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Abstract

Integral equations play a central role in applied mathematics, modeling numerous prob-
lems arising in physics and engineering. This research is devoted to the numerical ap-
proximation of integral equations of the second kind, where the integral operator K may
be linear (Fredholm) or nonlinear (Urysohn), as well as to the associated eigenvalue prob-
lems for compact linear integral operators. Since analytical solutions are rarely available,
the operator K is approximated by a finite-rank operator IC,,, reducing the integral equa-
tion to a finite system of linear or nonlinear equations and transforming the eigenvalue
problem into a matrix eigenvalue problem. Such problems can be efficiently treated using
computational methods. Two principal approaches for constructing KC,, are quadrature-
based approximations (Nystrom methods) and projection-based methods. The latter
include Galerkin, collocation, and their modified variants, whose convergence and error

behaviour are analyzed using tools from functional analysis.

This thesis investigates projection-based numerical methods for integral equations of
the second kind and the associated eigenvalue problems for compact integral operators.
Both linear Fredholm integral equations and nonlinear Urysohn integral equations are
considered. Finite-dimensional approximation spaces consisting of piecewise polynomials
of even degree are employed, together with interpolatory projections based on equidis-
tant collocation points (not necessarily Gauss points), to construct classical, iterated,
and modified projection methods. The corresponding eigenvalue problem for compact
linear operators is analyzed using both orthogonal and interpolatory projection methods.
Convergence rates are established for smooth kernels as well as for Green’s function type
kernels lacks smoothness along the diagonal. The modified projection method is shown
to yield significantly higher accuracy while preserving the size of the resulting algebraic
system, with only a marginal increase in computational effort. The theoretical findings
are validated through numerical experiments that confirm the predicted orders of conver-

gence.
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Chapter 1
Introduction

The study of integral equations plays a central role in both pure and applied mathematics,
providing a versatile framework for modeling and analyzing a wide range of problems
arising in physics, engineering, and other scientific disciplines. Such equations frequently
appear in the mathematical formulation of phenomena including heat conduction, wave
propagation, potential theory, elasticity, and fluid dynamics, often as reformulations of
boundary value problems for differential equations. A substantial literature exists on
both the theoretical foundations and practical applications of integral equations. Among
the classical references in the literature, we particularly highlight the contributions of
Atkinson [13], Hackbusch [35], Hochstadt [37], Kress [46], Mikhlin [61], Pogorzelski [69],
Schmeidler [79], Widom [92], and Zabreyko et al. [94], along with the references cited

therein.

Among the various classes of integral equations, Fredholm integral equations of the
second kind have received particular attention due to their well-posedness, in the sense
that they admit a unique solution which depends continuously on the given data, together
with their favourable analytical properties and stable numerical behaviour. In addition
to their role in solving boundary value problems, these equations naturally give rise to
eigenvalue problems associated with compact integral operators, which are fundamental in
stability analysis, resonance phenomena, and vibration problems. The accurate numerical
approximation of eigenvalues and eigenfunctions is therefore of significant importance in
many applications. Beyond linear models, several practical problems lead to nonlinear
integral equations, most notably Urysohn and Hammerstein equations, which arise in
areas such as nonlinear boundary value problems, population dynamics, fluid flow, and

nonlinear potential theory.
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In many practical situations, obtaining exact solutions to integral equations or their
associated eigenvalue problems is extremely difficult or rarely attainable. Therefore,
numerical methods play a crucial role by providing approximate solutions that can be
computed efficiently and refined to the desired level of accuracy. A common numerical
strategy is to replace the original infinite-dimensional problem by a finite-dimensional
one that can be solved using computational tools such as MATLAB, Python, and re-
lated software. Projection-based methods are widely employed for this purpose, including
Galerkin methods, collocation methods, and their iterated and modified variants. These
approaches project the problem onto suitable finite-dimensional subspaces, leading to sys-
tems of algebraic equations while preserving essential properties of the original operator,

including spectral features in the case of eigenvalue problems.

The effectiveness of projection methods strongly depends on the choice of basis func-
tions and projection operators. Appropriate choices can significantly improve convergence
rates and numerical accuracy, whereas unsuitable selections may result in slow conver-
gence. Interpolatory projection methods are particularly appealing due to their simplicity
and practical efficiency. The development and analysis of accurate and efficient numeri-
cal methods for integral equations and their eigenvalue problems remain active areas of
research. In this thesis, we investigate projection-based numerical methods for Fredholm
and Urysohn integral equations of the second kind, as well as the associated eigenvalue
problems. Both theoretical convergence analysis and numerical experiments are presented

to demonstrate the effectiveness and reliability of the proposed approaches.

1.1 General Introduction

Let X = £°°]0, 1] denote the Banach space of all equivalence classes of essentially bounded
measurable functions on [0, 1], equipped with the supremum norm. Let Q x R = [0, 1] x
[0,1] x R, and let x : © x R — R be a continuous function. Denote by C[0, 1] the Banach
space of all real-valued continuous functions on [0, 1], endowed with the supremum norm.
We define the nonlinear integral operator K : £>°[0, 1] — C[0, 1] by

K(z)(s) = /0 K(s,t,z(t))dt, se€[0,1], ze€X.

Such an operator is referred to as a Urysohn integral operator. Since the kernel k is con-
tinuous, the operator K is compact. For a given function f, we consider the corresponding

Urysohn integral equation of the second kind

r—K(x)=f. (1.1.1)
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A widely studied subclass of (1.1.1) is the Hammerstein integral equation, which
arises when the kernel admits the separable form k(s,t,u) = k(s,t)g(t,u). In this case,

the equation becomes

ﬂg—Am@wﬂmmnﬁ:ﬂg,semm

Such equations frequently appear in the reformulation of boundary value problems for
ordinary and partial differential equations, where k(s,t) typically represents a Green’s

function; see, for example, [45, 93].

Another important special case is the Fredholm integral equation of the second kind,
obtained when the kernel « is independent of the unknown function z, that is, x(s, t, z(t)) =

k(s,t). In this case, the equation reduces to

a$—Am@nﬂwﬁ:ﬂg,semm

where k : 2 — R is a given continuous kernel. The associated linear Fredholm integral

operator is defined by
1
(Kx)(s) = / k(s,t)z(t)dt, se|0,1], zeX. (1.1.2)
0

In this setting, I : X — X is a compact linear operator, and one typically takes X =
C[0, 1], or, £2[0, 1], where £2[0,1] denotes the space of all square-integrable real-valued
functions on [0, 1]. The Fredholm integral equation of the second kind can then be written

in the form

r— Kz = f. (1.1.3)

Equation (1.1.3) plays a fundamental role in the theory of integral equations and arises in
numerous applications, including potential theory, scattering problems, and mathematical

physics.

Closely related to (1.1.3) is the associated eigenvalue problem for the compact linear
operator K given in (1.1.2), which consists of finding 0 # A € C and a nontrivial function
Y € X such that

Kip = M.
Eigenvalue problems of this form are of central importance in stability analysis, vibra-
tion problems, and spectral theory. The compactness of I guarantees that all nonzero
eigenvalues are isolated and have finite multiplicity, making projection-based numerical

methods particularly suitable for their approximation.
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1.2 Preliminaries

Let (X, ]|-]|) be a Banach space and let ) be another Banach space. We consider operators
T defined on subsets D C X and taking values in ), that is, T : D C X — ). Since our
study concerns fixed-point equations in X', the space Y will typically coincide with X.
For the image of x € X under 7 we write T« if T is linear, and 7 () if it is nonlinear.

If T is a linear operator, its operator norm is denoted by || 7| and is defined by
IT) = sup{ | T2 2 € &, o] = 1.
For a sequence of operators {7,} defined on D, we write T,z — Tz if
| 7w — Tx|ly, =0 asn— oo,

The sequence {7,} is said to be pointwise convergent on D if this holds for every z € D.

In the case where 7, and T are linear, we consider norm convergence as
7. —T| —0 asn— oo,

which implies pointwise convergence on all of X'. For nonlinear operators, the appropriate

analogue is uniform convergence on bounded sets.

The Fréchet derivative of an operator T at © € X is the bounded linear operator
T'(x): X — Y satisfying

TG ) = T(@) = Tl

0.
[Ty [ipe

If 7 is linear, then 77'(z) = T for all z, that is, Fréchet derivative of a linear operator is
itself. An operator is continuous at x whenever it is Fréchet differentiable there. It is said

to be continuously Fréchet differentiable at x if

T (y) —T'(x)|]| =0 asy— x.

Denote by BL(X) the space of bounded linear operators on X. For T € BL(X), the
resolvent set of T is defined by

p(T)={2€C: (:Z—-T)"'eBLX)},
where 7 is the identity operator on X'. The spectrum of 7T is

o(T) = C\ p(T).
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Let 21,22 € p(T). Then the first resolvent identity is given as
(211' - T)il — (ZQI - 7—)71 = (22 — Zl>(212 — 7')71(221- — T)il.
Let 71,72 € BL(X) and z € p(T1) N p(Tz). Then the second resolvent identity is

(Z=T)" (L =T)" = (L= T) [T =TT~ )

A set D C X is said to be dense in X if every element of X can be approximated
arbitrarily well by elements of D; that is, for every x € X and every € > 0, there exists

m € D such that |2 — m| < . Equivalently, D is dense in X’ if its closure satisfies D = X'
A set D C X is relatively compact if its closure is compact in X'.

A subset D C CJ0, 1] is said to be equicontinuous at s € [0, 1] if for every £ > 0 there
exists 6 > 0 such that

€01, [s—t|<o = J|x(s)—z(t)<e, VzeD.

A sequence of operators {7,} defined on D C X is called collectively compact if, for
every bounded set B C D, the set {7,(B) : n € N} is relatively compact in X.

A family of operators F on X is called collectively compact if the set
{T(x): TeF, ze€B(0,1)}

is relatively compact in X', where B(0,1) = {z € X' : ||z|| < 1} is a closed unit ball in X'.

Since every bounded subset B of X is contained in a scalar multiple of the closed unit
ball B(0, 1), relative compactness of {7,(B)} for all bounded B is equivalent to relative
compactness of {7, (z) : € B(0,1)}. Hence the sequence version and the family version of
collective compactness describe the same concept. In Banach spaces, relative compactness

is equivalent to total boundedness or sequential compactness

The following fundamental results from functional analysis will be used in the subse-

quent analysis.

Uniform Boundedness Principle (Banach-Steinhaus Theorem). Let X be a Ba-
nach space and ) be a normed linear space. Let {7,} C BL(X,)) be a family of bounded

linear operators such that

sup || Ta|ly, < oo for every v € X
«
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Then the family {7,} is uniformly bounded, i.e.,
sup || 7o < oo.

Arzela-Ascoli Theorem. A subset D C C|0, 1] is relatively compact if and only if it is

uniformly bounded and equicontinuous on [0, 1], that is,
sup |z(], < oo,
xz€D
and for every € > 0 there exists 6 > 0 such that
ls—t|<d = |z(s)—z(t)|<e VxeD.

Hahn-Banach Theorem. Let X be a normed linear space and let M C X be a
subspace. If f : M — R (or C) is a bounded linear functional, then there exists an
extension F': X — R (or C) such that

Flp=f and [[F] =|[f].

Approximating Subspaces and Projection Operators

Let {X,},>1 be a sequence of finite-dimensional subspaces of the Banach space X'. We
say that {X,} is a sequence of approximating spaces if the union Un21 X, is dense in X,

that is,

In our analysis, the spaces &,,, consisting of piecewise polynomial functions of even
degree defined on a uniform partition of [0, 1], form an approximating sequence since
their union is dense in C|0, 1]; accordingly, all approximation and convergence results are
understood with respect to the || - ||oo-norm for functions in C[0, 1], while the spaces &,

are naturally viewed as subspaces of £>[0, 1].

Corresponding to each approximating space X,,, we consider the projection operator

T, : X — X, which is linear and satisfies
m,x=x forall x e X,.
Since 7, is a projection, we have 72 = m,, and hence

|72]| = |lmall  which implies |[|m,|| > 1.
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Thus, associated with the sequence of approximating spaces {X}, },>1, we obtain a corre-

sponding sequence of projections {7, },>1.

Since the union |J, -, &, is dense in X, one expects that m,z — z for every z € X.
This convergence indeed holds for every x belonging to the dense subset Un21 X,,. By the
Principle of Uniform Boundedness, pointwise convergence on all of X is equivalent to the

uniform boundedness of the operator norms {||m,||}.

Proposition 1. Let {m,} be a sequence of projections on a Banach space X. Then the

following statements are equivalent:

1. myx — x for every x € X;

2. sup ||m,|| < oo (equivalently, there exists p > 0 such that ||m,|| < p for all n).

This characterization provides the basic functional-analytic framework underlying the

convergence analysis of the projection-based numerical methods developed in this thesis.

1.3 Linear Integral Equations

Let X = £>[0, 1] and set = [0, 1] x [0,1]. We consider the linear integral operator K
defined by

(ICx)(s):/O ks, ) z(t)dt, se[0,1], ze€xX,

where the kernel k : 0 — R is continuous. Then the integral operator K maps each
function in £2°[0, 1] to a continuous function on [0, 1], and hence defines a bounded linear
operator from £>[0, 1] into C[0, 1]. Moreover, the image of any bounded set under K is
relatively compact by the Arzela-Ascoli theorem. Therefore, £ : X — X is a compact
linear operator, see Atkinson [13]. We are interested in a computable approximate solution

of the following Fredholm integral equation of the second kind
r— Kz =f, (1.3.1)

where 1 is not an eigenvalue of K. Since (Z — K)~! is a bounded linear operator, the

above equation has a unique solution.

A standard technique to solve (1.3.1) approximately is to replace K by a finite-rank
operator. The approximate solution is then obtained by essentially solving a system
of linear equations. We describe below two types of approximation methods, namely,

methods based on projections and a method based on a numerical quadrature formula.
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1. Projection methods, and

2. Nystrom methods.

The projection methods relies on a sequence of continuous finite-rank projection opera-
tors that converge pointwise to the identity operator, which are then used to construct
approximations of the operator XX The methods include the classical Galerkin method
associated with a sequence of orthogonal projections, the collocation method associated
with a sequence of interpolatory projections, as discussed in Atkinson [13]. Sloan [83] first
introduced iteration techniques to improve the Galerkin/collocation approximation and
given iterated versions of the approximate solution. A recent method, called the modified
projection method, proposed by Kulkarni [48], performs better than the classical methods
in some respects. For projection-based methods, one can see [17, 21, 22, 30, 51, 75, 77,
80, 85, 86, 87, 88]. In the Nystrom method, the integral in the definition of K is replaced
by a convergent numerical quadrature formula, see Atkinson [13]. The discrete versions
of the collocation and iterated collocation methods were studied by Joe [38], while the
discrete Galerkin and iterated Galerkin methods were analyzed in [39]. Further devel-
opments and discussions on discrete projection methods for Fredholm integral equations
can be found in [7, 12, 29]. In addition, Kulkarni-Rakshit introduced discrete modified
projection and iterated modified projection methods for Fredholm integral equations and
established rigorous convergence and superconvergence results; see [70]. In this thesis, we

restrict ourselves to the projection methods.

Let the uniform partition of [0, 1] into n equal parts,

O=ty<ti< - <ty=1 t;=2 j=01,...n,
n
with subintervals A; = [¢,_4, t;], j =1,2,...,n. For non-negative integer r, define the

piecewise polynomial approximating space
X, = {x € £[0,1] : 2|, is a polynomial of even degree < 2r,j =1,2,... ,n}

That is, X,, denotes the space of piecewise polynomials of even degree at most 2r with
respect to the above uniform partition. Since on each subinterval A; the restriction
of a function in A&, is a polynomial of degree at most 2r, it is uniquely determined
by 2r 4+ 1 coefficients. As the partition consists of n subintervals and no continuity is
imposed across the partition points, the degrees of freedom on distinct subintervals are

independent. Therefore, the total number of degrees of freedom is n(2r + 1), and hence
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dim &, = n(2r + 1). Let
1 .
h=t;—t;.1=—, forj=12,....n
n

Here, we do not impose continuity at the partition points. Consequently, the space X, is a
subspace of £2[0, 1]. We consider two types of projection operators mapping into X,,. The
first projection, denoted by P,, is defined as the restriction to £>]0, 1] of the orthogonal
projection from £2[0, 1] onto X,,. The second projection, denoted by Q,, : C[0,1] — X, be
the projection map interpolating at 2r+ 1 points in each subinterval of the partition. The
construction and properties of these projection operators are discussed in the following

subsections.

