∥∞ ≤ C4C6∥ψ∥∞ h8r+4.
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Therefore, for ∥ψ∥∞ = 1, we conclude that∥∥∥K(K −KM
n )K

∣∣
R(E)

∥∥∥ = O
(
h8r+4

)
.

This completes the proof.

By combining (4.3.7)-(4.3.9) with Lemma 4.4.1, we obtain the following convergence

rates for the approximation of eigenvalues and spectral subspaces by the Galerkin and

iterated Galerkin methods.

Theorem 32. Let λ be a simple eigenvalue of K, and let λGn denote the corresponding

Galerkin eigenvalue of PnK. Let ψn ∈ R(En) be a Galerkin eigenfunction, and let ψSn

denote the associated iterated Galerkin eigenfunction. Then, for sufficiently large n, the

following estimates hold:

∥ψn − Eψn∥∞ = O
(
h2r+1

)
,
∥∥ψSn − EψSn

∥∥
∞ = O

(
h4r+2

)
,

and

|λ− λGn | = O
(
h4r+2

)
.

In a similar manner, by combining (4.3.10)-(4.3.12) with Lemma 4.4.2, we obtain the

following convergence rates for the modified and iterated modified Galerkin methods.

Theorem 33. Let λ be a simple eigenvalue of K, and let λMn denote the corresponding

modified Galerkin eigenvalue of KM
n . Let ψMn ∈ R(EM

n ) be a modified Galerkin eigenfunc-

tion, and let ψ̃Mn denote the associated iterated modified Galerkin eigenfunction. Then,

for sufficiently large n, the following estimates hold:∥∥ψMn − EψMn
∥∥
∞ = O

(
h6r+3

)
,
∥∥∥ψ̃Mn − Eψ̃Mn

∥∥∥
∞

= O
(
h8r+4

)
,

and

|λ− λMn | = O
(
h8r+4

)
.

The above theorems show that the standard Galerkin method yields eigenfunction and

eigenvalue approximations of orders O(h2r+1) and O(h4r+2), respectively, while the it-

erated Galerkin method improves the eigenfunction accuracy to O(h4r+2). The modified

Galerkin scheme further enhances the convergence behaviour, producing eigenvalue errors

of order O(h8r+4) and eigenfunction errors of order O(h6r+3), whereas the iterated modi-

fied Galerkin method achieves the highest accuracy, namely O(h8r+4) for eigenfunctions.

These results clearly demonstrate the superconvergence effect obtained through modified

projection and iteration.



148 Chapter 4. Eigenvalue Problems for Compact Integral Operators

4.4.2 Interpolatory Projection Based Approximations

We now recall several results from Chapter 2 that will play a crucial role in the approx-

imation of eigenelements using the interpolatory projection method. For completeness,

we restate below Propositions 14-16 from Chapter 2.

Proposition 34. If x ∈ C2r+2[0, 1], then

∥K(I − Qn)x∥∞ ≤ 2C4∥x∥2r+2,∞ h2r+2.

Proposition 35. If x ∈ C2r+2[0, 1], then

∥(I − Qn)K(I − Qn)x∥∞ ≤ C7∥x∥2r+2,∞ h4r+3,

where C7 is a constant independent of h.

Proposition 36. If x ∈ C2r+2[0, 1], then

∥K(I − Qn)K(I − Qn)x∥∞ ≤ 4(C4)
2∥x∥2r+2,∞ h4r+4.

Propositions 34-36 provide the fundamental approximation estimates for the interpo-

latory projection operator Qn, which will be instrumental in deriving the convergence

rates for the corresponding eigenvalue and eigenfunction approximations.

Lemma 4.4.3. Let K be the linear integral operator defined by (4.1.2) with a smooth

kernel κ ∈ C2r+1(Ω) and continuously differentiable with respect to t. Let Qn denote the

interpolatory projection operator onto the approximation space Xn as defined in (4.3.5).

Then ∥∥(K −QnK)K|R(E)

∥∥ = O
(
h2r+1

)
,∥∥K(K −QnK)K|R(E)

∥∥ = O
(
h2r+2

)
.

Proof. By definition of the operator norm,∥∥∥(K −QnK)K
∣∣
R(E)

∥∥∥ = sup
ψ∈R(E)

{
∥(K −QnK)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

Let ψ ∈ R(E) and set y = Kψ. Since κ ∈ C2r+1(Ω), differentiation under the integral

sign is valid up to order 2r + 1. Hence, K : C[0, 1] → C2r+1[0, 1], so that y ∈ C2r+1[0, 1]

and consequently Ky ∈ C2r+2[0, 1]. Then using estimate (4.3.6),

∥(I − Qn)Ky∥∞ ≤ C3

∥∥(Ky)(2r+1)
∥∥
∞ h2r+2.
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From inequality (4.4.1), ∥∥(Ky)(2r+1)
∥∥
∞ ≤ (C4)

2∥ψ∥∞.

Hence,

∥(K −QnK)Kψ∥∞ ≤ (C4)
2 ∥ψ∥∞ h2r+2,

and therefore ∥∥∥(K −QnK)K
∣∣
R(E)

∥∥∥ = O
(
h2r+2

)
.

Next, ∥∥∥K(K −QnK)K
∣∣
R(E)

∥∥∥ = sup
ψ∈R(E)

{
∥K(I − Qn)Ky∥∞ : ∥ψ∥∞ = 1

}
.

Applying Proposition 34,

∥K(I − Qn)Ky∥∞ ≤ 2C4∥Ky∥2r+2,∞ h4r+4.

Note that

∥Ky∥2r+2,∞ = max
0≤j≤2r+2

∥∥∥(Ky)(j)∥∥∥
∞
.

From inequality (4.4.1), it follows that the bound
∥∥(Ky)(j)∥∥∞ is independent of h. Thus,∥∥∥K(K −QnK)K

∣∣
R(E)

∥∥∥ = O
(
h4r+4

)
.

This completes the proof.

Lemma 4.4.4. Let K be the linear integral operator defined in (4.1.2) with a smooth

kernel κ ∈ C2r+2[0, 1]. Let Qn denote the interpolatory projection operator onto the ap-

proximation space Xn, as given by (4.3.5). Then∥∥(K −KM
n )K|R(E)

∥∥ = O
(
h4r+3

)
,∥∥K(K −KM

n )K|R(E)

∥∥ = O
(
h4r+4

)
,

where KM
n = QnK +KQn −QnKQn.

Proof. Let ψ ∈ R(E). Since R(E) is invariant under K, it follows that Kψ ∈ R(E). By

definition of the operator norm restricted to R(E),∥∥∥(K −KM
n )K

∣∣
R(E)

∥∥∥ = sup
ψ∈R(E)

{
∥(I − Qn)K(I − Qn)Kψ∥∞ : ∥ψ∥∞ = 1

}
.
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Assume ψ ∈ C2r+2[0, 1] and κ ∈ C2r+2(Ω). Then Kψ ∈ C2r+2[0, 1]. Applying Proposi-

tion 35, we obtain

∥(I − Qn)K(I − Qn)Kψ∥∞ ≤ C7∥Kψ∥2r+2,∞ h4r+3.

Moreover,

∥Kψ∥2r+2,∞ = max
0≤j≤2r+2

∥∥(Kψ)(j)∥∥∞ ≤ C4∥ψ∥∞,

so that

∥(I − Qn)K(I − Qn)Kψ∥∞ ≤ C4C7∥ψ∥∞ h4r+3.

Taking ∥ψ∥∞ = 1, we conclude∥∥∥(K −KM
n )K

∣∣
R(E)

∥∥∥ = O
(
h4r+3

)
.

Next, consider∥∥∥K(K −KM
n )K

∣∣
R(E)

∥∥∥ = sup
ψ∈R(E)

{
∥K(I − Qn)K(I − Qn)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

Since Kψ ∈ C2r+2[0, 1], Proposition 36 yields

∥K(I − Qn)K(I − Qn)Kψ∥∞ ≤ 4(C4)
2∥Kψ∥2r+2,∞ h4r+4.

Using again the bound ∥Kψ∥2r+2,∞ ≤ C4∥ψ∥∞, we obtain∥∥∥K(K −KM
n )K

∣∣
R(E)

∥∥∥ ≤ 4(C4)
3∥ψ∥∞ h4r+4.