1.3.1 Orthogonal Projection

Let X = £2]0, 1] denote the space of real-valued, square-integrable functions defined on

the interval [0, 1]. The inner product in £2[0,1], denoted by (-, -), is defined as

(x,y) = /0 x(t)y(t)dt, Y,y e L*[0,1].

Forn=0,1,...,2r, let L, represent the Legendre polynomial of degree n defined on the
interval [—1,1]. For each j =1,...,nand n =0,1,...,2r, we define the function v;,(t)

2 2t —t;, —t,_
Uynlt) = Vim () et
2M -

0, otherwise.

as follows:

2
At the point ¢y, we set ¢ ,(ty) = \/;Ln(—l). The supremum norm of ¢;, is given by

Wl = e ) = 2Ll
teftj—1,t;]

For functions f, g € C(4;), we define the inner product on the interval A; as

ng—/lf

J

This inner product is symmetric, i.e., (f,g)a, = (g, f)a,. The supremum norm of f on

A, is defined as
1flla; 00 = max [f(t)].

teftj—1.t5]
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Using this, we can bound the inner product as

It is easy to see that the set {¢;, : j =1,...,n,7 = 0,...,2r} forms an orthonormal
basis for the space X,. Let Py, A, denote the space of polynomials of degree at most 2r

on A;. The orthogonal projection P, ; : C(A;) — Py, 4, is defined by

2r

Prjt = Z(% Win)a;Vin-

n=0

This projection satisfies the following properties:
(Prjz,y)a, = (2, Pnjy)a,, 7372w~ =P, , and P,;P,; =0 fori#j.

Additionally, we have the bound as

2r 2r
2
1Pl a, 00 < D (@ Uin)a, 1¥inllage0 <2 (Z ||Ln||oo> 2] -
n=0 n=0

Thus, an orthogonal projection P, : C[0, 1] — X, is defined as

n
P.x = E P jx.
i=1

By applying the Hahn-Banach extension theorem, following the approach in Atkinson et
al. [8], the projection P, can be extended to the space £>[0,1]. This extended projection
satisfies P2 = P,, and

2r
[Pall < QZ HLnHZO = Ch. (1.3.2)
n=0

If z € C**1(A;), then by Taylor’s theorem we may write

2r
(t —t;-1)"
w(t) = k—ﬂ‘l e® () + R;(t), te A,
k=0

where the remainder term is given by

4. 2r+1
R;(t) = %x(%ﬂ)(&)’ & € (tj-1,t))-

Since (t — t;_1)* is a polynomial of degree k < 2r, and P, ; denotes the orthogonal

projection onto the space of polynomials of degree at most 2r on A;, we have
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It follows immediately that
(T—Pu)t—t;i)"=0 k=0,1,...,2r,
and therefore
(Z —Pnj)z=(Z—-"Pn;)R;.

Taking the uniform norm on A; gives
I(Z = Prj)zlla; oo < 1T = Pujll 1Rl A, oo

Using the elementary estimate | Z — P, ;|| < 1+ ||P, ;|| and the boundedness assumption
H,Pn,jH < 01, we obtain

I(Z = Puj)lla, 00 < 1+ C) [ Rjlla, o

5§90

For t € A; we have |t —t;_1] < h, from which it follows that

P
1R;llA, 00 < @rr 1) [Eas +1)HAj,oo'

Combining the above bounds yields the local estimate

[T = Pus)ally, o, < ColJa@ 0] p2ret,

)HA]',OO

where
1+C,

(2r 4+ 1)!

2 pr—
is a constant independent of the h.

Finally, if z € C*" 1[0, 1], then summing over all subintervals gives the global estimate
I(Z = Pp)al| < Cof|a® 0| 12 (1.3.3)

In fact, let @ > 0 be an integer and define § = min{a, 2r+1}. Then, for any z € C*[0, 1],

the orthogonal projection P,, satisfies

I(Z = Po)all, < Cof| 2P| nP.

Although the projection P, is constructed using the L£2-inner product, the conver-
gence and error analysis are carried out in the supremum (uniform) norm, since uniform
estimates are essential for establishing convergence of the approximate solutions of the

integral equation and the associated eigenvalue problem.
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1.3.2 Interpolatory Projection
We recall the uniform partition of the interval [0, 1],
_ _ _J
O=tg<ti <---<t,=1, t; ==, 7=0,1,...,n,
n

with subintervals A; = [t;_1,t;], j = 1,2,...,n. Define the piecewise polynomial

finite-dimensional approximating space
X, = {:1:' € L£[0,1]: a:‘A, is a polynomial of even degree < 27“}.
J

Since on each subinterval A; we have 2r + 1 coefficients, dim &,, = n (2r + 1). Within

each subinterval A;, choose the 2r 41 equally spaced interpolation points

i th ,
Tj:tj71+2_rztjfl+hgia ZZO,L...,QT’,
where .
i
i = — € 0,1, > 1.
G=5 €] v
In the special case r = 0, we define
tjfl +tj
T = 5

Define the local interpolant Q,, ;z on A; by
Qn,jx(Tj) = [L‘(T;), 1=0,1,...,27.

Combining the local interpolants on each subinterval defines the global interpolatory

operator Q,,: C[0, 1] — X,,. Standard approximation arguments imply that

Q,r — x uniformly on [0,1], Vaz € C[0,1].

If O,z is known to be continuous for the class of functions under consideration, we
choose &, to be the space of continuous piecewise polynomials of even degree < 2r. In

this case, &,, C C[0, 1], and the mapping Q,, : C[0, 1] — &, acts as a projection.

In situations where the interpolant Q,,x is not necessarily continuous, we instead take
X, to be the space of discontinuous piecewise polynomials of even degree < 2r defined
on the same partition. In this setting, X, C £>[0,1], and we extend Q, so that it
becomes a projection Q,, : L>[0, 1] — X,,, which is the situation considered in this thesis;
see Atkinson et al. [8]. Since Q, : C[0,1] — A, is linear and bounded, and CJ0, 1] is
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dense in £°[0, 1], the Hahn-Banach theorem ensures that each bounded linear functional
involved in the definition of Q,, admits an extension to £>[0,1] with the same norm.
Consequently, Q,, possesses a unique bounded linear extension to all of £>°[0, 1], and this
extended operator coincides with the original interpolatory operator on C[0,1]. Thus,

Q,, : L£2[0,1] — A, is a bounded linear projection onto A,.

For each subinterval A;, we define

2r

\I/j<t) = H(t—T;), tEA]‘.

i=0
If z € C[0,1], then by the classical result of Conte-de Boor [24], the local interpolation

error can be expressed in divided difference form as

z(t) — Qnjz(t) = V(1) [7';)7 . T]-QT, t} xr, te, (1.3.4)
where [70,..., 72" t] x denotes the (2r + 1)-th divided difference of z at the indicated
points. Denote the first divided difference of = € C[0,1] at 70 by [7?] z = 2(7?), and the
(2r + 1)-th divided difference of = at the points 7 j e ].2’” by

T 2r—1
0 ——_— K - A L O -
[TJ’ 175 }x - 72r _ 10 :
J j

If z € C**10, 1], then the divided difference reduces to

0 2r (2T+1)('YJ>
[Tj, e T t] T = W, for some v; € (t;_1,t;).
Next, we introduce
2r
Opii(7) = [[(r=¢), Te0.1].
i=0

For ¢t € A;, we can rewrite ¥; in terms of ®9,; as

2r

U,(t) = H(t — 1)

=0

(S a) (e

t—t;_
— CI)27‘+1< h] 1) h2T+1.

Combining (1.3.4) and the above estimate, we obtain the local error estimate

sup| Qn,j ‘ = sup |x(2r+1)(t)| sup |(I)2r+1(7')| h27‘+1'
1€ T+ 1) teh, r€[0,1]
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Hence, if z € C*™1(A;), there exists a constant C3 > 0, independent of h, such that
|z — Q, ;v ||Aj’Oo < Oy H ‘TQTH)HAJ-,OO h2r+17

where o H
Oy — 2r+11l 0o .
ST (2r+ 1)

Consequently, for any x € C**1[0, 1], the global interpolation error satisfies
H T — an Hoo < CB H x(2r+1)Hooh2r+1.

More generally, let & > 0 be an integer and define f = min{a, 2r 4+ 1}. Then, for any
x € C*[0, 1], the following estimate holds:

|z — Qnz|l, < Cng(ﬁ)Hoo hP. (1.3.5)

Properties of the Interpolation Polynomial

Consider the polynomial W;(t) = (t—77)(t—7})--- (t—77"), where 7}, i =0,1,...,2r, are
tj—l + tj
2
denote the midpoint of this interval. The interpolation points are symmetric with respect

the 2r+1 evenly spaced interpolation points in the subinterval [t;_1,t;]. Let ¢ =

to ¢, in the sense that 7'; + sz”’i = 2c¢. Using this symmetry, for any u € [0,c —t;_4] we
write
2r 2r
Ui(c—u) = H((c —u) — T]’) = H((c —7) — u)
i=0 i=0
Replacing the index 7 by 2r — i and using ¢ — 77 = —(c — TJ-QT_i), we obtain
2r
Vi(e—u) = (=) [[((e+u) = 7777) = (=1)* 15 (c+ ).
i=0

Since 2r + 1 is odd, this yields
V(e —u) = =V (c+u),
showing that ¥; is antisymmetric about the midpoint c.
As a direct consequence of this antisymmetry, we have the following observation.

Lemma 1.3.1. Let T;, 1 =0,1,...,2r, be 2r + 1 evenly spaced interpolation points in

the interval [t;_1,t;]. Then the integral of the interpolation polynomial V; over [t;_1,t;]

t
/ U,(s)ds = 0.
t

j—1

vanishes, that is,
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i1+t . : . .
Proof. Let c = % denote the midpoint of the interval [¢t;_;,¢;]. Since the interpo-
lation points are evenly spaced, the midpoint ¢ coincides with one of the nodes, namely

7; = c¢. From the antisymmetry property established earlier, we have

Ui(c+u)=—V(c—u) foraluel|0,c—t;_q].

We split the integral at the midpoint ¢ and perform a change of variables:

tj c tj
/ . (s) ds :/ W, (s) ds+/ W, (s) ds
ti1 tj—1 c
c—tj1 tj—c
:/ \I/j(c—u)du+/ VU,(c+ u) du.
0 0

Since ¢ —tj_1 = t; — ¢, and using the antisymmetry of ¥;, the second integral becomes

c—tj—1 c—tj—1
/ \I/j(c—l—u)du:—/ U, (c —u)du.
0 0

Hence, the two integrals cancel each other, yielding

This completes the proof. [

This property plays a fundamental role in the subsequent error analysis of the interpo-
latory projection. In the classical interpolatory projection setting, superconvergence is
obtained when Gauss points (i.e., the zeros of the Legendre polynomial) are used as col-
location points. The present work shows that a similar improvement can also be achieved
using uniformly distributed collocation points, provided the polynomial degree is even.
Indeed, for polynomial spaces of degree at most 2r, there are 2r + 1 uniformly distributed
interpolation nodes on each subinterval. Since the number of interpolation nodes is odd,
the midpoint of each subinterval is itself an interpolation node, resulting in a symmetric

node distribution. Thus, the nodal interpolation polynomial W, (¢) is antisymmetric about

/tj () dt =0,

tj—1

the midpoint and satisfies

This cancellation eliminates the leading-order interpolation error, yielding an additional
factor of h in the error estimate and, consequently, the superconvergence of the iterated

and modified projection methods.
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If this symmetry is absent, the cancellation property is lost, and the iterated /modified
methods no longer achieve an improved convergence rate over the corresponding standard
collocation method. This is illustrated in Example 1 of Chapter 2, where the interpolation
point is not located at the midpoint of each subinterval, and

IK(Z = Qe
iZ=ael. 7"

violating the necessary condition for superconvergence. Hence, iteration does not improve

the convergence rate. Similar observations are made in Example 6 of Chapter 3.

Therefore, the restriction to even-degree polynomial spaces is essential, as it guarantees the
symmetry and resulting cancellation property required to obtain the improved convergence

rates established in this work.

1.3.3 Projection Methods

We now present several projection methods and their variants for obtaining approximate
solutions of (1.3.1). For completeness, we also include the corresponding error estimates,
as established in Atkinson [13, Chapter 3] and Kulkarni [48]. These methods are developed
in the context of Fredholm integral equations of the second kind and are based on finite-
dimensional subspace approximations of the underlying operator. The analysis focuses
on the convergence and accuracy of the resulting approximate solutions under suitable

regularity assumptions on the kernel and the right-hand side function.

1. Galerkin and Collocation Methods.
In the Galerkin method, the equation (1.3.1) is approximated by
on — PuKgl = Puf,
whereas in the collocation method, it is approximated by
Py — Ky, = Quf.

Let 7, denote either P, or Q,,, and let ,, denote either % or ¢¢. Since K is compact
and 7, converges pointwise to the identity operator, it follows that ||m, K — K| —
0 asn — oo. Further, since Z — K is invertible, it follows that Z — 7,/ is also

invertible for all sufficiently large n > ng, and

Cy = sup |[(Z — m,K) 7| < o0, (1.3.6)
n>ng
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where 7 denotes the identity operator on X. To derive an error estimate for the

approximation ¢,, let ¢ denote the exact solution of (1.3.1). Then

(Z—=K)p=T.

Applying 7, to both sides, we obtain

(I - 71—n’C)()O = 7Tnf + (90 - 777190)'

Since the approximate solution ¢,, satisfies

(Z — K)o = f,
it follows that
(Z — 1K) (0 — n) = 0 — T,
and hence
0 — on = (T — 1)@ — map).

Taking norms and using estimate (1.3.6), we obtain

le = eallo < [[(Z = ml) |l = Ml < Call(Z = M)l . (1.3.7)

If 7, = P,, the orthogonal projection, or m, = Q,, the interpolatory projection
at 2r + 1 Gauss points on each subinterval of a uniform partition of [0, 1], and if
@ € C?* 10, 1], then

I(Z = m)ellee = O(R*).

If feC*%10,1] and k € C*T1(Q), then ¢ € C*"™1(0, 1], and it follows that

le — @nlloe = O(R ).

Here, the Gauss points are chosen as the zeros of the Legendre polynomial of degree
2r+1 mapped onto each subinterval, which ensures optimal interpolation properties

and leads to the above order of convergence.

2. Iterated Galerkin/Iterated Collocation (Sloan) Methods.

Consider

03 — KmpS = f.
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Since K is compact and 7, converges pointwise to the identity operator, the sequence
of operators {m,} converges to K in a collectively compact fashion. Since Z — K

is invertible, it follows that Z — K, is invertible for n > ng and
Cs = sup |(Z — Kmn) || < 0. (1.3.8)
n>ng
To obtain an error estimate for the approximation ¢, we begin by observing that
p—pn=T-K)7"f~(T-Km)'f.
Applying the second resolvent identity yields
p—pn = (I~ Km) (K = Kmo)(Z - K)7' /.
Since (Z — K)™'f = ¢, taking norms and using estimate (1.3.8), we obtain
|9 = @nll o < C5 IK(Z — 1)l - (1.3.9)

Note that
30;5; = Keon+ f.
Hence once ¢, is computed, o2 is obtained by applying K to ¢,. This method was

proposed by Sloan [83] and 9 is known as iterated Galerkin/iterated collocation

solution.

If 7, =P, or m, = Q,, the interpolatory projection at 2r + 1 Gauss points on each

subinterval of the uniform partition, and if ¢ € C**2[0, 1], then
IK(Z = m)ell = O(R"*2).
If feC¥20,1] and k € C*2(Q), then p € C*2[0,1], and it follows that
lv = enllo = O("*).

Observe that the one step iteration improves order of convergence from 2r + 2 to
4r + 2. All these above results are established in Atkinson [13].

If the collocation points are not Gauss points, then there is no improvement in the

order of convergence as compared to the collocation solution ¢, and
l =il = lle = wull. = O

This is shown by an example in Chapter 2.
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3. Modified Projection Method.
Define

KM = 1, Kmp + KT — 1) + (T — ) K, (1.3.10)
which can also be written as
/ny =, K+ Kn, — 7, Km,,.
The exact equation (1.3.1) is approximated by
— Ky = 1, (1.3.11)

that is the modified projection method proposed by Kulkarni [48].

Note that
K=K =T —m)K(Z —7,)]| =0 asn— oco.

Hence Z — KM is invertible for n > ng and

Cs = sup H(I— IC%)_IH < 0. (1.3.12)

n>ng

To derive an error bound for the modified approximation o we begin with
o= =T -K) =Tk
Applying the second resolvent identity, we have
o=y = (T - THK-KNI-K)'.
Using (Z — K)™' f = ¢ together with estimate (1.3.12), it follows that

o = 'l < Cs (T = m)K(T = 1) ol (1.3.13)

If m, = P, or m, = Q,, the interpolatory projection at 2r + 1 Gauss points, and if
k € CT2(Q) and ¢ € C*2[0,1], then

I(Z = m)K(T — 7)ol o = O (7).
It follows that for f € C**20,1] and x € C*+3(Q),

o —en' |l . = O+

If the collocation points are not Gauss points, then

o —¢n'[| = O(n"*2).
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4. Iterated Modified Projection Method.

Define
G =Koy + f.
This represents a single step iteration applied to the modified approximation M.

Here, M is known as the iterated modified Galerkin/collocation solution.

We now estimate the error in this refined approximation. Using the definition of
oM we write

o — @ =K(p— )
=KZ-K)"" (K- -K)f

n

= (I~ K)'K(T —m)K(Z — ) (0 + 93 — ),
Taking norms on both sides gives

lo = 8|, <[ ) IK(T - QIKE - Q..
@ =) IKE - QIKE - Qe — ]| (13.14)

This inequality shows that the refinement error consists of two contributions: the
action of the operator K(Z—m,)IC(Z—m,,) on the exact solution and the amplification

of the previously obtained approximation error Hap — M Hoo

If 7, =P, or m, = Q,, the interpolatory projection at 2r + 1 Gauss points, and if
k € CT2(Q) and ¢ € C*2[0,1], then

\K(Z — 7)) (T — )|l o, = O(h8T+4) . IK(Z —m)K(Z —m)|| = O(h‘”*?) .
It follows that for f € C**2[0,1] and x € C*"*%(Q),
le =&l = 0™ -
All the above results of the two proposed methods are established in Kulkarni [48].
We recall the modified finite-rank approximation of the integral operator K from
(1.3.10) and derive the resulting projection-based algebraic system. The modified op-

erator is given as
KM = 1, Km, + mK(Z — 7)) + (T — 7)) K.

n

The corresponding finite-rank approximation of the integral equation (1.3.11) is given as

oM — (Wn’Cﬂ'n + 1, K(Z —m,) + (Z — Wn)lCﬂn)gofy = f. (1.3.15)
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To reduce equation (1.3.15) to a system of linear algebraic equations, we apply m, and
(Z — m,) to obtain

ﬂngoiy — WnICwngoy — T, K(Z — Wn)goﬁy =7.f, (1.3.16)

(T — )M — (T — mp) Ko™ = (T —7,) f. (1.3.17)

Let wM = m,pM. Using equation (1.3.17) to eliminate (Z — 7,)¢¥ from (1.3.16), we

obtain the reduced equation

wM — (7rnlC7rn + m K(Z — Wn)/Cﬂn)wﬁ/[ = f + 1 K(Z — ) f. (1.3.18)

n

M

n

Equation (1.3.18) constitutes a closed system for the unknown w

M

M is determined, the approximation ¢ is reconstructed as

Once w
pn = wy! + (I = ma)Kwy +(Z = ma)f,
and the corresponding iterated approximation is given by
G =Koy + 1.

Since the dimension of the range R(m,) = X, is n(2r + 1), then equation (1.3.18) reduces
to a linear system of size n(2r 4+ 1). Hence, the size of the algebraic system to be solved
is the same as that arising in the standard Galerkin/collocation method. The additional
computational effort in the present approach stems from the construction of the matrix
associated with the operator 7,K(Z — 7,)Km, and from the evaluation of the vectors
7,K(Z — 7,) f and Kw. This increase in computational cost is relatively modest and is

compensated by the improved order of convergence achieved by the proposed method.

Galerkin and collocation methods approximate the solution of a Fredholm integral
equation by reducing it to a finite system of linear equations. Improved approximations,
referred to as the iterated Galerkin and iterated collocation solutions, are obtained by
applying the integral operator IC to the corresponding approximate solutions. In practi-
cal implementations, the inner product as well as integrals arising in these formulations
are evaluated using numerical quadrature rules, leading to discrete Galerkin and discrete
collocation methods and their iterated variants. For an appropriate choice of quadra-
ture, the discrete iterated Galerkin method coincides with the Nystrom method. Similar
considerations apply to modified projection methods, where iteration and discretization

together yield enhanced accuracy.
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We now turn our attention to the case where the kernel k is of Green’s function
type, which arises naturally in the numerical treatment of boundary value problems and
constitutes an important class of kernels in the theory of Fredholm integral equations of
the second kind. Recall that 2 = [0, 1] x [0, 1] and let us consider the partition

O ={(5,1): 0<t<s<1}, Q={(s1):0<s<t <1}
A kernel k : €0 — R is said to be of Green’s function type if it is defined piecewise by

ki(s,t), (s,t) € Qq,
D CICORCUE

H2(S7t)7 (Sat) S QQ?
where k1 € C*(y), ky € C¥(§2) for some integer o > 0, and the condition xi(s,s) =
Ka($, s) holds. The kernel & is continuous on {2 but may exhibit reduced smoothness along
the diagonal s = ¢, which has a direct impact on the convergence behaviour of numerical

approximation methods.

Let &, be the space of piecewise polynomials of even degree at most 2r defined on
a uniform partition of [0, 1] with mesh size h = % Let m, = P,, the the restriction to
L£>]0, 1] of the orthogonal projection from £2[0, 1] to X,,. Chatelin-Lebbar [21] established
the following orders of convergence for Galerkin approximation ¢¢ and the corresponding
iterated Galerkin solution . The iterated solution get the improved convergence rate.
If r =0, then

e —¢ill. =0, |lo-will, =0,

whereas if » > 1, then

o —eill. =00 ), (e —¢all, =O0R").

Further improvement is obtained by the modified projection method introduced by Kulka-
rni [51]. In this case, the modified Galerkin solution p}’ and its iterated version g2/ satisfy

the following error estimates. If r = 0, then

le=ei'lle =0(°) . o= &l = O
whereas if r > 1, then

o —ei'll o =0 ), lo—ai ||, =0 ).

M

Thus, 2 converges to ¢ faster than ¢¢ and @M converges to ¢ faster than > and oM.
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In this case, let m, = Q,, denote the interpolatory projection at 2r + 1 Gauss points on
each subinterval of a uniform partition of [0, 1]. Then the following orders of convergence
for the collocation solution ¢¢ and the corresponding iterated collocation solution ¢?
were established by Chatelin-Lebbar [21]. If r = 0, then

le—enllo =00, |lo—eal., =0,

whereas if » > 1, then
o= el =0 ). o =il = 0.

For the modified collocation method, the following convergence orders are obtained from
Kulkarni [51]. If r = 0, then

le = en'll.. = 007,
whereas if r > 1, then
le = en'llc = O(R*).
These estimates demonstrate that, although the reduced smoothness of Green’s function
type kernels along the diagonal limits the attainable orders of convergence, modified

projection methods consistently yield higher-order accuracy when compared with the

standard Galerkin and collocation methods.

In this thesis, we investigate the convergence behaviour of numerical approximations
for Fredholm integral equations of the second kind with both smooth kernels and kernels
of Green’s function type. The approximate solutions are constructed using the collocation

method, the iterated collocation method, and their corresponding modified variants.

In Chapter 2, we introduce a family of finite-dimensional subspaces &), consisting of
piecewise polynomial functions of even degree at most 2r (r > 0), defined on a uniform
partition of [0,1] into n subintervals with mesh size h = - The projection operator
Q,, : C[0,1] — X, is chosen as an interpolatory projection associated with 2r + 1 equidis-
tant interpolation points on each subinterval [¢;_1,¢;], including the endpoints, which are
not necessarily Gauss points. For Fredholm integral equations with smooth kernels, we
establish that the collocation, iterated collocation, modified collocation, and iterated mod-
ified collocation methods converge with orders h2"+1, h27+2 p4+3 and h* 4, respectively.
In the case of Green’s function type kernels and for » > 1, the corresponding convergence
orders reduce to h? Tt h2r+2 p¥+2and h? T3, reflecting the reduced regularity of the

kernel along the diagonal. Moreover, for piecewise constant approximations (r = 0), the
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collocation, iterated collocation, modified collocation, and iterated modified collocation
methods converge with orders 1, 2, 3, and 4, respectively. These theoretical convergence
rates are validated through numerical experiments. Overall, this chapter demonstrates
that both iteration and modification lead to substantial improvements in the accuracy of
collocation-based methods for Fredholm integral equations of the second kind. In particu-
lar, iteration increases the order of convergence, while the modified projection framework
yields higher-order superconvergence without increasing the size of the algebraic system.
The use of equidistant collocation points together with approximation spaces of even-
degree polynomials highlights the robustness and efficiency of the proposed projection
framework. Moreover, this choice motivates its further application to associated eigen-
value problems and Urysohn integral equations of the second kind, which is pursued in

the subsequent chapter.

1.4 Urysohn Integral Equations

Let X = £=[0,1], and let 2 x R = [0,1] x [0,1] x R. Consider a continuous kernel
k: 2 x R — R and define the Urysohn integral operator by

K(z)(s) = /01 k(s,t,z(t))dt, se€[0,1], ze€X. (1.4.1)

It is well known that K is a compact operator from £>]0, 1] into C[0, 1]. We are interested

in the nonlinear integral equation

r—K(z)=f, feX. (1.4.2)

A widely occurring special case of Urysohn integral equations is the Hammerstein

integral equation

o) = [ K glta) it = fs). s 01

where g : [0,1] Xx R — R is continuous. Such equations arise naturally when boundary
value problems for ordinary or partial differential equations are rewritten in integral form;
in this context, the kernel x(s, t) typically represents a Green’s function. See Krasnoselskii
et al. [45] and Zabreiko-Povolotskii [93].

We assume that the equation (1.4.2) admits a unique solution, denoted by ¢. If the

kernel x(s,t,u) of KC satisfies ? € C(Q2 x R), then K is Fréchet differentiable on X' and
u
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its derivative at x € X is given by

(@) = [ Grsta)utd, sl ye .

0K
where —(s,t,2(t)) denotes the partial derivative of £ with respect to its third variable,

ou

evaluated at z(t). To study the local behaviour of solutions, we rewrite (1.4.2) as

where F': X — X is Fréchet differentiable, and
Flp) =T - K'(p).

If 1 is not an eigenvalue of the compact linear operator K'(¢), then Z — K'(y) is invertible.
By the inverse function theorem in Banach spaces, the equation F'(z) = 0 admits a unique

solution in a neighbourhood of ¢. Thus, ¢ is an isolated solution of (1.4.2).

Since equations of the form (1.4.2) cannot, in general, be solved exactly, we are in-
terested in approximate solutions of the above equation and it is necessary to construct
accurate numerical approximations. A common approach is to replace (1.4.2) with a

sequence of finite-dimensional approximating problems,

where IC,, is a suitable finite-rank approximation of K. The approximate solution x, is
then computed by solving the corresponding nonlinear system using an iterative method.

The methods for approximation fall into two categories:

1. Nystrom methods, in which the integral in (1.4.1) is replaced by a convergent
numerical quadrature rule, yielding finite-dimensional Nystrom operators; which ap-
proximates KC. The Nystrom method for nonlinear integral equations is investigated
in Atkinson [5] and in Weiss [91].

2. Projection methods, based on a sequence of continuous finite-rank projections
converging pointwise to the identity operator, and use it to define operators that ap-
proximate K. The classical Galerkin method and the collocation method, associated
respectively with the orthogonal and interpolatory projections, fall in this category.
Projection methods are studied by a number researchers [3, 10, 42, 43, 44, 67, 68, 89,
90]. In [31, 32], another method called the modified projection method is defined and
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investigated by Grammont and Kulkarni. The discrete versions of the Galerkin and
the iterated Galerkin methods are considered in Atkinson-Potra [11]. On the other
hand, the discrete versions of the collocation and the iterated collocation methods
are considered by Atkinson-Flores in [9]. Furthermore, Kulkarni-Rakshit introduced
the discrete versions of the modified projection and of the iterated modified pro-
jection methods for Urysohn integral equations and developed rigorous analyses of

their convergence and superconvergence properties; see [54, 55].

Both approaches reduce the infinite-dimensional equation (1.4.2) to a finite-dimensional
nonlinear system to which standard numerical techniques may be applied. In the sub-
sequent subsections, we focus on projection-based methods and their variants, with par-
ticular attention to modified projection methods that yield higher orders of convergence

while retaining a reasonable computational cost.

1.4.1 Projection Methods

For r > 0, let &,, denote the space of piecewise polynomials of even degree at most 2r
defined over a uniform partition of [0, 1] into n subintervals. With mesh-length h = —,

n
the absence of continuity conditions at the nodes implies that dim(X,,) = n(2r 4+ 1), and

clearly &, C £°[0,1]. We recall the two types of projections from £*[0,1] to X,,.

e The map P, is the restriction to £>[0, 1] of the orthogonal projection from £2[0, 1]
to X,.

e Choose 2r + 1 distinct points in each of the subintervals A; = [t;_1,t;], j =
1,2,...,n. Let Q, : C[0,1] — X, be the map which interpolates a given function at
the (2r + 1)n points in [0, 1]. Using Hahn-Banach theorem, this map is necessarily
extended to £>[0, 1] as in Atkinson et al. [§], and then Q,, : £>*[0,1] — X, is a

projection.

For convenience, we write m,, = P, or Q,,, so that the Galerkin and collocation methods

can be expressed in a unified form. In both cases,
mr — x, € Cl0,1],
and, for any « € C%|0, 1], the following estimate holds:

I(Z = ma)allo < Cof| 2| 17,
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where 8 = min{a, 2r + 1} and C; is a constant independent of n.

Now, we will give varinats of projection methods as follows:

1. Galerkin and Collocation Methods.
The Galerkin approximation of equation (1.4.2) is given by
on = PuK(¢7) = Puf.
Similarly, in the collocation method, equation (1.4.2) is approximated by
o = QuK(¢f) = Quf.

These classical projection methods have been extensively studied in the existing
literature. Detailed discussions can be found in the works of Krasnoselskii [42],
Krasnoselskii et al. [43], and Krasnoselskii-Zabreiko [44].

2. Iterated Galerkin/Iterated Collocation Methods.
Using one step of iteration, the iterated Galerkin solution is defined as
oo = K(gy) + f.

In a similar manner, the iterated collocation solution is defined as

on =K(g) + f.

It can be verified that

08— K(Papl) = f or @) —K(Qupl) = .