Hence, for ∥ψ∥∞ = 1, ∥∥∥K(K −KM
n )K

∣∣
R(E)

∥∥∥ = O
(
h4r+4

)
.

This completes the proof.

By combining the estimates from (4.3.7), (4.3.8), (4.3.9) along with Lemma 4.4.3, we

obtain the following convergence rates for the approximation of eigenvalues and spectral

subspaces using the collocation and iterated collocation methods.

Theorem 37. Let ψn ∈ R(En) denote a collocation eigenfunction, and let ψSn be the

corresponding iterated collocation eigenfunction. Suppose λCn is the approximate simple

eigenvalue of QnK. Then, for sufficiently large n, the following error bounds hold:

∥ψn − Eψn∥∞ = O
(
h2r+1

)
,
∥∥ψSn − EψSn

∥∥
∞ = O

(
h2r+2

)
,

and

|λ− λCn | = O
(
h2r+2

)
.



4.5. Convergence Analysis for Green’s Kernels 151

Similarly, using the results from (4.3.10), (4.3.11), (4.3.12) together with Lemma 4.4.4,

we derive the following convergence estimates for the modified collocation and iterated

modified collocation methods.

Theorem 38. Let ψMn ∈ R(EM
n ) be a modified collocation eigenfunction, and let ψ̃Mn

denote the corresponding iterated modified collocation eigenfunction. Suppose λMn is the

approximate simple eigenvalue of KM
n obtained from the modified method. Then, for all

sufficiently large n, the following convergence orders are satisfied:

∥∥ψMn − EψMn
∥∥
∞ = O

(
h4r+3

)
,
∥∥∥ψ̃Mn − Eψ̃Mn

∥∥∥
∞

= O
(
h4r+4

)
,

and

|λ− λMn | = O
(
h4r+4

)
.

The above results show that the standard collocation method produces eigenfunction and

eigenvalue approximations of orders O(h2r+1) and O(h2r+2), respectively, while the iter-

ated collocation method improves the eigenfunction accuracy by one additional order.

In contrast, the modified collocation method significantly enhances the convergence be-

haviour, yielding eigenvalue approximations of order O(h4r+4), with the iterated modified

method attaining the highest accuracy.

These findings confirm that modified projection and iteration are highly effective

strategies for achieving high-accuracy approximations of eigenelements, even when simple

equidistant collocation points are employed on each subinterval of a uniform partition

over an even-degree piecewise polynomial approximation space.

4.5 Convergence Analysis for Green’s Kernels

Let X = L2[0, 1] or C[0, 1] and recall that the compact linear integral operator K : X → X
is defined as

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt, s ∈ [0, 1], x ∈ X ,

where κ(s, t) is a real-valued continuous kernel function of the Green’s function type.

Consider the partition of Ω as

Ω1 = {(s, t) | 0 ≤ t ≤ s ≤ 1}, Ω2 = {(s, t) | 0 ≤ s ≤ t ≤ 1}.
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Suppose there exist functions κi ∈ Cα(Ωi), i = 1, 2, for some integer α > r ≥ 0, such that

the kernel κ can be written as

κ(s, t) =

κ1(s, t), (s, t) ∈ Ω1,

κ2(s, t), (s, t) ∈ Ω2,

and κ1(s, s) = κ2(s, s), for all s ∈ [0, 1]. A kernel κ satisfying these properties is referred

to as a Green’s kernel. Such kernels are generally non-smooth, as their regularity is

restricted to the separate domains Ω1 and Ω2, with only continuity across the diagonal.

Here, we will fix some notations to be used throughout the section:

Let j, k be non-negative integer and we set

D(j,k)κi(s, t) =
∂j+kκi
∂sj∂tk

(s, t), for i = 1, 2.

Define

C8 = max
0≤j,k≤2r+2

{
sup

(s,t)∈Ωi

∣∣D(j,k)κi(s, t)
∣∣ : for i = 1, 2

}
,

Now, for x ∈ C[0, 1] and s ∈ [0, 1], we have

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt =

∫ s

0

κ1(s, t)x(t) dt+

∫ 1

s

κ2(s, t)x(t) dt.

Using the Leibnitz rule

(Kx)′(s) =
∫ s

0

∂κ1
∂s

(s, t)x(t) dt+

∫ 1

s

∂κ2
∂s

(s, t)x(t) dt,

and

(Kx)′′(s) =
(
∂κ1
∂s

(s, s)− ∂κ2
∂s

(s, s)

)
x(s) +

∫ s

0

∂2κ1
∂s2

(s, t)x(t) dt+

∫ 1

s

∂2κ2
∂s2

(s, t)x(t) dt,

which implies

|(Kx)′(s)| ≤

(
sup

(s,t)∈Ω1

∣∣D(1,0)κ1(s, t)
∣∣) s∥x∥∞ +

(
sup

(s,t)∈Ω2

∣∣D(1,0)κ2(s, t)
∣∣) (1− s)∥x∥∞,

and

|(Kx)′′(s)| ≤

(
sup

(s,t)∈Ω1

∣∣D(1,0)κ1(s, t)
∣∣+ sup

(s,t)∈Ω2

∣∣D(1,0)κ2(s, t)
∣∣) ∥x∥∞

+

(
sup

(s,t)∈Ω1

∣∣D(2,0)κ1(s, t)
∣∣) s∥x∥∞ +

(
sup

(s,t)∈Ω2

∣∣D(2,0)κ2(s, t)
∣∣) (1− s)∥x∥∞.
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Then, ∥∥(Kx)(j)∥∥∞ ≤ C8∥x∥∞, for j = 0, 1, 2. (4.5.1)

Let x ∈ C2[0, 1], we have

(Kx)(3)(s) = 2

(
∂2κ1
∂s2

(s, s)− ∂2κ2
∂s2

(s, s)

)
x(s) +

(
∂κ1
∂s

(s, s)− ∂κ2
∂s

(s, s)

)
x′(s)

+

∫ s

0

∂3κ1
∂s3

(s, t)x(t) dt+

∫ 1

s

∂3κ2
∂s3

(s, t)x(t) dt,

and

(Kx)(4)(s) = 3

(
∂3κ1
∂s3

(s, s)− ∂3κ2
∂s3

(s, s)

)
x(s)

+ 3

(
∂2κ1
∂s2

(s, s)− ∂2κ2
∂s2

(s, s)

)
x′(s) +

(
∂κ1
∂s

(s, s)− ∂κ2
∂s

(s, s)

)
x′′(s)

+

∫ s

0

∂4κ1
∂s4

(s, t)x(t) dt+

∫ 1

s

∂4κ2
∂s4

(s, t)x(t) dt.

This implies that, if x ∈ C2[0, 1], then

∥∥(Kx)(3)∥∥∞ ≤ C8 (∥x∥∞ + ∥x′∥∞) ,

∥∥(Kx)(4)∥∥∞ ≤ C8 (∥x∥∞ + ∥x′∥∞ + ∥x′′∥∞) .

Proceeding similar way, if x ∈ C2r[0, 1] for r ≥ 1 and κi ∈ Cα(Ωi), i = 1, 2, for some

integer α > r ≥ 0 then

∥∥(Kx)(2r+1)
∥∥
∞ ≤ C8

(
∥x∥∞ + ∥x′∥∞ + · · ·+

∥∥x(2r−1)
∥∥
∞

)
, (4.5.2)

∥∥(Kx)(2r+2)
∥∥
∞ ≤ C8

(
∥x∥∞ + ∥x′∥∞ + · · ·+

∥∥x(2r)∥∥∞) . (4.5.3)

Recall that, we are dealing with λ as a simple eigenvalue of K, and we consider

projection-based schemes with πn = Pn and πn = Qn, corresponding to the orthogonal

and interpolatory projections, respectively. Under these choices, we establish convergence

results for the associated eigenvalue approximations in upcoming subsections.

4.5.1 Orthogonal Projection Based Approximations

In this subsection, we present key results that are essential for the approximation of

eigenelements using orthogonal projection.
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Proposition 39. For r ≥ 1, if x ∈ C2r+1[0, 1], then

∥K(I − Pn)x∥∞ ≤ C9

∥∥x(2r+1)
∥∥
∞h

2r+3,

where C9 is some constant independent of h.