The iterated projection methods are analyzed in Atkinson-Potra [10].

If 7, = P, or m, = Q,, the interpolatory projection at 2r + 1 Gauss points in

each subinterval A; = [t;_1,t;], j=1,2,...,n. In case of smooth kernel, assuming
0
that a—ﬁ € C O x R) and f € C* 10, 1], Atkinson-Potra [10] established the
U

convergence estimates

lo =l =0 ), lo—¢lll.=0E) . o =il =00

Observe that the one step iteration improves order of convergence from 2r + 1 to

4r + 2. If the collocation points are not Gauss points, then there is no improvement



28

Chapter 1. Introduction

in the order of convergence as compared to the collocation solution ¢¢. In fact,
Atkinson-Potra [10] demonstrate that

c|ll s 2r+1
le =&l = [l =l = O ™).
This is also shown by an example in Chapter 3. Thus, we observe that selecting
Gauss points as collocation points improves the convergence orders through iterative
refinement.
Modified Projection Method.

Let m, denote either P, or Q,. In [31, 32|, the modified projection approximation
of (1.4.2) is defined through

o — K (o) = f, (1.4.3)
where the modified projection operator is given by
KM(z) = m,K(z) + K(m,2) — 7, K(mpz), 7€ X. (1.4.4)

The method represents a generalization of the modified projection technique pro-

posed in the linear framework in Kulkarni [48].

Iterated Modified Projection Method.

As in the case of the iterated Galerkin/iterated collocation method, we perform
one step of iteration of the modified projection solution, and the associated iterated

modified projection solution is defined by
Gn = Klpn)+ f.

If 7, = P, or m, = Q,, the interpolatory projection at 2r + 1 Gauss points in
each subinterval A; = [t;_1,t;], 7 = 1,2,...,n. Under the stronger smoothness
requirements % € C2(Q x R) and f € C¥*2[0,1], Grammont et al. [33] proved
the higher-order bounds as

le=en'lle =0"™), le =&l = O™ .
It is well known that, if the collocation points are not Gauss points, then the collo-
cation method yields an error of order 2r+1, and a single iteration does not enhance
this convergence order (see Atkinson-Potra [10]). In contrast, the modified collo-
cattion method achieves an error of order 4r + 2, thereby providing a significantly

improved approximation compared to both the collocation and iterated collocation

methods (see Grammont et al. [33]).
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Since X, is a finite-dimensional subspace of X', the construction of the Galerkin approx-
imation ¢& and the collocation approximation ¢¢ reduces to solving a nonlinear system
in a finite-dimensional space. An analogous situation holds for the modified projection
approximation ¢ although the operator defining ¥ differs from those associated with
the Galerkin and collocation methods, its evaluation likewise leads to a nonlinear system
of the same dimension. It is important to emphasize that, at each discretization level,
the linear systems that arise in the implementation of all these methods possess identical
size. Hence, the computational complexity per discretization level is essentially compa-
rable for the Galerkin, collocation, and modified projection methods. However, despite
this similarity in computational cost, the modified projection method exhibits a signif-
icantly superior convergence order. Consequently, the sequence {©*} converges to the
exact solution at a notably faster rate than the sequences {¢S} and {p%} generated by

the Galerkin and collocation methods.

If the kernel x of the Urysohn integral operator K defined by (1.4.1) possesses sufficient
smoothness, then the Galerkin and collocation methods yield errors of order h* !, whereas
the corresponding iterated Galerkin and iterated collocation methods achieve higher-order
convergence of order h'"2 (see Atkinson-Potra [10]). On the other hand, the modified
projection and iterated modified projection methods provide further improvement, with

h8r+4

errors of order h%*3 and , respectively (see Grammont et al. [33]).

We now turn to the case where the kernel s is of Green’s function type. For this

purpose, we partition the domain  x R = [0, 1] x [0, 1] x R into two regions:
I xR={(s,t,u): 0<t<s<1l,ueR}, QWxR={(stu):0<s<t<1, ueR}

Assume that

% € C* () x R), % € C* 1y x R), % €C(Q xR).

In Atkinson-Potra [10], the analysis is carried out for the case where the orthogonal pro-
jection P, is employed, and the associated orders of convergence for the Galerkin solution
¢C and the iterated Galerkin solution ¢ are derived. For linear integral equations, cor-

responding results were established earlier by Chatelin-Lebbar [21].

If r =0, then
e —¢illo=00), |lo—eill. =0,

whereas if r > 1, then

lo =il =0 ), o =il = 0 *).
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In Grammont et al. [34], the following orders of convergence for the modified methods are
obtained. If » = 0, then

e —¢nllo=0), |v—&nll,=0("),

whereas if » > 1, then

o —¢n |l =0E") . |lo—&n|.=0Hr").

The preceding error bound generalizes the result of Kulkarni [51] for linear integral oper-

ators with Green’s function type kernels.

We now consider the interpolatory projection Q,, defined at 2r + 1 Gauss points in
each subinterval A; = [t;_1,t;], j=1,2,...,n. Let @ > 0 and assume that the kernel x
of the Urysohn integral operator introduced in (1.4.1) satisfies

ok Pk _ ok Pk _ oK
90 9 © C(h x R), 90 92 C*(22 x R), 7 € C(2 x R). (1.4.5)

If @« > 2r + 1, the orders of convergence for the collocation solution and the iterated

collocation solution established by Atkinson-Potra [10] are given by

ng (an (h2r+1)7 H‘p SOn” (hmin(a,4r+2,2r+3)).

Along with the regularity conditions in (1.4.5), we assume in addition that

Ok
w S C(Q X R)

Under this assumption, the following result holds in Kulkarni-Nidhin [57] for the modified

collocation method and its iterated version:

lo=w@n'llo = O(R).
When o > 4 and r = 0, we obtain
lo =&l =0

If r > 1 and o > 2r + 3, the iterated modified collocation solution satisfies the enhanced
estimate

le =&l = O ™) .
A comparison of the above error estimates shows that, when r = 0, the orders of con-

vergence corresponding to the collocation, iterated collocation, modified collocation, and



1.4. Urysohn Integral Equations 31

iterated modified collocation methods are 1,2,3, and 4, respectively. For r > 1 and
a > 2r+3, both ¢ and M converge to the exact solution ¢ with the same rate, whereas

the iterated modified collocation approximation oM achieves a higher rate of convergence.

These bounds generalize the result obtained by Kulkarni [51], which concerns the case of

a linear integral operator with a Green’s function type kernel.

In this thesis, we also investigate the orders of convergence of approximate solutions to
Urysohn integral equations with both smooth kernels and kernels of Green’s function type,
obtained using the collocation method, iterated collocation method, and their modified
variants. In Chapter 3, we consider the finite-dimensional space &, consisting of piecewise
polynomials of even degree < 2r (r > 0) defined on a uniform partition of [0, 1] into n
subintervals of mesh size h = —. The projection operator Q,, : C[0, 1] — X, is taken to
be the interpolatory projectionnat 2r 4+ 1 equidistant nodes (including the endpoints) on

each subinterval [t;_1,;]; these nodes are not necessarily the Gauss points.

For smooth kernels, we establish that the collocation, iterated collocation, modified
collocation, and iterated modified collocation methods converge with orders h?"+1, h%r+2,
h*+3 and h**4, respectively. For kernels of Green’s function type, and for r > 1,
the corresponding orders of convergence are shown to be h?"+1 h2r+2 p2r+2 and A% +3,
respectively. Additionally, when r = 0, the orders of convergence associated with the
collocation, iterated collocation, modified collocation, and iterated modified collocation
methods reduce to 1,2, 3, and 4, respectively. The theoretical orders of convergence which

we proved in this thesis are validated by numerical results.

In many recent studies, such as [54, 57, 62, 64], enhanced convergence is often achieved
by selecting collocation points as the zeros of certain special functions. Such choices are
well known to improve the accuracy of numerical integration and are widely employed
in classical iterated collocation methods. In contrast, the present work adopts a simpler
selection of collocation points, leading to methods that are easier to implement while
still maintaining strong theoretical and numerical performance, thereby illustrating the
effectiveness of the proposed projection framework. Chapter 3 extends the results of
Chapter 2 to Fredholm integral equations with both smooth kernels and kernels of Green’s

function type, using an interpolatory projection.
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1.4.2 Analytical Preliminaries for Urysohn Integral Operators

In this subsection, we present the basic notions concerning multilinear operators and
Fréchet differentiability, as well as the Generalised Taylor’s theorem, which will play a

central role in the analysis carried out in Chapter 3.

Multilinear Operators

For k > 1 let X* = X x --- x X denote the Cartesian product of k copies of X. For
k=1,2,..., write BL(X** V) for the space of bounded linear operators from X into
BL(X*,Y), with the convention BL(X1,Y) = BL(X,)Y). Equivalently, a member of
BL(X*1 V) is a bounded operator from X**! into ). An element of BL(X* ) is called

a k-linear operator from X into ).

If 7o € BL(X*,Y) and @1,..., 2, € X, then by definition Tz, € BL(X* 1, YV). We
therefore write Toz12zo -« 25— € BL(X,Y) and Tozy2o - 2512 € V. Let © € X, we

denote
Tor1xz - w17 = To(21, 72, ..., %) €V,
and
Tox® = To(z,z, ..., x).
k times

If Ty is a k-linear operator, it may be viewed as an operator on X x --- x X into ), and

1ts norm is

I1Toll = sup {1l A;(T0, .. )l = Mlwill =1, i =1, k}.

Elements of BL(X*,)) are called multilinear operators; for k¥ = 2 they are bilinear, and

for k = 3 they are trilinear.

For a bilinear operator 7 from X into BL(X,)) and z; € X, the map 7T x; is a bounded
linear operator from X into ). As a mapping 7 € BL(X?,)) is given by

y="T(x1,22) = (Ta1)re, 1,22 € X.

We adopt the convention that a multilinear operator acts on the adjacent point first, that
is,
Txixe = (Tx1)Te, X1,79 € X.

If Tayxg = Taoxy for all x1, 29 € X, then T is symmetric. For more details see Rall [73].
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Fréchet Differentiability

Let X and ) be normed linear spaces and 7 : X — ) an operator. Recall that the
operator 7T is said to be Fréchet differentiable at zy € X if there exists a bounded linear

operator £ : X — Y such that

iy T @0+ h) = T(wo) — Lhlly
1m =

0.
][0 [2ipe

In this case £ is the Fréchet derivative of T at x¢, and we write T’ (z¢) = L.

The Fréchet derivative satisfies the usual linearity and chain-rule properties:
o If £L:X — Y is linear then L'(zy) = L for every zp € X.
o If S, 7 : X = Y are differentiable at xo € X and «,  are scalars, then

(a8 + BT) (wo) = aS'(wo) + ST (wo)-

e If 7 : X —Yand S:)Y — Z are Fréchet differentiable with 7 differentiable at x
and S at T (xo), then the chain rule (Linz [59]) yields

(8o T) (w0) = S'(T (x0)) T (0)-

Recall from (1.4.4) that

>

<

S
I

mK(x) + (Z — m,) K ().
Since 7, is a linear operator, using the above properties we obtain

(KMY(z) = 7, K () + (Z — 7)) K (7p2) 7,
=1, K'(x) + (Z — 7)) K () 7. (1.4.6)

If the second derivative T"(xz¢) exists, it is a symmetric bilinear operator from X into
Y. In general, for k > 1 denote by 7" (z() the k-th Fréchet derivative of T at zo; then

T®)(z4) is a bounded k-linear operator from X* into ). For x € X we write

T® (wg)a® = T® (20)(x, ..., ).
N— —

k times
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Generalized Taylor’s Theorem
For §y > 0 the closed ball centred at xy of radius g is

B(zg,00) ={z € X : ||z — x| <o}

If T is (k—1)-times differentiable on a neighbourhood B(x, dy) and there exists a k-linear
operator M such that

- HT(’C‘U(HJO +h) — T(k—1)<1~0) _ MhH _
|0 1]l -

then M = T®)(z¢) is the k-th derivative of T at zo.

For zy,z; € X let the line segment joining zy and z; be
L(zg,z1) ={x € X : ©=0x1+ (1 —0)zo, 0 €[0,1]}.

Theorem 2 (Generalized Taylor’s Theorem). [Rall [73, p. 124]] Let X and Y be Banach
spaces and T : X — ) an operator which is m-times Fréchet differentiable in a neigh-
bourhood B(xg, ), 0o > 0, of w9 € X. Assume that T (z) is integrable from 0 to 1
along any x1 € B(xg,dp). Then for 1 € B(xg, do),

m—1
1 .
T(x1) =T(wo) + Y HT<J>(gco)(a;1 — 20)* + Rp(z0, 1),
k=1
where
1 1
Rm(x(]a 131) = m/ov (1 - H)mfl T(m) (IO + 9(%1 - Io))<$1 — l’o)m de.

Fréchet Derivatives of the Urysohn Operator

We now recall the Fréchet derivatives of the Urysohn integral operator K defined in (1.4.1).

o
If for j > 1 the partial derivative G_Ij € C(Q2 x R) , then the j-th Fréchet derivative of K
u

is given by

L oig

(@) () = [ Gt @) e) (0 s € 0.1

Moreover, one has the bound

. MK
HIC(])(ZL‘)” < max Wi

t
T s,te[0,1],ucR (8’ ’U)
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(92
In particular, let y;,y, € £[0,1]. Assume that a—z € C(Q2 x R). Then the operator
u

K is twice Fréchet differentiable and the first two Fréchet derivatives of K at x are given
by

©m)e) = [ Grsta®lnbd, s,
0" @ ore)(6) = [ Tl ) )t s € 0.1

Furthermore, one can see that if 1 is not an eigenvalue of K'(¢), then ¢ is an isolated

solution of (1.4.2) by following Krasnoselskii-Zabreiko [44].

Proposition 3 (Krasnoselskii-Zabreiko [44]). Let X = £>[0,1]. Let KC be the Urysohn
integral operator defined by (1.4.1). Let ¢ be a solution of the equation (1.4.2). Assume
2

0
that (3_/; € C(Q x R) and that 1 is not an eigenvalue of K'(¢). Then ¢ is an isolated
u
solution of (1.4.2).

Proof. A detailed proof can be found in [70, Proposition 1.2]. ]

1.4.3 Existence of Approximate Solutions

In this section, we first recall a result of Atkinson-Potra [10] concerning the existence of the
collocation solution ¢ in a neighbourhood of the exact solution . We then present the
classical Neumann series result together with a perturbation result due to Atkinson [13].
After establishing some preliminary results in Lemmas 1.4.1, 1.4.2, and 1.4.3, one can
prove in Theorem 7 the existence and uniqueness of the modified collocation solution ¢

in a neighbourhood of ¢.

Let us recall that X = £>[0, 1] and the Urysohn integral operator
1

K(x)(s) = / K(s,tx(t)dt, se[01], e,
0

where the kernel & is a real valued continuous function defined on Q@ xR = [0, 1] x [0, 1] xR

and is such that
ok 0O’k

o’ ou?

Then I is Fréchet differentiable and its Fréchet derivative is given by

€ C(2 x R).

(K'(m)y)(s):/o %(s,t,x(t))y(t)dt, sel0,1], yex.



36 Chapter 1. Introduction

Assume that for f € C[0, 1] the equation
- K@) = f

has a unique solution . Since K maps £[0, 1] to C[0, 1], it follows that ¢ € C[0, 1].

Let Q,, denote the interpolatory projection defined in Section 1.4.1. Then
Q.x —x asn—oo forxecC|0,1], (1.4.7)

and
sup || Qx| < oo. (1.4.8)

In the following, we recall a well-known result from functional analysis.

Proposition 4 (Neumann Expansion). Let X' be a Banach space and let T € BL(X).
If z € C satisfies | T|| < |z|, then the operator T — zZ is invertible and

_ N
(T2 ==> v
n=0
Moreover, .
T < —
It )l EE Tl

We now quote the following result from Atkinson [13, Theorem 4.1.1].

Proposition 5. Let X' be a Banach space and let T1, Ty € BL(X). Assume that Ty is

compact and that (T — T1)™! exists as a bounded linear operator on X.

(a) If 1
|T: — T2 < TZ=7)
then (Z — T3)~ ! exists, is bounded, and
I-T)"
I =T < T e e
() 1f 1
I(7: = Tl < s

then (Z — T5)™ ! ewists, is bounded, and

I =T (1L+ T = T) " Tal))

=T s T T =Tl
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Note that the Fréchet derivative K'(y¢) is a compact linear operator on X'. Since 1 is

not an eigenvalue of K'(¢), it follows that

(Z - K'(p)) ' € BLX).

The existence and uniqueness of the collocation solution ¢¢ in a neighbourhood of the
exact solution ¢, for all sufficiently large n, and their convergence to ¢ were proved in
Krasnoselskii [42] and in Krasnoselskii-Zabreiko [44]. We quote the following result from
Atkinson-Potra [10]. (See also Krasnoselskii-Zabreiko [44], p. 326.)

Theorem 6. If 1 is not an eigenvalue of K'(p), then there are two nonnegative sequences

{en}, {0n}, convergent to 0, such that

1
I(Z = K (@)l

(1=e)llQne — ¢lloe < [lo = @3l < 1T = K'(e)) 7| (1+0) 1 Qutp — -

Thus, the rate of convergence of {p%} to ¢ is the same as that of {Q,¢} to ¢. Suppose
that (Z — K'(p)) ! exists and is bounded. Then, for sufficiently large n, the error in the

Sloan iterate satisfies

e — ¢l < CsIIK' ()T — Qu)olls,

where Cy is a constant independent of n. The superconvergence of {¢>} to ¢ in the case

of interpolatory projection at Gauss points is first studied in Atkinson-Potra [10].

We first prove some preliminary results which are crucial for the existence and unique-

ness of modified collocation solution @M.

Lemma 1.4.1. Let {Q,} be a sequence of interpolatory projections satisfying (1.4.7) and
(1.4.8). Then
K@) = K ()| =0 asn— oo.

Proof. From (1.4.4), with m, = Q,,, we have
K (@) = QuK(x) + (T = Qu)K(Qua).
Hence,
K(p) = K3 (9) = K(p) = QuK(p) = (T — Qu)K(Qup)
= —(Z - Qu)(K(Qu¥) = K(¢) = K'(¢)(Qus — ¢)
—(Z - 2K () (Qnp — ).
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Define
_ IK(Qnip) = K(p) = K'(9)(Qup — 9)I|

1Qnip — |
By the definition of the Fréchet derivative, 8, — 0 as n — oo.

Bn

Since Q,z — x for all z € C[0,1] and K'(¢) : £L>[0,1] — C[0,1] is a compact linear

operator, it follows that
= (Z - Q. )K'(¢)|| >0 asn — oo. (1.4.9)
Since ¢ € C|0, 1], we obtain
1K(0) = KX ()] < |1+ sup | Qa8 + | Qugp — oll = 0
as n — 0o. This completes the proof. ]

2
Lemma 1.4.2. Assume that % € C(Q2 x R), and let N be a bounded neighbourhood of

¢. Then the Fréchet derivative (KM)' is Lipschitz continuous in N .

o2
Proof. Since 8_,2 € C(QxR), the operator K is twice Fréchet differentiable. Consequently,
u

its first derivative K’ is Lipschitz continuous in any bounded neighbourhood N of . That

is, there exists a constant v > 0 such that
1K () = K"l < vllz = ylloe,  forall 2,y € N
Using the representation of (M) given in (1.4.5), we obtain, for z,y € N,
(k') (2) = () () = Qu(K'(2) = K'(y)) + (T = Qu) (K'(Qua) = K'(Quy)) Q-
Taking norms and applying the Lipschitz continuity of ', we obtain
() (@) = () ()| < 7(81213 120l + (1 + sup [ Qn]]) sup IIQn||2) 12 = ll o

Using (1.4.8), the right-hand side is bounded by a constant multiple of ||z —y||_,, inde-
pendent of n. This proves that (KM)" is Lipschitz continuous in AV, O

Lemma 1.4.3. Assume that 1 is not an eigenvalue of K'(¢). Then there ezists a natural

number ng such that for n > no, T — (K)) () is invertible and
(T = (K1) ()| < Co,

for some constant Cy = 2||(Z — K'(¢)) || independent of n.
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Proof. Recall that

(K () = QK (0) + (Z — Qn)K'(Qnp) Q-

Hence,

K' () = (') () = (T = Qu)K' () = (T — Qu)K'(Qup) Qn
= (T - 2)K ()T - Q) + (T - 2)(K'(¢) = K'(2np)) Ln-

By (1.4.7), (1.4.8), (1.4.9) and the Lipschitz continuity of K, it follows that
1K' (@) = () (0)|] < (14 sup |Qnll)nn + (1 4 sup [|Qull) sup [ Qnl[7]le — niell = 0,
as n — 0o. Choose ng such that for n > ng,

DN | —

1K' () = () (@] (T = K'(0)) 7] <

Since Z — K'(i) is invertible, the Neumann series argument implies that Z — (KM)/ (i) is

n

invertible for all n > ngy. Moreover, by Proposition 5,

1(Z — (KXY (o)7Y| < 2|(Z — K'() Y-

This completes the proof.. O

For n > nq, define

Then B,(r) = z if and only if z — KM (z) = f.

For 69 > 0, let
B(p,d0) ={z € X [z — ¢l < do}-

One can prove that, for n large enough, there exists a unique modified collocation
solution ¢ in a neighbourhood of the exact solution . The proof is similar to that of

Grammont [31] and is therefore omitted.

Theorem 7. Assume that the kernel k of the Urysohn integral operator IC, defined
2

0k
by (1.4.1 ti —
y ( ), satisfies I

@ 1s the unique solution of the nonlinear integral equation (1.4.2). Then there exists a

€ C(Q x R), and that 1 is not an eigenvalue of K'(y), where

constant 69 > 0 such that, for all sufficiently large n, the modified projection operator
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KM admits a unique solution o € B(yp,do) of the equation (1.4.3). Also, there exists a

nonnegative sequence {ay,}, converging to zero as n — 0o, such that the error estimate
2

s < flo =@ < 20m
[K(e) —’C%(sﬁ)]H-

holds, where c,, = H [z - (ICM)’(cp)]_l
Remark 1. The solution pX can equivalently be characterized as the unique fized point

n

of a contraction mapping B, on B(p, &), where B,(x) = z if and only if v — KM (x) = f.

The above result is needed in Chapter 3 to obtain the order of convergence of the modified

collocation solution.

1.5 Eigenvalue Problems

This thesis also addresses the numerical approximation of eigenvalue problems associated
with Fredholm integral equations of the second kind. In particular, we consider compact
integral operators K defined on the spaces £2[0,1] or C[0,1], generated by continuous
kernel functions. The primary objective is to approximate nonzero eigenvalues and their
corresponding eigenfunctions. Owing to the compactness of K, the spectrum consists
of isolated eigenvalues with finite multiplicity, which makes projection-based numerical
methods especially suitable for such problems.The classical, modified, and their iterated
numerical methods studied in this thesis are constructed using orthogonal and interpola-
tory projections. These approaches reduce the infinite-dimensional eigenvalue problem to
finite-dimensional matrix eigenvalue problems while preserving the essential spectral char-
acteristics of the operator. In particular, modified projection methods yield higher-order
accuracy by constructing appropriate finite-rank approximations of K, with increasing the

dimension of the resulting algebraic systems as compared to standard projection methods.

The convergence analysis is carried out using tools from operator theory, notably
spectral projections associated with isolated eigenvalues. This framework allows a clear
understanding of how approximate eigenvalues and eigenspaces converge to the exact
ones and forms the basis for the error estimates and numerical results presented in the

subsequent chapters.

Let X be a Banach space equipped with the norm ||-|| (in particular, X = £2[0,1] or
C[0,1]), and let £ : X — X be a compact linear operator. The associated eigenvalue

problem is to determine eigenvalue A € C and a nonzero eigenfunction ¢» € X such that

Ko =M, A#0, ¢l =1.
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Owing to the compactness of K, its spectrum consists of isolated eigenvalues of finite

multiplicity, which makes such problems suitable for numerical approximation.

In this thesis, we focus on compact integral operators of the form
1
(Kz)(s) :/ k(s,t)x(t)dt, se€[0,1], ze€X,
0

where k is a real-valued continuous kernel on ©Q = [0,1] x [0, 1], including kernels of
smooth or Green’s function type. A standard approach is to approximate K by a se-
quence of finite-rank operators {/C, }, thereby reducing the problem to finite-dimensional
eigenvalue problems which can be treated as matrix eigenvalue problems. The convergence
analysis of such approximations is well established; see Ahues et al. [1], Atkinson [13], and
Osborn [65]. Several numerical techniques have been developed for constructing the ap-
proximating operators KC,,. These include Nystrom methods, which replace the integral
operator by a convergent quadrature rule, and projection-based methods such as Galerkin
and collocation methods. A general abstract framework for these methods was given by
Atkinson [13]. The convergence of Nystrém methods was rigorously analyzed using the
concept of collectively compact convergence introduced by Anselone [4] and further stud-
ied by Atkinson [6]. Degenerate kernel methods were investigated by Schafer [78], and
Nelakanti [63]. Projection methods have a long history in eigenvalue analysis, originating
from the work of Kantorovitch [40] and Kantorovitch and Akilov [41]. Their convergence
properties are well documented in Krasnoselskii et al. [43] and in the monographs by
Baker [15], Chatelin [20], and Ahues et al. [1].

Beyond convergence, the rate of convergence of approximate eigenvalues and eigen-
functions is of primary importance. For smooth kernels, convergence rates and asymptotic
expansions have been studied in Ahues et al. [1], Atkinson [13], Baker [15], Chatelin [20],
Sloan [86], and Kulkarni [47]. Eigenvalue problems involving Green’s kernels, which may
lack smoothness along the diagonal, were investigated in Chatelin-Lebbar [22], Rane [74,
76], and Kulkarni-Rane [56]. Superconvergence phenomena for iterated eigenfunctions
were first observed by Sloan [84] and further developed by deBoor-Swartz [26, 27] and
Chatelin [18, 19, 20].

Further improvements in spectral approximations have been achieved through itera-
tive and modified projection techniques. In particular, the modified projection method
proposed by Kulkarni [49, 52] yields faster convergence of eigenelements for sufficiently
smooth kernels when compared with classical iterated projection methods, with additional

enhancement obtained via the iterated modified projection method. High-order and su-
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perconvergent Nystrom and degenerate kernel methods based on projections at Gauss
points were developed in [2]. In all these approaches, the continuous eigenvalue problem
is ultimately reduced to a finite-dimensional matrix eigenvalue problem constructed using

suitable piecewise polynomial approximation spaces.

1.5.1 Projection Methods for Eigenvalue Problems

Let X be a Banach space and recall that I : X — X be a compact integral operator. We
consider the eigenvalue problem

Kb = M, (1.5.1)

where A € C\ {0} and 0 # ¢ € X. Since K is compact, its spectrum consists of at most
countably many eigenvalues of finite algebraic multiplicity, with zero as the only possible
accumulation point. A standard approach for approximating (1.5.1) is to replace I by a
sequence of finite-rank operators and to solve the resulting matrix eigenvalue problems.
Let {K,} be a sequence of finite-rank operators converging to C in the sense of collective
compactness, that is, {I,z : ||z|| < 1,n € N} has compact closure in X'. Then each IC,

has a finite spectrum, and the eigenvalue problem

reduces to a matrix eigenvalue problem. Under standard assumptions, the approximate
eigenpairs (A, ¥,) converge to a true eigenpair (A, 1) of (1.5.1); see Atkinson [13] and
Ahues et al. [1]. Projection methods form one of the most widely used classes of such

approximations.

For a fixed integer r > 0, let X,, denote the space of piecewise polynomials of even
degree at most 2r defined on a uniform partition of [0, 1] into n subintervals. No continuity
conditions are imposed at the partition points. If h = 1 denotes the mesh size, then each
subinterval contributes 27 +1 degrees of freedom, and h%nce dim(A&,,) = n(2r+1). Clearly,
X, C L£=]0,1].

We consider two different projections from £>[0, 1] onto X,,. The first one, denoted by
P,., is obtained by restricting the orthogonal projection from £2[0, 1] onto X,, to the space
L£>2]0,1]. The second projection, denoted by Q,, is defined through interpolation. More
precisely, 2r +1 distinct interpolation points are chosen in each subinterval A; = [t;_1,t;],
j=12...,n, and Q, : C[0,1] — A, interpolates a given function at these (2r + 1)n
points. By an application of the Hahn-Banach theorem (see Atkinson et al. [8]), this

operator can be extended to a bounded projection from £[0, 1] onto X,.
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For notational convenience, we write m,, = P, or Q,,, so that both the Galerkin and
the collocation methods can be treated in a unified manner. In either case, {m,},>1 be a

sequence of finite-rank projection operators on X satisfies

mr — x, forallxz e C[0,1], asn — oo.

The classical Galerkin/collocation approximation replaces K by 7, /K, leading to the

finite-dimensional eigenvalue problem

T Ky, = AnWUn,  Un € ,R’(ﬂ-n)

A refinement of this approach was proposed by Sloan [84] in the form of the iterated
Galerkin/collocation method, where the operator is replaced by Km,. The refined eigen-

vector is defined as

1

Since ¢? is obtained by applying K, it belongs to the range of the original operator, where

the exact eigenfunctions lie. Moreover, it is easy to verify that
K (mhy) = Aty

This iteration often improves the accuracy of the computed eigenfunctions without in-
creasing the dimension of the discrete eigenvalue problem. These methods are extensively
studied in the literature (see, for example, [13, 15, 20, 22, 26, 27, 86]).

To further improve convergence, Kulkarni [49] introduces a modified finite-rank oper-
ator

KM = 7, Kmp + 1 K(Z — 7)) + (T — 7)) K.

n

A straightforward computation shows that

K—KM=(T-nm,)K(T—m,),

n

which converges to zero in operator norm as n — oo under standard approximation
assumptions on m,. Hence, {KM} provides a norm-convergent sequence of finite-rank

operators. The corresponding eigenvalue problem is

Kot = Nl = 1. (1.5.2)

n

Since KM is finite-rank, (1.5.2) reduces to a matrix eigenvalue problem.
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The corresponding iterated modified eigenvector is given as

oM 1 KoM (1.5.3)

which lies in the exact range of I and provides an improved approximation to the true

eigenfunction.

When X is a simple eigenvalue of K, the modified projection method exhibits a sub-
stantially higher order of convergence than the classical projection and iterated projection
methods. Since KM = 1,K + Kn,, — m,K7,,, and 7, maps X onto the finite-dimensional
space X,,, it follows that for any = € X', the terms 7,z and 7, K,z belong to X,,, while
Km.x € K(X,). Therefore, R(KM) C Y, := X, + K(X,). Since dim(X,,) = n(2r + 1)
and dim (K(X,)) < dim(X,), we obtain dim(Y;,) < 2n(2r 4+ 1). Therefore, the eigen-
value analysis of KM can be restricted to the finite-dimensional space Y,,, and the asso-
ciated eigenvalue problem reduces to a matrix eigenvalue problem of dimension at most
2n(2r +1). In contrast, the standard projection (or Sloan) method based on m, K gives a
matrix eigenvalue problem of dimension n(2r + 1). Compared with this standard projec-
tion methods, the modified projection method leads to a quadratic eigenvalue problem,
which, after linearization, results in a matrix problem of approximately twice the size of
the standard projection methods, thereby increasing the computational cost moderately.
However, this additional cost is compensated by the higher-order convergence achieved

by the modified projection method, leading to improved accuracy for the same mesh size.