In particular, if x ∈ C[0, 1], then

∥K(I − Pn)x∥∞ ≤ C10∥x∥∞h
2,

for some constant C10 independent of h.

Proof. First, we prove the case r ≥ 1. Let s ∈ [0, 1] and define κs(t) = κ(s, t). Then,

consider

K(I − Pn)x(s) =
∫ 1

0

κs(t)(I − Pn)x(t) dt

=
n∑
j=1

∫ tj

tj−1

κs(t)(I − Pn,j)x(t) dt

=
n∑
j=1

⟨κs, (I − Pn,j)x⟩∆j

=
n∑
j=1

⟨(I − Pn,j)κs, (I − Pn,j)x⟩∆j
. (4.5.4)

We analyze the two cases separately:

Case I: Let s ∈ (ti−1, ti), for i = 1, 2, . . . , n. Thus, the above expression can be rewritten

as

K(I −Pn)x(s) =
n∑
j=1
j ̸=i

⟨(I −Pn,j)κs, (I −Pn,j)x⟩∆j
+ ⟨(I −Pn,i)κs, (I −Pn,i)x⟩∆i

. (4.5.5)

For j ̸= i, we note that both κs, x ∈ C2r+1(∆j). Thus, applying the estimate (4.3.3), we

have ∣∣∣∣ n∑
j=1
j ̸=i

⟨(I − Pn,j)κs, (I − Pn,j)x⟩∆j

∣∣∣∣ ≤ (C2)
2C8

∥∥x(2r+1)
∥∥
∞(n− 1)h4r+3. (4.5.6)

Now, for the case j = i, observe that κs is only continuous on ∆i. We define a constant

function as

γi(t) = κs(s), t ∈ ∆i.



4.5. Convergence Analysis for Green’s Kernels 155

Then, we rewrite the term as

⟨(I − Pn,i)κs, (I − Pn,i)x⟩∆i
= ⟨κs − γi, (I − Pn,i)x⟩∆i

.

For t ∈ [ti−1, ti], we have

κs(t)− γi(t) =

D(0,1)κ1(s, ν1)(t− s), ν1 ∈ (t, s),

D(0,1)κ2(s, ν2)(t− s), ν2 ∈ (s, t),

by the mean value theorem. Further, using the bound (4.3.3), we get

|⟨(I − Pn,i)κs, (I − Pn,i)x⟩∆i
| ≤ C2C8

∥∥x(2r+1)
∥∥
∞h

2r+3. (4.5.7)

Combining the inequalities (4.5.5), (4.5.6) and (4.5.7), we conclude

|K(I − Pn)x(s)| ≤ (C2)
2C8

∥∥x(2r+1)
∥∥
∞h

2r+3. (4.5.8)

Case II: Whenever s = ti for some i = 0, 1, . . . , n. Since κs ∈ C2r+1(∆j) for each j =

1, . . . , n and given that x ∈ C2r+1[0, 1], we use inequality (4.3.3) to obtain

max
0≤i≤n

|K(I − Pn)x(ti)| ≤
n∑
j=1

∥(I − Pn,j)κs∥∆j ,∞∥(I − Pn,j)x∥∆j ,∞h

≤ (C2)
2C8

∥∥x(2r+1)
∥∥
∞h

4r+2.

Finally, combining this estimate with (4.5.8), the desired result follow as

∥K(I − Pn)x∥∞ ≤ C9

∥∥x(2r+1)
∥∥
∞h

2r+3,

where C9 = (C2)
2C8 is a constant independent of h.

To establish the other bound of the proposition (for r = 0), let us consider x ∈ C[0, 1].
Suppose s = ti for some index i. Then,

|K(I − Pn)x(s)| ≤ C8C2∥x∥∞h
2r+1. (4.5.9)

Now, for s ∈ (ti−1, ti), we express

K(I − Pn)x(s) =
n∑
j=1
j ̸=i

⟨(I − Pn,j)κs, x⟩∆j
+ ⟨(I − Pn,i)(κs − γi), x⟩∆i

,

which leads to the estimate

|K(I − Pn)x(s)| ≤ (1 + C1 + C2)C8∥x∥∞h
2.

By combining (4.5.9) with the above result, we arrive at

∥K(I − Pn)x∥∞ ≤ C10∥x∥∞h
2,

where C10 = (1 + C1 + C2)C8 is a constant. This completes the proof.
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Remark 4. The higher-order estimate of order h2r+3 relies on the polynomial degree

satisfying r ≥ 1; for r = 0, the optimal bound reduces to order h2.

Lemma 4.5.1. Let K be the linear integral operator defined by (4.1.2) with a Green’s

function type kernel. Let Pn be the orthogonal projection onto the approximating space

Xn defined by (4.3.1). Then

∥∥(K − PnK)K|R(E)

∥∥ =

O(h2r+1) for r ≥ 1,

O(h) for r = 0,

and ∥∥K(K − PnK)K|R(E)

∥∥ =

O(h2r+3) for r ≥ 1,

O(h2) for r = 0.

Proof. Note that∥∥(K − PnK)K|R(E)

∥∥ = sup
ψ∈R(E)

{
∥(K − PnK)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

For ψ ∈ R(E), assume that y = Kψ and so y ∈ R(E). For r ≥ 1, let us consider

y ∈ C2r+1[0, 1] so that Ky ∈ C2r+1[0, 1] and therefore using (4.3.4), we have

∥(K − PnK)Kψ∥∞ = ∥(I − Pn)Ky∥∞ ≤ C2

∥∥∥(Ky)(2r+1)
∥∥∥
∞
h2r+1.

From inequality (4.5.2), it follows that∥∥∥(Ky)(2r+1)
∥∥∥
∞

≤ C8

(
∥y∥∞ + ∥y′∥∞ + . . .+

∥∥y(2r−1)
∥∥
∞

)
= C8

(
∥Kψ∥∞ + ∥(Kψ)′∥∞ + . . .+

∥∥(Kψ)(2r−1)
∥∥
∞

)
.

By utilizing inequalities (4.5.1) and (4.5.2), we conclude that the quantity
∥∥∥(Ky)(2r+1)

∥∥∥
∞

is independent of h. Therefore, we obtain

∥(K − PnK)Kψ∥∞ = O
(
h2r+1

)
,

which leads to ∥∥(K − PnK)K|R(E)

∥∥ = O
(
h2r+1

)
.

In case r = 0, it is easy to see that∥∥(K − PnK)K|R(E)

∥∥ = O(h) .
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Now, consider the second bound of the lemma as∥∥K(K − PnK)K|R(E)

∥∥ = sup
ψ∈R(E)

{
∥K(K − PnK)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

Assume that ψ ∈ C2r+1[0, 1]. Then y ∈ C2r+1[0, 1], and consequently Ky ∈ C2r+1[0, 1].

Hence, by applying Proposition 39 for r ≥ 1, we obtain

∥K(K − PnK)Kψ∥∞ = ∥K(I − Pn)Ky∥∞ ≤ C9

∥∥(Ky)(2r+1)
∥∥
∞h

2r+3.

As discussed earlier, the quantity
∥∥(Ky)(2r+1)

∥∥
∞ is independent of h and therefore

∥K(K − PnK)Kψ∥∞ = O
(
h2r+3

)
,

which implies that ∥∥K(K − PnK)K|R(E)

∥∥ = O
(
h2r+3

)
.

In the case r = 0, let ψ ∈ C[0, 1] and set y = Kψ. Then Ky ∈ C[0, 1], and by Proposition 39

we obtain

∥K(I − Pn)Ky∥∞ ≤ C10∥Ky∥∞h
2.

From estimate (4.5.1), we see that

∥Ky∥∞ ≤ C8∥y∥∞ = C8∥Kψ∥∞ ≤ (C8)
2∥ψ∥∞.

Therefore, we get ∥∥K(K − PnK)K|R(E)

∥∥ = O
(
h2
)
,

which completes the proof.