In practical computations, the continuous eigenvalue problems are replaced by fully
discrete methods obtained by approximating the integrals appearing in the definition of
the operator and in the associated inner products using suitable numerical quadrature
formulas. This discretization leads to matrix eigenvalue problems that can be efficiently
implemented on a computer. When the projection 7, is chosen as an orthogonal pro-
jection, the resulting methods correspond to the discrete Galerkin and iterated discrete
Galerkin methods. On the other hand, if 7, is taken to be an interpolatory projection,

one obtains the discrete collocation and iterated discrete collocation methods.

The convergence and accuracy of these discrete projection methods for one-dimensional
eigenvalue problems with smooth kernels were studied by Kulkarni-Nelakanti [53]. It was
shown that, provided the quadrature rules are sufficiently accurate, the discrete methods
preserve the convergence rates of the corresponding continuous methods and may even
exhibit superconvergence of the approximate eigenvalues and eigenfunctions. Further en-

hancements in eigenvalue accuracy, based on Richardson extrapolation applied to iterated
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discrete Galerkin and collocation methods, were reported by Chen et al. [23]. Although,
our thesis is focused on projection-based methods only not the discrete projection based

methods.

However, the present work is confined to projection-based methods formulated at the

operator level and does not involve discretization through numerical quadrature.

1.5.2 Spectral Theory of Compact Operators

Let X be a Banach space, which in the present thesis is taken to be either X = £2[0, 1]
or C[0,1]. Recall that, we denote by BL(X) the space of all bounded linear operators
mapping X into itself. This space is equipped with the operator norm defined by
1Kl = Sup IKz||, K€ BL(X).
z||=1

Let K € BL(X) be a compact linear operator. By definition, L maps bounded subsets
of X into relatively compact sets. Compact operators arise naturally in the theory of
integral equations and play a central role in spectral approximation theory due to their

well-structured spectral properties.

Recall that the resolvent set of K is defined by
p(K)y={z€C:(K—-=2I)" € BL(X)},

where Z denotes the identity operator on X. The spectrum of K is defined as the com-

plement of the resolvent set, namely, o(K) = C\ p(K).

The spectral radius of the operator K is given by r,(K) = sup{|A| : A € ¢(K)}. Since
r.(K) < |IK|| and the resolvent set p(K) is open, it follows that the spectrum o(K)
is a compact subset of C. When K is a compact operator on an infinite-dimensional
Banach space, the spectrum possesses a particularly simple structure. In this case, every
nonzero spectral value of I is an eigenvalue of finite multiplicity, and zero is the only
possible accumulation point of the spectrum o(K). The point spectrum of IC consists of
all A € 0(K) for which the operator K — A\Z is not injective. For such a value A, there

exists a nontrivial vector x € X satisfying Kz = Az, and A is called an eigenvalue of .
For K € BL(X), we denote the range space and the null space of K, respectively, by
RIK)={Kz:2€ X} and N(K)={zre X :Kz=0}

Associated with each eigenvalue X of the operator K are two distinct notions of multiplicity.

The geometric multiplicity of A, denoted by gm(\), is defined as the dimension of the null
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space of K—\Z, that is, gm(\) = dim N (K —AZ). The algebraic multiplicity of A is defined
as the dimension of the generalized eigenspace associated with A, which is characterized

through the corresponding spectral projection.

The following lemma, due to Anselone [4], provides a useful criterion for upgrading
pointwise convergence of bounded operators to uniform convergence on relatively compact

subsets of a Banach space.

Lemma 1.5.1. Let X be a Banach space and let Y C X be a relatively compact set. Sup-
pose that IC and IC,, are bounded linear operators on X satisfying |IC,|| < C, for alln €
N, where C' is a constant independent of n. Assume further that for each v € X,
IKnz — Kz|| = 0 asn — oo. Then, ||K,z—Kz|| — 0 asn — oo, uniformly for
all x € Y. That is, pointwise convergence of KC,, to K implies uniform convergence on the

relatively compact subset Y.

Let {K,} € BL(X) be a sequence of bounded linear operators converging to K in
the collectively compact sense, that is, K,z — Kz for all x € X and the set {K,z :
lz|| < 1, n € N} is relatively compact in X. Such convergence arises naturally in
projection-based numerical methods, including Galerkin, collocation, and Nystrém meth-

ods for integral equations.

Theorem 8. Let X be a Banach space and let {K,,} C BL(X) be a sequence of bounded
linear operators converging to K in the collectively compact sense. Then the following

properties hold:

(i) There exists a constant C > 0 such that ||IC,|| < C for all n € N.
(i) |[(K, — K)K| — 0 asn — co.

(111) ||(KKp, = K)ol = 0 as n — oo.

Proof. By the definition of collectively compact convergence, the sequence {K,, } converges

pointwise to K and the set S = {K,z : ||z|| < 1,n € N} is relatively compact in X.

(i) Since S is relatively compact in a normed space, it is necessarily bounded. Thus, there
exists a constant C' > 0 such that ||y|| < C for all y € S. By the definition of the operator
norm,

1KCnll = sup [[Kpz| < C

=<1
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for all n € N, which establishes uniform boundedness.

(ii) Note that K is a compact operator as it is the pointwise limit of a collectively compact
sequence. Let A = {Kz : ||z|| < 1}. Since K is compact, A is relatively compact. A
sequence of bounded operators converging pointwise to zero converges uniformly on any
relatively compact set, see Lemma 1.5.1. Since (K,, — K) — 0 pointwise, it follows that
(K, — K)K|| = sup [[(K,, — K)Kz|| =sup (K, — K)y|| = 0 asn — co.

[zl <1 yeA
(iii) Consider again the set S as defined at the start of the proof. By hypothesis, S is
relatively compact. Using the same principle used in part (ii), the pointwise convergence
of (K, — K) to the zero operator implies uniform convergence on the relatively compact
set S. Since IC,,x € S for all n € N, it follows that:

(K = KK, || = sup [|(K, — K)Knz|| < Sup (K = Kyl
y

[zl <1

The right-hand side tends to zero as n — oo, which completes the proof. O

Here and throughout this section, C' denotes a generic positive constant, independent of

n, whose value may change from line to line.

Spectral Projections

Let A € o(K) be an isolated spectral value. Choose a simple, closed, positively oriented
contour I' C p(K) such that A lies strictly inside I' and no other point of the spectrum
o(K) lies in the interior of I'. In particular, when X # 0, the contour I" can be chosen so

that it separates A from zero and from the remainder of the spectrum of K.

The spectral projection associated with IC and A is defined by

1
E=—— [(K—-2T)"dz.
21 Jp
The operator E is a bounded projection satisfying E* = E. Moreover, the range R(E)
coincides with the generalized eigenspace associated with the eigenvalue \. If rank K =
m < 0o, then A\ is an eigenvalue of K and the integer m is called the algebraic multiplicity

of A\. In particular, if dim R(E) = 1, then A is said to be a simple eigenvalue.

We begin by recalling some standard properties of the spectral projection associated
with a simple eigenvalue of a compact operator, which will be used repeatedly in the

subsequent analysis.
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Proposition 9. Let X be a complex Banach space and let I : X — X be a compact linear
operator. Suppose that X\ # 0 is a simple eigenvalue of IKC, with normalized eigenvector
satisfying Ky = Mp and ||| = 1. Let T’ be a positively oriented circle enclosing A\ and no
other point of o(K), and define the spectral projection

E = L (K —27) ' dz.

omi ;-
Then the following statements hold:
(i) B> = E.
(ii) R(E) = N (K — \I) = span{t}.
(iii) N(E) = R(K — \I).

(iv) X =R(EYBN(E) =N(K—=XL)®R(K—AI), and every x € X admits the unique
decomposition v = Ex + (v — Ex).

(v) EK =KE.

Remark 2. Proposition 9 is stated for a simple eigenvalue. If X has algebraic multiplicity
m > 1, the spectral projection E still satisfies E* = E and EK = KE, but R(E) coincides
with the generalized eigenspace N'((KK—\I)Y), rather than with the eigenspace itself. Here,
¢ denotes the ascent of the eigenvalue X, that is, the smallest integer such that N ((IK —
M)%) = N((K — A\T)“1).

For two nonzero subspaces Y, Z C X, the gap from ) to Z is defined by
0, 2) =suwp{d(y, 2) :y €V, |yl =1}, d(y, 2) = inf [ly — 2],
Since 0(Y, Z) is not symmetric, we define the symmetric gap by
0¥, 2) = max{5(}, 2),6(Z,¥)}.

This notion provides a quantitative measure of the distance between subspaces and will

be used to study convergence of approximate eigenspaces.

Recall that a sequence {/C,,} C BL(X) is converging to K in the collectively compact
sense. By results due to Osborn [65], for all sufficiently large n, the contour I' lies in
p(K,,) and the resolvents (C,, — 2Z)~! are uniformly bounded on T:

max (K, — 2Z) 71| < 0.
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The spectral projection associated with IC,, is given by

1
E,=—— [ (K,—2T) "dz.
21 r
Let E,, has rank m < oo, that is, A is an eigenvalue of K with algebraic multiplicity m.

Proposition 10 (Ahues et al. [1]). For all sufficiently large n, there exists a constant

C > 0, independent of n, such that the following estimates hold:

I(E = E.)E| < C|(K - KK,

and

(B = En)En|| < CII(K = K)ol

We also recall the following result from Ahues et al. [1], p. 86, which plays a crucial role

in the analysis of spectral projections.

Proposition 11. Let P, and Py be two projections on X. If ro(Py — Py) < 1, then

rank P, = rank Ps.

Using the above estimates, we observe that
ro(E—E,) <C|FE—-E,|| =0 asn— oo,
and, moreover,
re((E—E,)*) < |(E - E.)?| <I(E—E)E|+||(E—E,)E,| -0 asn— oo.
Consequently, by Proposition 11, it follows that

rank F,, = rank £ = m, for all sufficiently large n.

Thus, for sufficiently large n, E, has the same rank m as E, and K, possesses exactly
m eigenvalues A\, 1, A\p2, ..., Apm inside I', counted with algebraic multiplicity. Since in-

dividual eigenvalues may reorder under perturbations, it is convenient to consider their

. 1 &
Anzaj;m

arithmetic mean
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which converges to A as n — oo. This averaged eigenvalue plays a central role in theoret-

ical error estimates for eigenvalue approximation.

The above framework forms the operator-theoretic foundation for the spectral analysis
of compact operators and their numerical approximations. In Chapter 4, it will be applied

to integral operators and projection-based methods.

We begin by recalling a fundamental result of Osborn [65], which provides an estimate
for the gap between the exact and approximate spectral subspaces associated with a

compact operator, and hence measures the closeness of the corresponding eigenfunctions.

Lemma 1.5.2. For sufficiently large n,
)(R(E), R(E,)) < C||(K = Ku)Klrs)]|

where (KK — IC,,)K|r(r) represents the restriction of (IC — K,)K to R(E).

Also, we consider a modified result of Osborn [65, Theorem 2|, as presented by Kulka-
rni [52, Theorem 2.2|, which provides improved error bounds for the approximation of

eigenvalues. Specifically, this result yields the following estimate for the eigenvalue error:

Lemma 1.5.3. For sufficiently large n,

A=A < COIKu(K = Ko)K|r(m)]|-

The following result follows from above Lemmas 1.5.2 and 1.5.3 and provides the essential

error bounds for the eigenelements.

Theorem 12. Let {K,,} C BL(X) be a sequence of bounded linear operators converging
to the integral operator IC in the collectively compact sense, with IC, = m,K. Llet E
and E, denote the spectral projections of K and IC,,, respectively, associated with their
spectra enclosed by a simple closed contour I'. Let \ be an eigenvalue of IC with algebraic
multiplicity m, and let A, denote the arithmetic mean of the m eigenvalues of IC,, inside I'.
Denote the corresponding spectral subspaces by R(E) and R(E,). For any ¢, € R(E,),
define ¥S = Kib,. Then, for all sufficiently large n, there exists a constant C > 0,
independent of n, such that

~

[t — Bl < O(R(E), R(E,)) < C||(K = mK)Klr(m)]|
|05 = EvS]| < 6(R(E),KR(E,)) < C|[K(K — 7/ Klr(m)]|

and
A= Al < CK(K = 7KKl



1.5. FEigenvalue Problems o1

Since KM converges to K in the operator norm, it follows that for all sufficiently large
n, the operator KM has exactly m eigenvalues )\%1, /\%2, cee )\T]‘fm inside the contour T,

counted according to algebraic multiplicity. Let
- L i AM
n m n,j

j=1

denote the arithmetic mean of these eigenvalues, and let £ denote the corresponding
spectral projection. Then, as a consequence of Lemmas 1.5.2 and 1.5.3, the following

result holds.

Lemma 1.5.4 (Kulkarni [52]). For all sufficiently large n, there exists a constant C' > 0,
independent of n, such that

S(R(E), R(EY)) < € [[(K = KK g |

and

‘A—X%

< C||felc = KK g ||

The following result can be obtained from the above Lemma 1.5.4.

Theorem 13. Let {K,} C BL(X) converging to K in the collectively compact sense,
with K,, = KM . Let E and EM denote the spectral projections of K and KM, respectively,
assoctated with their spectra enclosed by a simple closed contour I'. Let X be an eigenvalue
of K with algebraic multiplicity m, and let Xff denote the arithmetic mean of the m
eigenvalues of KM inside T'. Denote the corresponding spectral subspaces by R(E) and
R(EM). For any vM € R(EM), @Z% = KM, Then, for all sufficiently large n, there

exists a constant C' > 0, independent of n, such that
[oa" = Ev || < 6(R(E), R(EY)) < C||(K = KY)Klrwm |,

Uy = B || < 6(R(E), KR(EN)) < C||K(K = KA)K|r(e)

| I

and

A =AM < O||K(K - KMK|r(p)]|-

Theorems 12 and 13 form the core analytical results of this section. These results can
also be found in Bouda et al. [16]. They provide rigorous and quantitative error esti-
mates for both eigenfunctions and eigenvalues arising from projection-based and modified

projection-based approximations of the compact operator K.
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Specifically, Theorem 12 establishes the convergence of the approximate eigenspaces R(E,)
to the exact eigenspace R(E) and provides error bounds for the corresponding eigenfunc-
tions and for the arithmetic mean of the approximate eigenvalues. Also, Theorem 13
extends these results to modified projection methods and shows that improved error
bounds are obtained in this case, indicating the enhanced accuracy of the modified meth-
ods. Together, these theorems provide the theoretical foundation for the convergence and

improved convergence behaviour of the numerical methods analyzed in the Chapter 4.

Consider a uniform partition of [0, 1] given by {0 =ty < ¢; < --- <, = 1}, where
t; = % for j =0,1,...,n, and let h = - For » > 0, let A, denote the space of piece-
wise polynomials of even degree < 2r associated with this partition. In Chapter 4, we
investigate the eigenvalue problem K = A, where K is a compact linear operator. The
analysis focuses on the convergence rates of eigenvalue and spectral subspace approxi-
mations for integral operators with smooth kernels as well as for operators with Green’s
function-type kernels. Using orthogonal and interpolatory projection methods at 2r + 1
equidistant collocation points (not necessarily Gauss points) onto the space X,, of even-
degree piecewise polynomials, we study the convergence behaviour of standard, iterated,
and modified projection methods. Superconvergence rates for eigenvalue approximations
obtained through the modified projection method are established. In particular, we estab-
lished that the iterated and modified projection approaches yield improved convergence
rates for the associated eigenfunctions compared to the corresponding standard projec-

tion methods. The theoretical results are rigorously justified and further supported by

numerical experiments.