Lemma 4.5.2. Let K be the linear integral operator defined by (4.1.2) with a Green’s

function type kernel. Let Pn be the orthogonal projection onto the approximating space

Xn defined by (4.3.1). Then

∥∥(K −KM
n )K|R(E)

∥∥ =

O(h2r+3) for r ≥ 1,

O(h3) for r = 0,

and

∥∥K(K −KM
n )K|R(E)

∥∥ =

O(h2r+5) for r ≥ 1,

O(h4) for r = 0,

where KM
n = PnK +KPn − PnKPn.
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Proof. For any ψ ∈ R(E) we have Kψ ∈ R(E). Then∥∥(K −KM
n )K|R(E)

∥∥ = sup
ψ∈R(E)

{
∥(I − Pn)K(I − Pn)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

For r ≥ 1, we use the bound

∥(I − Pn)K(I − Pn)Kψ∥∞ ≤ ∥I − Pn∥∥K(I − Pn)Kψ∥∞.

From (4.3.2), it follows that ∥I − Pn∥ ≤ 1 + C1. Let ψ ∈ C2r+1[0, 1], which implies

Kψ ∈ C2r+1[0, 1]. Moreover, applying Proposition 39, we have

∥(I − Pn)K(I − Pn)Kψ∥∞ ≤ (1 + C1)C9

∥∥(Kψ)(2r+1)
∥∥
∞h

2r+3.

Following inequality (4.5.2), we observe that the bound
∥∥∥(Kψ)(2r+1)

∥∥∥
∞

does not depend

on h. Therefore,

∥(I − Pn)K(I − Pn)Kψ∥∞ = O
(
h2r+3

)
. (4.5.10)

In case r = 0, let ψ ∈ C[0, 1] and y = Kψ ∈ C[0, 1], then using (4.3.4), we have

∥(I − Pn)K(I − Pn)Kψ∥∞ ≤ C2

∥∥(K(I − Pn)y)′
∥∥
∞h. (4.5.11)

Now, define

ℓs(t) = ℓ(s, t) =

D(1,0)κ1(s, t), s, t ∈ Ω1,

D(1,0)κ2(s, t), s, t ∈ Ω2.

Consider

(K(I − Pn)y)′(s) =
∫ 1

0

ℓs(t)(I − Pn)y(t) dt

=
n∑
j=1

∫ tj

tj−1

ℓs(t)(I − Pn,j)y(t) dt

=
n∑
j=1

⟨(I − Pn,j)ℓs, (I − Pn,j)y⟩∆j
.

Let s ∈ [ti−1, ti], for i = 1, 2, . . . , n. Then, we can write

(K(I−Pn)y)′(s) =
n∑
j=1
j ̸=i

⟨(I−Pn,j)ℓs, (I−Pn,j)y⟩∆j
+⟨(I−Pn,i)ℓs, (I−Pn,i)y⟩∆i

. (4.5.12)

For j ̸= i, we observe that both ℓs ∈ C2r+1(∆j) and x ∈ C2r+1(∆j). Hence, utilizing the

estimate (4.3.3), we obtain∣∣∣∣ n∑
j=1
j ̸=i

⟨(I −Pn,j)ℓs, (I −Pn,j)y⟩∆j

∣∣∣∣ ≤ (C2)
2∥ℓs∥∞∥y∥∞(n− 1)h3 ≤ (C2C8)

2∥ψ∥∞(n− 1)h3,

(4.5.13)
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where ∥ℓs∥∞ = C8 by definition. Also, whenever j = i, ℓs is continuous on [ti−1, ti], for

i = 1, 2, . . . , n. Thus, following the proof similar to Proposition 39, we get

|⟨(I − Pn,i)ℓs, (I − Pn,i)y⟩∆i
| = O

(
h2
)
.

Applying the above estimate along with inequality (4.5.13) in (4.5.12), we have

∥(K(I − Pn)y)′∥∞ = O
(
h2
)

Using above estimate in (4.5.11), we obtain

∥(I − Pn)K(I − Pn)Kψ∥∞ = O
(
h3
)
.

The above estimate and (4.5.10) establish the first bound of the lemma.

Now, consider the other bound of lemma as∥∥K(K −KM
n )K|R(E)

∥∥ = sup
ψ∈R(E)

{
∥K(I − Pn)K(I − Pn)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

We can write it as follows

∥K(I − Pn)K(I − Pn)Kψ∥∞ ≤ ∥K(I − Pn)∥∥K(I − Pn)Kψ∥∞.

For any x ∈ C[0, 1], consider

∥K(I − Pn)∥ = sup
x∈C[0,1]

{
∥K(I − Pn)x∥∞ : ∥x∥∞ = 1

}
.

Using Proposition 39, we see that

∥K(I − Pn)x∥∞ ≤ C10∥x∥∞h
2,

and so

∥K(I − Pn)∥ = O
(
h2
)
.

For r ≥ 1, let ψ ∈ C2r+1[0, 1], it follows that Kψ ∈ C2r+1[0, 1] and using Proposition 39,

we have

∥K(I − Pn)Kψ∥∞ = O
(
h2r+3

)
.

Combining the above two estimates, we obtain

∥K(I − Pn)K(I − Pn)Kψ∥∞ = O
(
h2r+5

)
. (4.5.14)

In the case r = 0, let ψ ∈ C[0, 1]. Then Kψ ∈ C[0, 1], and by Proposition 39 we obtain

∥K(I − Pn)Kψ∥∞ = O
(
h2
)
.
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Therefore,

∥K(I − Pn)K(I − Pn)Kψ∥∞ = O
(
h4
)
.

The above estimate along with (4.5.14) establish the desired second bound of the lemma,

thereby completing the proof.

By combining (4.3.7)-(4.3.9) with Lemma 4.5.1, we obtain the following convergence

rates for the approximation of eigenvalues and spectral subspaces using the Galerkin and

iterated Galerkin methods.

Theorem 40. Let λ be a simple eigenvalue of K, and let λGn denote the corresponding

Galerkin eigenvalue of PnK. Let ψn ∈ R(En) be a Galerkin eigenfunction, and let ψSn

denote the associated iterated Galerkin eigenfunction. Then, for sufficiently large n,

∥ψn − Eψn∥∞ =

O(h2r+1) for r ≥ 1,

O(h) for r = 0,

∥∥ψSn − EψSn
∥∥
∞ =

O(h2r+3) for r ≥ 1,

O(h2) for r = 0,

and

|λ− λGn | =

O(h2r+3) for r ≥ 1,

O(h2) for r = 0.

In a similar manner, by combining (4.3.10)-(4.3.12) with Lemma 4.5.2, we obtain the

following convergence rates for the modified and iterated modified Galerkin methods.

Theorem 41. Let λ be a simple eigenvalue of K, and let λMn denote the corresponding

modified Galerkin eigenvalue of KM
n . Let ψMn ∈ R(EM

n ) be a modified Galerkin eigenfunc-

tion, and let ψ̃Mn denote the associated iterated modified Galerkin eigenfunction. Then,

for sufficiently large n,

∥∥ψMn − EψMn
∥∥
∞ =

O(h2r+3) for r ≥ 1,

O(h3) for r = 0,

∥∥∥ψ̃Mn − Eψ̃Mn

∥∥∥
∞

=

O(h2r+5) for r ≥ 1,

O(h4) for r = 0,
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and

|λ− λMn | =

O(h2r+5) for r ≥ 1,

O(h4) for r = 0.

Theorems 40 and 41 establish that the Iteration significantly improves the convergence

rates of both the standard and modified Galerkin methods in the approximation of eigen-

functions. For r ≥ 1, the modified method achieves higher-order convergence than the

standard Galerkin method for both eigenfunctions and eigenvalues, and similar improve-

ments are observed in the lowest-order case r = 0.

4.5.2 Interpolatory Projection Based Approximations

We first establish several preliminary results that will be used in the analysis of approxi-

mate eigenelements obtained using the interpolatory projection.

In particular, the following result is taken from Proposition 18 of Chapter 2.

Proposition 42. For r ≥ 0, if x ∈ C2r+2[0, 1], then

∥K(I −Qn)x∥∞ ≤ 2C3∥x∥2r+2,∞h
2r+2.