Unlike earlier works [49, 52], which address smooth kernels using orthogonal projec-
tion and Gauss-point-based interpolatory projections, the present study primarily focuses
on integral operators with Green’s function-type kernels and employs orthogonal as well
as interpolatory projections based on equidistant collocation points. Extending the su-
perconvergence results developed in Chapter 2 for linear Fredholm integral equations to
the corresponding eigenvalue problems, we prove that iteration preserves the superconver-
gence of eigenfunctions, while the modified projection method enhances the convergence
rate of eigenvalue approximations, thereby demonstrating the efficiency and flexibility of

the proposed framework.
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1.6 Organisation of Thesis

The thesis is organised as follows:

Chapter 2 presents an analytical study of projection-based numerical methods for
the linear equation z — Kz = f, where K is a Fredholm integral operator on C[0, 1]. The
analysis covers both smooth kernels and kernels of Green’s function-type. For r > 0,
using interpolatory projections at 2r + 1 equidistant (non-Gaussian) points onto piece-
wise polynomial spaces of even degree < 2r, we analyze the convergence of the standard,
iterated, modified, and iterated modified collocation methods. For smooth kernels, the
modified methods yield higher-order convergence and superconvergence, while for Green’s
function-type kernels they retain their superior accuracy despite reduced regularity. A
single iteration step is also shown to enhance the accuracy of both standard and modified
methods. Thus, the results hold even with simple equidistant collocation points, high-
lighting the robustness of our projection framework. Numerical experiments are given to

support the theoretical findings.

Chapter 3 extends the analysis to the nonlinear integral equation x—/C(z) = f, where
K is a Urysohn integral operator acting on £>[0, 1] and has either a smooth kernel or a
Green’s function-type kernel. By employing the same interpolatory projection at equidis-
tant (non-Gaussian) points onto piecewise polynomial spaces of even degree, we establish
that the iterated methods achieve accelerated convergence over both the standard and
modified collocation methods. The order of convergence of each method aligns well with
the results obtained for the linear integral equation discussed in the previous chapter,
for both smooth kernels and Green’s function-type kernels. Numerical experiments are

provided to validate and illustrate the theoretical findings.

Chapter 4 examines the eigenvalue problem K¢ = A, for compact Fredholm inte-
gral operator K acting on C[0, 1] or £2[0, 1]. The analysis addresses two classes of kernels:
smooth kernels and kernels of Green’s function type. Using orthogonal and interpola-
tory projections at equidistant (non-Gaussian) points onto piecewise polynomial spaces
of even degree, we derive convergence rates for the approximation of simple eigenvalues
and the corresponding spectral subspaces. The modified projection method is shown to
be particularly effective, providing significantly higher convergence rates for both eigen-
value and eigenfunction approximations. Furthermore, the iterated projection methods
yield superconvergent eigenfunction approximations. These advantages persist for both

smooth and Green’s function-type kernels. Numerical results included at the end of the
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chapter confirm the theoretical findings.

Finally, Chapter 5 presents a summary of the principal findings of the thesis along

with limitations and outlines possible directions for future research.



Chapter 2

Fredholm Integral Equations with

Smooth and Green’s Kernels

This chapter presents an analytical study of projection-based numerical methods for solv-
ing Fredholm integral equations of the second kind on the space of continuous functions
over the interval [0, 1]. The approach is based on finite-dimensional subspaces of piecewise
polynomials of even degree, defined over a uniform partition, together with an interpo-
latory projection operator constructed from equally spaced collocation points. Within
this framework, four numerical methods are considered: the standard collocation, iter-
ated collocation, modified collocation, and iterated modified collocation methods. For
smooth kernels, the standard and iterated collocation methods exhibit moderate con-
vergence, while the modified and iterated modified methods achieve substantially higher
accuracy, demonstrating superconvergence. The study is further extended to equations
with non-smooth kernels of the Green’s function-type, where the modified methods retain
their superior convergence behaviour despite kernel singularities. Moreover, a single iter-
ation step is shown to enhance the accuracy of both standard and modified collocation
solutions. The results highlight that these improved convergence rates are obtained even
with simple equidistant (non-Gaussian) collocation points, confirming the robustness and
efficiency of the proposed projection framework. Numerical experiments presented at the

end validate the theoretical findings.

1A portion of the work presented in this chapter has been published in The Journal of Analysis, vol. 33, pp. 1599-1621, 2025.
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2.1 Preliminaries

Consider the Banach space X = C[0, 1] equipped with the supremum norm. Suppose a
function & is continuous real-valued function on © = [0, 1] x [0, 1], and define the integral

operator

(Ka)(s) = /Olm(s,t)x(t) it sel0.1, zex. (2.1.1)

The operator K is bounded linear on the space X'. The operator equation under consid-

eration is

r—Ke=f fek. (2.1.2)

Since k is continuous on the compact domain €2, the operator K is compact on X. The
function f is assumed to be given. Assume that 1 is not in the spectrum of K, ensuring
that (Z—K)~! exists and must be bounded. The equation (2.1.2) admits a unique solution,
denoted by . Moreover, if f € C¥[0,1] for a > 0, it follows that ¢ € C*[0,1] as well;
see [21]. Since finding the exact solution is challenging, a class of numerical methods
is employed to approximate the solution. These methods include the classical Galerkin
and collocation approaches, which rely on projecting operators onto subspaces. In these
approaches, the sequence of projections converges pointwise to the identity operator,
ensuring the accuracy of the approximation. In this chapter, we will discuss the collocation
methods as well as its variants, analyzing the orders of convergence for both smooth and

non-smooth kernels of Green’s function-type.

Let X, denote a finite-dimensional space, consisting of piecewise polynomial functions
defined over a uniform partition of the interval [0, 1] into n subintervals, each of length
h = l Within each subinterval, a fixed number of distinct interpolation points are chosen,
referﬁed to as collocation points. Let Q,, : X — AX,, denote the corresponding interpolatory
operator, which maps a continuous function onto its interpolant in X, determined by
the prescribed interpolation nodes. For any ¢ € C[0, 1], the projection satisfies Q¢ —
¢ as n — oo, which follows from the uniform convergence of interpolants on the refined
partitions. By the Hahn-Banach theorem, Q,, can be extended continuously to £>[0, 1],
thereby defining a bounded projection operator Q,, : £2[0,1] — X,,. We now proceed to
review the construction of the collocation method and its modified variants based on this

general interpolatory framework.

In the collocation method, the original equation (2.1.2) is approximated by

0l — QK = Quf. (2.1.3)
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The corresponding iterated collocation solution is obtained by a single iteration step as
v =Koy, + f. (2.1.4)
The modified collocation method is defined by
on — Kot =, (2.1.5)

n

where the modified operator KM is given by
KM = QK +KQ, — Q.KQ,.
An iterated version of the modified collocation method is then defined as
on =Ko + 1, (2.1.6)
which yields the iterated modified collocation solution.
2.1.1 Interpolatory Projection

We briefly recall the interpolatory projection operator Q,,, as introduced in Chapter 1.

Let the interval [0, 1] be uniformly partitioned into n subintervals

O=ty<ti< - <ty=1 t;=2 j=01,...n,
n
. . 1 . .
with mesh size h = — and subintervals A; = [t;_1,¢;], 7 =1,2,...,n.
n

For » > 0 be an integer and we consider the piecewise polynomial space
X, = {x € £7[0,1] : 2|, is a polynomial of even degree < 2r,j=1,2,... ,n}

as an approximating space with respect to the above partition.

For r # 0, the interpolation nodes in A; are chosen as
; th i .
Tj:tj_1+2—r:tj_1+h§i, ng, 220,1,...727".

For r = 0, a single midpoint node is used as
ti_ t;
Tj = g 1t J .
2
The interpolatory operator Q,, : X — &), is defined such that for each subinterval A; of
the uniform partition,

Qux(r)) = (), i=0,1,...,2r (2.1.7)

J
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where 7']? are the prescribed interpolation nodes in A;. It follows that
Q,x — z for all z € C[0,1],

as the mesh size h — 0. The interpolatory operator Q,, can be extended to a bounded
linear operator on £[0, 1] by extending the associated bounded linear functionals using

the Hahn-Banach theorem.

Let 2 € C[0,1], and let {7, 7},..., 77"} be distinct interpolation points in the subin-
terval A; = [t;_1,t;]. Denote the first d1v1ded difference of x at 70 by [7?] z = z(7?), and
the (2r +1)" divided difference of z at the points 77,7/, ..., 77" by

1.2 2 0 1 21
(70 11 B 7 U o e L P PO i
T]7T]77T]:|x_ 2r 0 )
T

and so on recursively.

Let W;(¢) denote the interpolation node polynomial over A;, defined as

2r

U,(t) = H(t — 7).

i=0
Since Q,, jx (where Q, ; denotes the restriction of Q, to A;) is the polynomial that

interpolates = at the points {77 777}, the classical interpolation error formula

], ],...,

yields
2(t) — Qnju(t) =

[7'J(],7'1 jzr,t} r, teA;.
As established in Chapter 1, if x € CQ’”“(A]), the interpolation error satisfies the classical

VR

estimate
I(Z — Qn,j)xHAj,oo <O || x(%ﬂ)HAj,ooh%Ha

where C is a constant independent of h. Consequently, for any z € C?" 1[0, 1], the global
error satisfies
(T = Q) |l < Cr||a® Y| h>H. (2.1.8)

The analysis presented in this chapter is devoted to establishing higher-order conver-
gence results for the iterated versions of the collocation and modified collocation methods
in the case of smooth kernels, and to extending this analysis to integral equations with
Green’s function-type kernels. The chapter has been arranged in the following way. In
Section 2.2, we present the convergence analysis for integral equations involving smooth
kernels. Section 2.3 is devoted to the convergence behaviour corresponding to kernels of
Green’s function-type. The numerical experiments supporting the theoretical results are

reported in Section 2.4, while concluding remarks are summarized in Section 2.5.
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2.2 Convergence Analysis for Smooth Kernels

In this section, we consider the Fredholm integral operator K defined by (2.1.1) with a
smooth kernel x € C?*"2(Q), given by

(Kx)(s) :/0 k(s,t)x(t) dt, se[0,1], zeX.

Then K : C[0,1] — CJ0, 1] is a compact linear operator. We further assume that the inte-
gral operator K admits a continuous extension to £[0, 1] and satisfies R(K) € C* 2|0, 1].
This assumption is satisfied for smooth kernels and is required for the subsequent error
analysis. The corresponding Fredholm integral equation of the second kind can be ex-

pressed as
xr—Kex=f feX.

As in Section 2.1, we assume that the above equation admits a unique solution . If
f € C?10, 1], then the solution satisfies ¢ € C* 1[0, 1]. Moreover, it is known that the

collocation approximation ¢ satisfies the following error estimate:
c 2r+1
le = #nlle = 0.

When the collocation points of the interpolatory projection Q, are chosen arbitrarily,
either as partition points or any other points that are not the roots of special orthogonal
polynomials, the iterated collocation solution ¢? may fail to exhibit superconvergence.

This behaviour can be demonstrated by the following example.

Example 1. Let X = C[0, 1], and let X,, be the space of piecewise constant functions with

respect to the uniform partition of [0,1] as
O=to<ti< - <to=1 t;=2 j=01,...n
n
Define the interpolatory operator Q,, : C[0,1] — X, by interpolation at points

37 —2
Tj:

=1,2,...,n.
377/’ j » 7n

Consider the compact linear operator IC defined by

(Kx)(s) = /0 s(t)dt, s€0,1].

Since 1 is not an eigenvalue of IC, the Fredholm equation

v—Ke=f, fls)=2s, selo1],
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has the exact solution p(s) = 4s.

Now, for s € [t;_1,t;], we have
A4(35 — 2)

(Z — Qn)p(s) =4s — g

/01(1— 0, )p(t) dt = Xn:/tj (4t - w> dt — %

j=1“ti—1

Therefore,

It follows that

1
IK(Z - Qu)ell,, = max s/ (Z - Qu)e(t) dt’ _ 2
0

s€[0,1] 3n
and
8
-9, = -9, < —.
I~ Qulel = s { o, T~ QDP9 <
By a result in [13], the iterated collocation solution is superconvergent if and only if
K(Z - Q,
LY Q)SOHOO—H) as n — o0.
I(Z = Qn)¢lloe

In this case, the condition fails since
I(Z - Qnelle — 4

Hence, no improvement in the convergence rate is achieved through iteration. Indeed,
from [48, Theorem 3.1], for k € C** ™10, 1], we have

e —enllo=lle—&nl.=00"").

Superconvergence under Appropriate Interpolation methods

An appropriate selection of interpolation points can significantly enhance the convergence
rate of both the collocation and the modified collocation methods. Recall the uniform
partition of the interval [0, 1] given as
] 1
O=tog<ti <---<t,=1, tj:l, h=-—.
n n

Within each subinterval [t;_q,t;], we define 27 4+ 1 interpolation points as
T;:tj_l‘i‘cz‘h, i:O,l,Q,..-,2T,
where {(;}?", are distinct points in [0, 1].

For a non-negative integer r, let the finite-dimensional approximating space A, be the
space of piecewise polynomial functions on [0, 1], each of degree not exceeding 2r on every

subinterval of the given uniform partition.
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(i) Gauss Interpolation Points: If {(y,(1,...,{s} are chosen as the Gauss points
(i.e., the roots of the Legendre polynomial of degree < 2r) on [0, 1], and if k € C*2(Q)
and f € C**2[0,1], then from Atkinson [13, Chapter 3|, the following error estimates
hold:
C 2r+1 S 4r+2
lo=eille =0, lo—enll, = O(R"™).

Furthermore, Kulkarni [48, Theorem 4.5] established that
le—enll. =0 *) . o =3l = 0" ™).

(ii) Equidistant Interpolation Points: Alternatively, if the interpolation points are
chosen as equidistant nodes within each subinterval, i.e.,

(= — =012, . .2
2r

and if k € CYT2(Q) and ¢ € C*[0,1], then following Atkinson [13, Section 3.4.3], we

obtain

le =l =0, lo =il = O(n*?).
In this context, Rane [75] investigated the modified projection method and its iterated
version for the space of piecewise quadratic polynomials defined over the same partition
of [0,1]. The following convergence results, stated therein (without proof), hold for the

approximating space X,:
le =l = 0" )l =&l = 0",

A rigorous proof of these estimates will be provided in a subsequent section, utilizing

fundamental results from elementary analysis.

In both of the aforementioned cases, it is evident that a single iteration of the projection-
based approximation substantially accelerates the convergence rate, demonstrating the

critical role of interpolation point selection in achieving superconvergence.

2.2.1 Error Estimates for Smooth Kernels

In this section, we introduce the notation and several preliminary results that will be
utilized in subsequent convergence analysis. Let o and S be non-negative integers such
that 0 < a+ 8 < 2r + 3. We define the mixed partial derivative of the kernel x by

aa-‘rﬁ/{/

D P(s,t) = W(Svt)a
Sa
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and set
Cy = max { sup |D(Q’B)I£(S,t)‘}.

0<a+p<2r+3 0<s,t<1
Here, the constant C5 provides a uniform upper bound for all partial derivatives of xk up
to total order 2r + 3.

For any non-negative integer v, if x € C**7(0, 1], we define the corresponding maxi-

mum norm as

||x||2r+77oo: max Hx Hoo: max {sup |x(i)(t)‘},

0<i<2r+4vy 0<i<2r+4vy t€[0,1]

where () denotes the i-th derivative of z. In particular, the usual supremum norm on
C[0,1] is denoted by

7]l = sup |z(t)].
te(0,1]

We now establish several propositions that quantify the error behaviour of integral

operators involving K and Q,,, under the assumption that the kernel  is smooth.

Proposition 14. If the kernel k is continuously differentiable with respect to t and x €
C*+20,1], then
IK(Z = @)zl < 2C0||2[ly, 1,00,

where Cy is a constant independent of h.