Lemma 4.5.3. Let K be the linear integral operator defined by (4.1.2) with a Green’s

function type kernel. Let Qn be the interpolatory operator onto the approximating space

Xn defined by (4.3.5). Then for r ≥ 0,∥∥(K −QnK)K|R(E)

∥∥ = O
(
h2r+1

)
,
∥∥K(K −QnK)K|R(E)

∥∥ = O
(
h2r+2

)
.

Proof. Since the spectral subspace R(E) is invariant under K, for any ψ ∈ R(E) we may

define y = Kψ, which implies that y ∈ R(E). Consider∥∥(K −QnK)K|R(E)

∥∥ = sup
ψ∈R(E)

{
∥(K −QnK)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

Further,

∥(K −QnK)Kψ∥∞ = ∥(I − Qn)Ky∥∞.

Let ψ ∈ C2r+1[0, 1]. Then y ∈ C2r+1[0, 1], and hence Ky ∈ C2r+1[0, 1]. Therefore, by

applying the estimate (4.3.6), we obtain

∥(K −QnK)Kψ∥∞ ≤ C3

∥∥∥(Ky)(2r+1)
∥∥∥
∞
h2r+1.
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From inequality (4.5.2), we get∥∥∥(Ky)(2r+1)
∥∥∥
∞

≤ C8

(
∥y∥∞ + ∥y′∥∞ + . . .+

∥∥y(2r−1)
∥∥
∞

)
= C8

(
∥Kψ∥∞ + ∥(Kψ)′∥∞ + . . .+

∥∥(Kψ)(2r−1)
∥∥
∞

)
.

Following inequalities (4.5.1) and (4.5.2), we see that the bound
∥∥∥(Ky)(2r+1)

∥∥∥
∞

does not

depend on h. Therefore,

∥(K −QnK)Kψ∥∞ = O
(
h2r+1

)
.

Hence, ∥∥(K −QnK)K|R(E)

∥∥ = O
(
h2r+1

)
.

Now, consider the second bound as∥∥K(K −QnK)K|R(E)

∥∥ = sup
ψ∈R(E)

{
∥K(K −QnK)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

Assume that ψ ∈ C2r+2[0, 1], which implies y ∈ C2r+2[0, 1] and so Ky ∈ C2r+2[0, 1]. Using

Proposition 42, we have

∥K(K −QnK)Kψ∥∞ = ∥K(I − Qn)Ky∥∞ ≤ 2C3∥Ky∥2r+2,∞h
2r+2.

Note that

∥Ky∥2r+2,∞ = max
0≤i≤2r+2

∥∥∥(Ky)(i)∥∥∥
∞
.

From inequalities (4.5.1)-(4.5.3) discussed above, it follows that the bound
∥∥(Ky)(i)∥∥∞ is

independent of h. Therefore, we finally obtain∥∥K(K −QnK)K|R(E)

∥∥ = O
(
h2r+2

)
,

which completes the proof.

Lemma 4.5.4. Let K be the linear integral operator defined by (4.1.2) with a Green’s

function type kernel. Let Qn be the interpolatory operator onto the approximating space

Xn defined by (4.3.5). Then

∥∥(K −KM
n )K|R(E)

∥∥ =

O(h2r+2) for r ≥ 1,

O(h3) for r = 0,

and ∥∥K(K −KM
n )K|R(E)

∥∥ =

O(h2r+3) for r ≥ 1,

O(h4) for r = 0,

where KM
n = QnK +KQn −QnKQn.
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Proof. Since R(E) is invariant under K, we have Kψ ∈ R(E) for all ψ ∈ R(E). Consider∥∥(K −KM
n )K|R(E)

∥∥ = sup
ψ∈R(E)

{
∥(I − Qn)K(I − Qn)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

For r ≥ 1, we write

∥(I − Qn)K(I − Qn)Kψ∥∞ ≤ ∥I −Qn∥∥K(I − Qn)Kψ∥∞.

Since {Qn} is uniformly bounded, that is, ∥Qn∥ = q < ∞, and ψ ∈ C2r+2[0, 1], it follows

that Kψ ∈ C2r+2[0, 1]. Hence, by Proposition 42, we obtain

∥(I − Qn)K(I − Qn)Kψ∥∞ ≤ 2C3(1 + q)∥Kψ∥2r+2,∞h
2r+2.

Here

∥Kψ∥2r+2,∞ = max
0≤i≤2r+2

∥∥∥(Kψ)(i)∥∥∥
∞
.

From inequalities (4.5.1)-(4.5.3), it follows that the bounds
∥∥(Kψ)(i)∥∥∞ are independent

of h for i = 0, 1, . . . , 2r + 2. Therefore,

∥(I − Qn)K(I − Qn)Kψ∥∞ = O
(
h2r+2

)
. (4.5.15)

In case, r = 0, using (4.3.6), we have

∥(I − Qn)K(I − Qn)Kψ∥∞ ≤ C3

∥∥(K(I − Qn)Kψ)′
∥∥
∞h.

It follows from Chatelin-Lebbar [22, Theorem 15],∥∥(K(I − Qn)Kψ)′
∥∥
∞ = O

(
h2
)

Therefore, from above two estimates, we have

∥(I − Qn)K(I − Qn)Kψ∥∞ = O
(
h3
)
.

The above bound with (4.5.15) gives the the first estimate of the required results.

Now, consider the other bound as∥∥K(K −KM
n )K|R(E)

∥∥ = sup
ψ∈R(E)

{
∥K(I − Qn)K(I − Qn)Kψ∥∞ : ∥ψ∥∞ = 1

}
.

For r ≥ 1, we estimate

∥K(I − Qn)K(I − Qn)Kψ∥∞ ≤ ∥K(I − Qn)K∥∥(I − Qn)Kψ∥∞.
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Since K is bounded linear operator, then

∥K(I − Qn)Kx∥∞ ≤ ∥K∥∥(I − Qn)Kx∥∞
≤ ∥K∥C3∥(Kx)′′∥∞h

2

≤ C3C8∥K∥∥x∥∞h
2.

Taking the supremum over all ∥x∥∞ = 1, we conclude that

∥K(I − Qn)K∥ = O
(
h2
)
.

Let ψ ∈ C2r+2[0, 1] ⊂ C2r+1[0, 1]. Then Kψ ∈ C2r+1[0, 1], and by applying estimate (4.3.6)

together with the above bounds, we obtain

∥K(I − Qn)K(I − Qn)Kψ∥∞ ≤ ∥K(I − Qn)K∥∥(I − Qn)Kψ∥∞ = O
(
h2r+3

)
.

In case, r = 0, let ψ ∈ C2[0, 1], which implies Kψ ∈ C2[0, 1]. Then, by Kulkarni-Nidhin

[57, Proposition 3.7], we obtain

∥K(I − Qn)K(I − Qn)Kψ∥∞ = O
(
h4
)
.

The above two bounds establish the second estimate of the required results, and complete

the proof.

By combining (4.3.7)-(4.3.9) with Lemma 4.5.3, we obtain the following orders of con-

vergence for the approximation of eigenvalues and spectral subspaces using the collocation

and iterated collocation methods.

Theorem 43. Suppose λ is a simple eigenvalue of K, and let λCn be the eigenvalue of

QnK converging to λ. Let ψn ∈ R(En) be a collocation eigenfunction, and let ψSn denote

the corresponding iterated collocation eigenfunction. Then, for all n large enough

∥ψn − Eψn∥∞ = O
(
h2r+1

)
,
∥∥ψSn − EψSn

∥∥
∞ = O

(
h2r+2

)
,

and

|λ− λCn | = O
(
h2r+2

)
.

Similarly, by combining (4.3.10)-(4.3.12) with Lemma 4.5.4, we obtain the following

orders of convergence for the modified and iterated modified collocation methods.
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Theorem 44. Suppose λ is a simple eigenvalue of K, and let λMn be the eigenvalue of

KM
n converging to λ. Let ψMn ∈ R(EM

n ) be a modified collocation eigenfunction, and let

ψ̃Mn denote the corresponding iterated modified collocation eigenfunction. Then, for all n

large enough ∥∥ψMn − EψMn
∥∥
∞ =

O(h2r+2) for r ≥ 1,

O(h3) for r = 0,

∥∥∥ψ̃Mn − Eψ̃Mn

∥∥∥
∞

=

O(h2r+3) for r ≥ 1,

O(h4) for r = 0,

and

|λ− λMn | =

O(h2r+3) for r ≥ 1,

O(h4) for r = 0.

The above results show that a single iteration improves the convergence rate of both

the standard and modified collocation methods in the approximation of eigenfunctions.

For r ≥ 1, the modified method achieves higher-order convergence than the standard

collocation method for both eigenvalues and spectral subspaces. Even in the lowest-order

case r = 0, the modified collocation variants provide substantial improvements.

4.6 Numerical Results

In this section, we present numerical experiments to illustrate and validate the theoretical

convergence results established in the previous sections. Numerical results are reported

for operators with both smooth kernels and Green’s function-type kernels.

Let Xn denote the space of piecewise constant functions associated with the uniform

partition of the interval [0, 1] given by

0 = t0 < t1 < · · · < tn = 1, tj =
j

n
, j = 0, 1, . . . , n.

Throughout the numerical experiments, the experimental order of convergence is com-

puted using the standard formula

δ =
log(en/e2n)

log 2
,

where en denotes the numerical error obtained using n subintervals.

Orthogonal Projection. Let Pn : L2[0, 1] → Xn be the orthogonal projection onto

the subspace of piecewise constants functions. We denote by λGn and λMG
n the eigenvalue
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approximations obtained from the Galerkin and modified Galerkin methods, respectively.

The corresponding convergence rates are denoted by δ̂G and δ̂MG.

Interpolatory Projection. Let Qn : C[0, 1] → Xn denote the interpolatory projection

defined by

(Qnx)(τj) = x(τj), j = 1, 2, . . . , n,

where the collocation points {τj} are chosen as the midpoints of the subintervals:

τj =
2j − 1

2n
, j = 1, 2, . . . , n.

We denote by λCn and λMC
n the eigenvalue approximations obtained using the colloca-

tion and modified collocation methods, respectively, with δ̂C and δ̂MC representing their

respective orders of convergence.

Smooth Kernel

We first consider the integral operator K defined by the smooth kernel

κ(s, t) = est, s, t ∈ [0, 1],

with the operator action defined as:

(Kx)(s) =
∫ 1

0

estx(t) dt, s ∈ [0, 1].

The eigenvalues of K are known to be simple; specifically, the largest eigenvalue is λ =

1.3530301647457353. Numerical comparisons between standard and modified versions of

both Galerkin and Collocation methods are provided in Tables 4.6.1 and 4.6.2.

Table 4.6.1: Eigenvalue errors in variants of Galerkin methods for the smooth kernel.

n |λ− λGn | δ̂G |λ− λMG
n | δ̂MG

2 9.69× 10−3 – 2.68× 10−4 –

4 2.49× 10−3 1.96 1.76× 10−5 3.93

8 6.26× 10−4 1.99 1.12× 10−6 3.98

16 1.57× 10−4 2.00 7.01× 10−8 4.00

32 3.92× 10−5 2.00 4.38× 10−9 4.00

64 9.81× 10−6 2.00 2.74× 10−10 4.00

The results demonstrate that the standard projection method achieves second-order

convergence, while the modified projection method attains fourth-order superconvergence.
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Table 4.6.2: Eigenvalue errors in variants of collocation methods for the smooth kernel.

n |λ− λCn | δ̂C |λ− λMC
n | δ̂MC

2 2.08× 10−2 – 6.25× 10−4 –

4 5.47× 10−3 1.93 4.20× 10−5 3.90

8 1.39× 10−3 1.98 2.67× 10−6 3.97

16 3.48× 10−4 2.00 1.68× 10−7 3.99

32 8.70× 10−5 2.00 1.05× 10−8 4.00

64 2.18× 10−5 2.00 6.56× 10−10 4.00

The orders of convergence for the correponding eigenfunctions can be found in numerical

results section of Kulkarni [49, 52] and Long et al. [60]. The results confirm the modified

method’s superior accuracy, matching theoretical predictions exactly.

Green’s Kernel

We now consider the compact integral operator K defined by

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt,

with the Green’s function-type kernel κ is given by

κ(s, t) =


t(1− s), 0 ≤ t ≤ s ≤ 1,

s(1− t), 0 ≤ s ≤ t ≤ 1.

The kernel κ ∈ C(Ω), and it is well known that all eigenvalues of K are simple. The

largest eigenvalue is given explicitly by λ =
1

π2
, with the corresponding eigenfunction

φ(s) = sin(πs).

Galerkin methods and variants: Using the orthogonal projection Pn : L2[0, 1] →
Xn, Table 4.6.3 shows the eigenvalue errors. The errors in the approximation of the

largest eigenvalue, alongside their corresponding convergence rates, are summarized in

Table 4.6.3. The results demonstrate that the standard Galerkin method yields second-

order convergence, whereas the modified Galerkin method exhibits a significantly en-

hanced fourth-order rate.

The accuracy of the corresponding eigenfunction approximations is examined next. Ta-

ble 4.6.4 presents the errors measured in the supremum norm, where the error is computed

in terms of the gap between the exact spectral subspace and its numerical approxima-

tion. The results demonstrate that the Galerkin method exhibits first-order convergence
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of eigenfunctions. The iterated Galerkin and modified Galerkin methods improve the

rate to second and third order, respectively. In particular, the iterated modified Galerkin

method achieves fourth-order convergence. These results numerically validate the super-

convergence effects predicted by the theoretical analysis.

Table 4.6.3: Eigenvalue errors in variants of Galerkin methods for Green’s kernel.

n |λ− λGn | δ̂G |λ− λMn | δ̂MG

2 1.80× 10−2 3.75× 10−3

4 5.04× 10−3 1.83 2.95× 10−4 3.67

8 1.29× 10−3 1.96 1.96× 10−5 3.91

16 3.25× 10−4 1.99 1.25× 10−6 3.97

32 8.13× 10−5 2.00 8.06× 10−8 3.96

64 2.03× 10−5 2.00 4.91× 10−9 4.04

Table 4.6.4: Eigenfunction errors in variants of Galerkin methods for Green’s kernel.

n ∥ψGn − EψGn ∥∞ δG ∥ψSn − EψSn∥∞ δIG ∥ψMn − EψMn ∥∞ δMG ∥ψ̃Mn − Eψ̃Mn ∥∞ δIMG

2 6.23× 10−1 2.34× 10−2 1.11× 10−2 3.02× 10−4

4 3.71× 10−1 0.75 5.81× 10−3 2.01 1.87× 10−3 2.56 1.83× 10−5 4.04

8 1.94× 10−1 0.94 1.45× 10−3 2.00 2.50× 10−4 2.90 9.57× 10−7 4.26

16 9.78× 10−2 0.98 3.62× 10−4 2.00 3.18× 10−5 2.98 6.03× 10−8 3.99

32 4.90× 10−2 1.00 9.06× 10−5 2.00 3.99× 10−6 2.99 3.78× 10−9 4.00

64 2.45× 10−2 1.00 2.26× 10−5 2.00 4.99× 10−7 3.00 2.36× 10−10 4.00

Collocation methods and variants: Similar behaviour is observed for interpolatory

projections at midpoints onto the approximating spaces of piecewise constant functions.

The corresponding eigenvalue errors and experimental convergence rates are reported in

Table 4.6.5. The numerical results confirm second-order convergence for the collocation

method and fourth-order convergence for the modified collocation method.

Finally, Table 4.6.6 reports the errors for eigenfunction approximations obtained using

collocation-based methods. The results demonstrate that the modified and iterated mod-

ified collocation methods significantly improve the convergence rate, as iterated modified

collocation eigenfunction achieves the highest fourth-order accuracy.

Overall, the numerical experiments strongly support the theoretical analysis and high-

light the superior performance of the modified projection-based methods across different

kernel types.
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Table 4.6.5: Eigenvalue errors in variants of collocation methods for Green’s kernel.

n |λ− λCn | δ̂C |λ− λMn | δ̂MC

4 2.44× 10−3 6.60× 10−4

8 6.41× 10−4 1.93 4.07× 10−5 4.02

16 1.62× 10−4 1.98 2.54× 10−6 4.00

32 4.07× 10−5 2.00 1.59× 10−7 4.00

64 1.02× 10−5 2.00 9.93× 10−9 4.00

128 2.54× 10−6 2.00 6.21× 10−10 4.00

Table 4.6.6: Eigenfunction errors in variants of collocation methods for Green’s kernel.

n ∥ψCn − EψCn ∥∞ δC ∥ψSn − EψSn∥∞ δIC ∥ψMn − EψMn ∥∞ δMC ∥ψ̃Mn − Eψ̃Mn ∥∞ δIMC

4 4.14× 10−1 7.59× 10−2 1.07× 10−3 9.31× 10−5

8 1.99× 10−1 1.06 1.91× 10−2 1.99 1.37× 10−4 2.96 5.70× 10−6 4.03

16 9.85× 10−2 1.01 4.81× 10−3 1.99 1.73× 10−5 2.99 3.49× 10−7 4.03

32 4.91× 10−2 1.00 1.18× 10−3 2.02 2.16× 10−6 3.00 1.54× 10−8 4.50

64 2.45× 10−2 1.00 2.97× 10−4 2.00 2.70× 10−7 3.00 1.51× 10−9 3.36

128 1.23× 10−2 1.00 7.41× 10−5 2.00 3.37× 10−8 3.00 9.43× 10−11 4.00

4.7 Conclusion

In this chapter, we have investigated the convergence behaviour of projection-based ap-

proximations for eigenvalue problems associated with compact integral operators having

Green’s kernels. Both classical and modified projection methods were analyzed in a

unified framework. We established explicit convergence rates for the approximate eigen-

values and the corresponding spectral subspaces in the supremum-norm. Our analysis

shows that the modified (iterated) projection method produces higher-order convergence

of eigenvalues compared to the classical projection method. In particular, the supercon-

vergence phenomenon arising from iteration significantly improves the approximation of

spectral subspaces. This enhancement persists even when the underlying Green’s kernel

lacks smoothness along the diagonal, thereby extending the scope of earlier results that

were primarily restricted to smooth kernels. The theoretical findings are supported by

numerical experiments, which confirm that the iterated method achieves higher accuracy

with a computational effort. Consequently, the modified projection approach provides an

efficient and reliable framework for eigenvalue computations involving Green’s kernels.





Chapter 5

Summary and Future Scope

Let the uniform partition of [0, 1] into n equal parts,

0 = t0 < t1 < · · · < tn = 1, tj =
j

n
, j = 0, 1, . . . , n,

with subintervals ∆j = [ tj−1, tj ], j = 1, 2, . . . , n. For a non-negative integer r, define

the finite-dimensional approximating space

Xn =
{
x ∈ L∞[0, 1] : x|∆j

is a polynomial of degree ≤ 2r, j = 1, 2, . . . , n
}
.

Thus, Xn denotes the space of piecewise polynomials of even degree ≤ 2r, with dimXn =

n(2r + 1) and Xn ⊂ L∞[0, 1]. We consider the orthogonal projection Pn and the inter-

polatory projection Qn mapping into Xn. For Qn, on each subinterval ∆j = [tj−1, tj] we

choose 2r + 1 equidistant interpolation points given by

τ ij = tj−1 +
ih

2r
, i = 0, 1, . . . , 2r, r ≥ 1, and τj =

tj−1 + tj
2

, r = 0.

These collocation points are equidistant on each subinterval and are not required to be

Gauss points.

1. Let X = C[0, 1], and consider the Fredholm integral operator K : X → X defined

by

(Kx)(s) =
∫ 1

0

κ(s, t)x(t) dt, s ∈ [0, 1], x ∈ X ,

where κ : Ω → R is a given continuous kernel function and Ω = [0, 1] × [0, 1]. We

are interested in the numerical approximation of the Fredholm integral equation of

the second kind

x−Kx = f, f ∈ X ,

171
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which is assumed to admit a unique solution φ. Let Qn : C[0, 1] → Xn denote the

interpolatory projection operator. The following projection-based approximation

methods are considered.

Collocation method.

φCn −QnKφCn = Qnf.

Iterated collocation method.

φSn = KφCn + f.

The modified collocation operator KM
n is defined by

KM
n = QnK +KQn −QnKQn.

Modified collocation method.

φMn −KM
n φ

M
n = f.

Iterated modified collocation method.

φ̃Mn = KφMn + f.

Smooth kernel case. Assume that the kernel κ of the Fredholm integral operator is

smooth, with κ ∈ C2r+2(Ω), and that f ∈ C2r+2[0, 1]. Under these assumptions, the

collocation solution and its variants satisfy the following convergence estimates:∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,

∥∥φ− φSn
∥∥
∞ = O

(
h2r+2

)
,∥∥φ− φMn

∥∥
∞ = O

(
h4r+3

)
,

∥∥φ− φ̃Mn
∥∥
∞ = O

(
h4r+4

)
.

Green’s function kernel case. Assume that the kernel κ of the Fredholm integral

operator is of Green’s function type, satisfying κ ∈ C(Ω), κ ∈ Cα(Ω1) ∩ Cα(Ω2),

indicates piecewise Cα regularity with possible jumps across s = t for an integer

α ≥ 0, where Ω1 = {0 ≤ t ≤ s ≤ 1}, Ω2 = {0 ≤ s ≤ t ≤ 1}. Assume further

that the right-hand side f ∈ C2r+2[0, 1]. Under these assumptions, the following

estimates hold:∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,

∥∥φ− φSn
∥∥
∞ = O

(
h2r+2

)
,

∥∥φ− φMn
∥∥
∞ =


O(h3) , r = 0,

O(h2r+2) , r ≥ 1,

∥∥φ− φ̃Mn
∥∥
∞ =


O(h4) , r = 0,

O(h2r+3) , r ≥ 1.

The results for Green’s kernels are reported in Rakshit-Shukla-Rane [72] and incor-

porated in Chapter 2 of this thesis.
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2. Let X = L∞[0, 1], and consider the Urysohn integral operator K : X → C[0, 1]
defined by

K(x)(s) =

∫ 1

0

κ(s, t, x(t)) dt, s ∈ [0, 1], x ∈ X ,

where κ : Ω× R → R is a continuous function. We are interested in the numerical

approximation of the nonlinear integral equation

x−K(x) = f, f ∈ X .

We assume that the above equation admits a unique solution φ. Let Qn : C[0, 1] →
Xn denote the interpolatory projection operator. The following projection-based

approximation methods are considered.

Collocation method.

φCn −QnK(φCn ) = Qnf.

Iterated collocation method.

φSn = K(φCn ) + f.

The modified collocation operator KM
n is defined by

KM
n (x) = QnK(x) +K(Qnx)−QnK(Qnx).

Modified collocation method.

φMn −KM
n (φMn ) = f.

Iterated modified collocation method.

φ̃Mn = K(φMn ) + f.

Smooth kernel case. Assume that the smooth kernel κ of the Urysohn integral

operator satisfies κ,
∂κ

∂u
∈ C2r+1(Ω × R),

∂2κ

∂u2
∈ C2r+2(Ω × R), and that f ∈

C2r+2[0, 1]. Under these smoothness assumptions, the collocation solution and their

variants satisfy the following error estimates:∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,

∥∥φ− φSn
∥∥
∞ = O

(
h2r+2

)
,∥∥φ− φMn

∥∥
∞ = O

(
h4r+3

)
,

∥∥φ− φ̃Mn
∥∥
∞ = O

(
h4r+4

)
.
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Green’s function kernel case. Assume that the Green’s kernel κ of the Urysohn

integral operator satisfies

κ,
∂iκ

∂ui
∈ C(Ω× R), i = 1, 2, 3, 4,

and that
∂κ

∂u
,
∂2κ

∂u2
∈ Cα(Ω1 × R) ∩ Cα(Ω2 × R), Ω = Ω1 ∪ Ω2,

with possible jump discontinuities across the diagonal s = t. Moreover, assume that

f ∈ C2r+2[0, 1]. Under these smoothness assumptions, the methods of approxima-

tions satisfy the error estimates∥∥φ− φCn
∥∥
∞ = O

(
h2r+1

)
,

∥∥φ− φSn
∥∥
∞ = O

(
h2r+2

)
,

∥∥φ− φMn
∥∥
∞ =


O(h3) , r = 0,

O(h2r+2) , r ≥ 1,

∥∥φ− φ̃Mn
∥∥
∞ =


O(h4) , r = 0,

O(h2r+3) , r ≥ 1.

The above results have been published in Shukla-Rakshit [81] and are presented in

detail in Chapter 3.

3. In addition to the integral equation of the second kind, we consider the eigenvalue

problem associated with a compact Fredholm integral operator K defined on X =

L2[0, 1] or C[0, 1]. Let κ be a real-valued continuous function on Ω = [0, 1] × [0, 1],

and let K : X → X denote the corresponding compact linear integral operator. We

seek λ ∈ C \ {0} and 0 ̸= ψ ∈ X such that

Kψ = λψ.

Our objective is to construct approximate eigenpairs (λn, ψn) converging to (λ, ψ).

Let πn : X → Xn be a projection (either orthogonal or interpolatory) operator. The

classical projection method replaces K by πnK, leading to

πnKψn = λnψn, ψn ∈ Xn, ∥ψn∥∞ = 1.

A one-step refinement defines the iterated eigenvector

ψSn =
1

λn
Kψn.

In the modified projection method, the operator K is replaced by

KM
n = πnK +Kπn − πnKπn,
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leading to the modified eigenvalue problem

KM
n ψ

M
n = λMn ψ

M
n , ψMn ∈ X ,

∥∥ψMn ∥∥∞ = 1,

with the associated iterated modified eigenvector

ψ̃Mn =
1

λMn
KψMn .

Let λ be an isolated eigenvalue of K with finite algebraic multiplicity m, and let

E denote the corresponding spectral projection. Let En and EM
n be the spectral

projections of πnK and KM
n , respectively, associated with eigenvalues enclosed by a

simple closed contour Γ containing λ. Denote by λ̂n and λ̂Mn the arithmetic means

of the m eigenvalues of πnK and KM
n inside Γ.

The convergence results for the approximation of a simple eigenvalue λ and the

associated spectral subspaces using both orthogonal and interpolatory projection

methods are summarized below.

Orthogonal Projection. Let πn = Pn : C[0, 1] → Xn denote the orthogonal

projection operator.

Smooth kernel case. Assume that the kernel κ of the compact Fredholm integral

operator K is smooth, with κ ∈ C2r+2(Ω). Then the approximations of eigenvalues

and associated eigenspaces, measured in the gap metric, satisfy

∥ψn − Eψn∥∞ = O
(
h2r+1

)
, ∥ψSn − EψSn∥∞ = O

(
h4r+2

)
, |λ− λGn | = O

(
h4r+2

)
,

∥ψMn −EψMn ∥∞ = O
(
h6r+3

)
, ∥ψ̃Mn −Eψ̃Mn ∥∞ = O

(
h8r+4

)
, |λ−λMn | = O

(
h8r+4

)
.

Green’s function kernel case. Assume that κ is of Green’s function type, with

piecewise Cα regularity on Ω1 and Ω2 for some integer α ≥ 0, and with possible

jump discontinuities across the diagonal s = t. Then the following convergence

estimates hold:

∥ψn − Eψn∥∞ = O
(
h2r+1

)
, ∥ψSn − EψSn∥∞ = O

(
h2r+3

)
, |λ− λGn | = O

(
h2r+3

)
,

∥ψMn − EψMn ∥∞ =


O(h3) , r = 0,

O(h2r+3) , r ≥ 1,
∥ψ̃Mn − Eψ̃Mn ∥∞ =


O(h4) , r = 0,

O(h2r+5) , r ≥ 1,
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|λ− λMn | =


O(h4) , r = 0,

O(h2r+5) , r ≥ 1.

Interpolatory Projection. Let πn = Qn : C[0, 1] → Xn denote the interpolatory

projection operator.

Smooth kernel case. Suppose that the kernel κ of the compact Fredholm integral

operator K is smooth, with κ ∈ C2r+2(Ω). Then the approximations of eigenvalues

and the associated eigenspaces, measured in the gap metric, satisfy the following

convergence rates:

∥ψn − Eψn∥∞ = O
(
h2r+1

)
, ∥ψSn − EψSn∥∞ = O

(
h2r+2

)
, |λ− λCn | = O

(
h2r+2

)
,

∥ψMn −EψMn ∥∞ = O
(
h4r+3

)
, ∥ψ̃Mn −Eψ̃Mn ∥∞ = O

(
h4r+4

)
, |λ−λMn | = O

(
h4r+4

)
.

Green’s function kernel case. Assume that κ is of Green’s function type, with

piecewise Cα regularity on Ω1 and Ω2 for an integer α ≥ 0, and with possible

jump discontinuities across the diagonal s = t. Then the approximations of the

eigenelements satisfy

∥ψn − Eψn∥∞ = O
(
h2r+1

)
, ∥ψSn − EψSn∥∞ = O

(
h2r+2

)
, |λ− λCn | = O

(
h2r+2

)
,

∥ψMn − EψMn ∥∞ =


O(h3) , r = 0,

O(h2r+2) , r ≥ 1,
∥ψ̃Mn − Eψ̃Mn ∥∞ =


O(h4) , r = 0,

O(h2r+3) , r ≥ 1,

|λ− λMn | =


O(h4) , r = 0,

O(h2r+3) , r ≥ 1.

These results follow from the collectively compact convergence of the finite-rank

projection operators and the spectral approximation theory for compact operators

presented in Chapter 4. The corresponding results for Green’s kernels are reported

in Shukla-Rakshit-Rane [82].

Limitations of the Present Work

Although the present thesis establishes higher–order convergence results for collocation,

iterated, and modified projection methods for linear Fredholm, nonlinear Urysohn, and
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associated eigenvalue problems, the analysis is confined to compact integral operators

defined on one-dimensional domains under uniform partitions. The theoretical estimates

rely on suitable smoothness or piecewise smoothness assumptions on the kernels (in-

cluding Green’s function type kernels with controlled jump discontinuities across the di-

agonal), and therefore operators with stronger singularities, weakly singular kernels of

non-integrable type, or problems posed on irregular geometries are not covered. The

approximation spaces considered consist of piecewise polynomials of even degree on uni-

form meshes; adaptive discretizations, non-uniform partitions, spline or wavelet-based

approximation spaces, and higher-dimensional domains have not been investigated. In

the eigenvalue analysis, the projection-based convergence results are derived under the as-

sumption of isolated simple eigenvalues; the treatment of multiple or clustered eigenvalues

are not included here. Future research may focus on extending the proposed projection-

based framework to weakly singular kernels, adaptive discretizations, higher-dimensional

domains, and multiple eigenvalue problems.

Future Scope of Research

The projection-based methods developed in this thesis establish a rigorous continuous

framework for high-order and superconvergent approximations of Fredholm and Urysohn

integral equations and the associated eigenvalue problems. Since practical computation

requires the use of numerical quadrature, a natural and important direction for future

research is the development of fully discrete projection-based methods. Discrete projection

methods are particularly attractive because they can preserve the convergence orders

predicted by the continuous theory while significantly reducing computational complexity.

See Kulkarni-Rakshit [54, 55]. Unlike classical Nyström methods, which often require very

fine quadrature meshes and large matrix systems, discrete iterated modified projection

methods have the potential to achieve comparable or higher accuracy using substantially

smaller systems. The following research directions are of particular interest:

• Development and analysis of fully discrete modified projection and iterated modified

projection methods, incorporating suitable quadrature rules and preserving the con-

vergence and superconvergence orders of the continuous theory for integral equations

and associated eigenvalue problems, with special emphasis on non-smooth kernels

of Green’s function type using interpolatory projections.

• Extension of projection-based methods to singular and weakly singular integral equa-
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tions. In particular, motivated by the one-dimensional Fredholm and Urysohn inte-

gral equations with smooth and Green’s function type kernels studied in this thesis,

we plan to investigate linear weakly singular integral equations and to develop two-

grid methods based on discrete modified projection operators, combined with product

integration techniques and rigorous error analysis.

• Construction of asymptotic series expansions for iterated projection solutions of

operator equations and eigenvalue problems to obtain further acceleration of con-

vergence.

• Application of projection-based methods to boundary integral equations arising from

Dirichlet problems for Laplace’s equation on polygonal domains and to integral

equations defined on surfaces.
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