Proof. For s € [0,1], we write

K(T - Q) :/ (5,6)(T — Qu)r(t) dt
:Z/ K (s, 0)(Z — Q,)x(t) dt.
For each subinterval [t;_;,t;], the interpolation remainder can be expressed as

(I - Qn,J)JZ(t) = \I/J(t> [TJQ,T]»I, ce ,Tjgr,t]x, t € [tj—la tj],

where U;(¢) = [, (t — 7¢). Then,

K(Z - Q,)xz(s) = Z/tj k(s )W, (t) [T]Q,le, e ,Tj%,t] x dt,

For fixed s, let
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Then
K(Z - Q,)x Z/ £t (2.2.1)

For j =1,2,...,n, define

Then, by Leibnitz rule
w;(t) = \I’j(t), wj(t) >0 for t € [tj—la tj],

Obseve that, w;(t;_1) = 0 and by Lemma 1.3.1 w;(¢;) = 0.

Using above result in equation (2.2.1), we have

K(T - Qe Z / £
:_Z /t ) W) dt (2.2.2)

Note that,

(Y@ = w(s,t) [, 7}, ..., 77t t o+ DOVk(s,t) [70, 7], ..., 77 t] «

J7 ] ’ ] ’
From Hilderbrand [36], we recall standard result of divided difference as follows:
Since x € C**2(0,1] and ¢ € [t;_1,¢;], we have

(2r+1) (¢J (2r+2) ( ¢J
0 1 2r _Z (&) 0 1 or _Z (&)
|:Tj77-j""77—j ,t]x—m, and |:Tj7Tj""7Tj ,t,t}l’—m,

for some &,&) € [t;_1,t;]. Therefore, for s € [0,1] and t € [t;_1,1;],

() O] < 2Cll2l5y49. 00

Also, for j =1,2,...,n, we observe that
2r+1
9,1l = max [¥,0)] = O(#*1)..

Using (2.2.2), we obtain

IK(Z - Qn)x !<Z/ /t (0)||;(s)| ds dt

< 20|zl 27

Thus, we have

IK(Z = Qn)zll,, < 202|‘a7||2r+2,oohzr+27

which completes the proof. ]
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Proposition 15. If the kernel k € C*"™1(Q) and x € C* 2|0, 1], then
I(Z - QK - Qn)zl, = O<h4r+3) :
Proof. Let k € C*T1(Q) and let = € C**2[0,1]. Then K(Z — Q,,)x € C* 1[0, 1].
Using the interpolation error estimate (2.1.8), we obtain
(T — QK(Z — Qu)zll. < Cil|(K(T — Qu)x) 4| 2+, (22.3)
Consider .
K(T — Q,)a(s) = / (5, 4)(T — Qp)a(t) dt.
0

Since x € C**1(Q), differentiation under the integral sign is valid, yielding

1 827’—&-1/_{[

W@—QMWMWﬁz/———@ﬂ@—%M@ﬁ

0 832r+1

n t
= / DO (s 1)(T — Q5 )a(t) dt
j=1“ti—1

-y / DO (5, 0, ()70, 7L, 7t dt.
j=1ti-1
For fixed s, we assume that

g5(t) = DOk (s, 1) [0, 7}, .. 7t e, tE [t ty], for j=1,2,...,n.

Therefore,

It is easy to see that, for s € [0,1] and t € [t;_1,t;],

|(9)' )] < 2Call2llyy 4,00

Let c¢; be the midpoint of A;. By the mean-value form of Taylor’s theorem, for each

t € A; there exists § € A; such that

9;(t) = g5 (c;) + (£ = ¢;)(95)"(&)-

Using the antisymmetry of ¥; about ¢; (Lemma 1.3.1, Chapter 1), we have fttil U,(t)dt =
0, and hence

1jgw%ww=[”aﬂw@ﬂQWNMt

J J—
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Taking absolute values, we obtain

t; tj
| 50 u0d] <26l [ 1l 10,0
tj 1

ti—1

On A; we have |t — ¢;| < h/2 and, since each factor (t — 7)) = O(h) on Aj,

tj
/ | (t)|dt = O(h**?) .
ti—1

j—

Therefore each subinterval contributes

/t t g (t) W, (t) dt) =O(h)-O(h*?) = O(h**?%),

1
uniformly in s and 7. Summing over j =1,...,n (with n = 7 > yields

|(IC(I — Qn)x)(2r+1)<5)| <n- O(h2r+3) _ %O(hzwr?)) _ O(h27«+2) 7

uniformly in s. Hence there exists C3 > 0, independent to h, such that
[(K(Z = Qu)2) V|| | < Cyllllyy g0 h* 2
Finally, substituting this into (2.2.3) gives
I(Z — QuK(T — Qu)alle < CrC][zlyy g0 K HITET2 = O(n142)
which completes the proof. ]
Proposition 16. If the kernel k € C*"™2(Q) and x € C**2(0, 1], then

IK(Z = Qu)K(T — Qu)zll,, = O(h* ).

Proof. Assume that k € C**%(Q) and let = € C**2(0,1]. Then K(Z — Q,,)x € C* 2|0, 1].
Using the Proposition 14, we get
IK(T — QKT — Q) < 265 IK(E — Qu)aly o b2 (2:2.4)

To estimate the derivative norm ||K(Z — Q,,) note that

r H 2r+42,007

|K(Z - Qn)95||2r+2,oo = max ||(K(Z - Q")x)(%H)Hoo'

0<i<2r4-2

Since x € C?""2(Q), and the argument used in Proposition 15 applies. Following the same

reasoning, one obtains
(KT = Qu)) "™ (5)| < 2Cal|alyy 1?2
From estimate (2.2.4), we have
IK(T = QKT — Qu)all, < A(CoPllally g,

which proves the result. O]
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2.2.2 Collocation Methods and Their Variants

In this subsection, we analyze the convergence properties of the collocation method and
its iterated and modified variants for solving the Fredholm integral equation of the second
kind, as given in (2.1.2). The discussion builds upon the interpolatory projection operator
Q,, introduced earlier, which is defined over a uniform partition of the interval [0, 1] using
piecewise polynomials of even degree < 2r. The choice of an even-degree polynomial
basis ensures the symmetry of interpolation and facilitates higher-order accuracy in the

resulting numerical approximations.
Convergence of Collocation and Iterated Collocation Solutions

We begin by recalling that the collocation approximation ©¢ to the true solution ¢ is
obtained by enforcing the integral equation (2.1.3) at 2r 4+ 1 collocation points. The
corresponding iterated collocation solution ¢? is then constructed by applying the integral
operator K once more to improve the accuracy of the collocation solution, as defined
n (2.1.4).

According to the error bounds (1.3.7) and (1.3.9) given in Chapter 1, the collocation

and iterated collocation errors satisfy the following estimates:

le = o5 |l < CallT - Qn)ell (2.2.5)

and
e — @il < GIKEZ — Qn)ells (2.2.6)

where Cy = H(Z - Q,K)7! | < oo and C5 = |[(T - ICQn)le < o0 is a constant indepen-
dent of h.

By applying inequality (2.1.8) and Proposition 14, we obtain the following error bounds:

o —will. =00 ), (e —¢all, =O0R"*2).

This clearly demonstrates that the one-step iteration improves the convergence order by
one, validating the use of the iterated collocation method as a refinement over the standard

collocation method.
Convergence of Modified Collocation Solution and Its Iterated Form

We now turn to an enhanced version of the collocation method, the modified collo-

cation method, which introduces a correction term involving the projection residual
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(Z — Q,)K(Z — Q,,). This modification significantly improves the approximation prop-
erties, especially when the kernel s is smooth. The convergence behaviour of both the
modified collocation solution ¢} and the iterated modified collocation solution @

summarized by the following theorem.

Theorem 17. Let KC be the Fredholm integral operator defined by (2.1.1) with a smooth
kernel k € C**2(Q)), and let ¢ denote the unique solution of (2.1.2) for f € C**+2[0,1].
Let Q,, be the interpolation operator onto the subspace X, defined by (2.1.7). Denote by
oM and @M the modified collocation and iterated modified collocation solutions, defined

respectively by (2.1.5) and (2.1.6). Then the following error estimates hold:
lo=en'llo = 00", le =&, = O™
Proof. To derive these results, we first note that the modified collocation error satisfies

o —en' |l < Csll(Z — QKT = Qu)¢lles (2.2.7)

and the iterated modified collocation error satisfies

+HI—K:WMKI—Q@(I—waw—ﬁﬂu, (2.2.8)

where Cj is a constant independent of n; see (1.3.13) and (1.3.14) given in Chapter 1.

Using Proposition 15 in (2.2.7), we obtain

ng o H h47"+3

To further estimate the term ||K(Z — Q,)K(Z — Q,,)||, observe that Q,, represents a se-
quence of projections converging pointwise to the identity operator, and that ||Q,| re-
mains uniformly bounded. Since K is a bounded linear operator, the problem reduces to

finding an upper bound for ||(Z — Q,)K||. For a smooth kernel x, inequality (2.1.8) yields
I(Z = Qu)Kall < Cuf| ()& V| p2 1 < GGl 2

Usmg this estimate, Proposition 16, and the previously obtained bound on ng O H
in (2.2.8), we obtain

o =& ||l = O(r*),

thereby completing the proof. ]
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The results presented in this section confirm that both iteration and modification
significantly enhance the accuracy of collocation-based numerical methods for Fredholm
integral equations of the second kind. Specifically, the one-step iteration increases the
convergence order by one, while the modified collocation framework achieves supercon-
vergence of higher order, depending on the smoothness of the kernel and the degree of
the polynomial approximation. These findings demonstrate that, even when collocation
points are equidistant rather than Gaussian, the proposed projection framework retains
its high efficiency. In subsequent section, we extend this analysis to integral equations
with non-smooth Green’s function-type kernels, where similar iterative strategies continue

to yield accelerated convergence.

2.3 Convergence Analysis for Green’s Kernels

Let X = C|0, 1] and the compact linear integral operator I : X — X is defined as

(Kx)(s) = /0 k(s,t)z(t)dt, se€l0,1], zeX,

where k(s,t) is a real-valued continuous kernel function of the Green’s function-type. For
r > 0, we assume that the smoothness parameter « satisfies o > r. Consider the subsets
of ) as

Q) ={(s,1) | 0<t<s<1}, Q={(s1)]0<s<t <1}

Suppose there exist functions k; € C*(€);), i = 1,2, such that the kernel x can be written

as
ki(s,t), (s,t) € €y,
o [ Goen
Ka(s,t), (s,t) € Qy,
and k1(s,s) = ka(s, s), for all s € [0,1]. A kernel  satisfying these properties is referred
to as a Green’s kernel. Such kernels are generally non-smooth, as their regularity is

restricted to the separate domains 2; and {25, with only continuity across the diagonal.

2.3.1 Divided Difference Bounds

We use the following notations throughout the article: Let j, & be non-negative integer
and we set

Define

C7 = max sup |DUP (s, t)|: fori= 1,2},
! j,k071,2{(s,t)£m| ( )}



2.83. Convergence Analysis for Green’s Kernels 69

For [ = 1,2, we define

M; = max { sup |D(l’0)/€1(s,t)‘ . sup }D(Z’O)@(s,t)’ }

I<ksn | ¢y <t<s<ty th—1<s<t<ty

Now, for x € X and s € [0, 1] we have

(Kz)(s) :/0 K(s,t)x(t) dt = /OS K1(s,t)x(t) dt+/ Ko(s,t)x(t) dt.
Using the Leibnitz rule

s 8/%1

(Kz)'(s) = i g(s,t)x(t) dt+/ %(s,t)x(t) dt,

which implies

KKxY@NfS( sup }D“mKﬂ&tM)Sde;+< sup |D“mnxatﬂ)<1—smxmn

0<t<s<1 0<s<t<1

Then,
I(K2) | < Crll]l - (2.3.1)

Let x € C[0,1], and let {7),7/,..., 77"} be distinct points in in [0,1]. For any

s € [0,1], the divided difference of x at the points 77,7},..., 77" and s is denoted by
[TJQ,T»l T2

G T ,3] x. The key observation is that

1
(07?6 Kx:/ 07 e s] () a(t) dt,
0

where [70, 7}, ... 72"

respect to its first variable.

,s] &(-,t) denotes the divided difference of the kernel function £ with

In the following, we prove two important lemmas based on the divided difference of Kz

at 70,7}, 72 and s, denoted by [70,72,..., 77", 5] Ka.

Lemma 2.3.1. Let r > 0 and {T;],le,...,Tf”} be the set of collocation points in the

subinterval [t;_1,t;] for j =1,2,...,n. Then, for some constant Cyy, we have

sup | [T]Q,le, o ,TJ-QT, S] ICx| < Oy ||2][os K72
SE[tj—1,t5]

Proof. Let the collocation points in each subinterval be given by

r;:tj_1+z2—rztj_1+hgi, fori=0,1,....2rand j =1,2,....n,
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where ¢; = 2L € [0,1]. Clearly, 77 € [t;_1,1;].
T

The integral operator K is defined by

1
(Kz)(s) = / K(s,t)z(t)dt,
0
where the kernel k is assumed to be Green’s function-type, given by

ki(s,t), 0<t<s<1,
K(s,t) =

Ro(s,t), 0<s<t<l1.

Let s € [tj_1,t;]. Then the divided difference [77, 7/, s]Kz can be written as

Jjo o J2 a0

(70, 73 s]lCa:—/ (70,71, s]k(-, ) x(t) dt

j—1

—Z/ (7} 75 sl )x(t)dt+/t | [0 7l slk(,t) a(t) dt. (2.3.2)
k#]

Since k is sufficiently smooth in each interval [t;_1,%] for k£ # j, we can bound the first

summation term as

12
| et a0 e < Mo ] (23.3)
th—1

since x and its partial derivatives up to second order are bounded on [t;_1, ], the divided

difference [77, 7}, s]k(-,t) is uniformly bounded by Ms, and the integral over an interval

of length h then gives a bound of order Myhl|z||
Next, we focus on estimating the second term in (2.3.2), corresponding to the local

interval [t;_;,t;]. To this end, we derive a bound for [77, s]s(-,t) for s € [t;_1,;].

Case (I): t;_1 < s < 7). In this situation, the first divided difference of  with respect
to the first variable is given by

k(s t) — k(7))
s—T '

[}, sk 1) =

Depending on the position of ¢ relative to s and T , we have

(k1(s,t) — ke (79, ¢
oD Zmm ) e
§—T;
’12(5715) - ’11(7-'0775)
[TJQ>S]K('71€): s _ 70 ’ ) S<t<7—](']7
J
t) — ¢t
’12(87 ) K3(7]7 )7 TJOStSt]
\ §—Tj
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For a fixed s € [t;_1,7}], the function [7},s]k(-,t) is continuous on [t;_1,t;]. Since both

k1(.,t) and ko(.,t) are continuously differentiable with respect to s, by the Mean Value

Theorem there exist points 71,7, € (s,7]) such that

/€1(5, t) - Hl(To7t) 52(5715) - 52(T07t>
— J — D(I’O)fﬁ(nh t), — J — p 0)/€2(772, t).
J J

Hence, for t;_; <t < s, we obtain

/11(8775) - Kl(vat)‘

= |D(1’0)/€1<7717t)‘ < sup |D(1’0)51<57t)‘ = M.

S —T tj1<t<s<t;

Similarly, for T]Q <t <ty

KQ(S’ t) - "{‘2(7-3(')7 t) ‘

_ -0
S Tj

= [DU%y(ma, 1) < sup [ DM ko(s,1)| = M.

tj—1<s<t<t;

Therefore, we obtain

HTJO,S] ()] <My, fort;y <t<sand <t <ty (2.3.4)

Now, consider the intermediate region s <t < 7' . We write

Kao(s,t) — k(10,8) ks, ) — kalt ) + k(1) — (79, 8)

0 0
_ DMy ) (s =) | DM Oralm.) (£ = 79)
- §—1T; § =1} ,

for some 73 € (s,t) and 7y € (¢,7;). Taking absolute values and using the boundedness

of derivatives, we have

"12(87 t) - ’%1(7—](‘)7 t)

_ 0
S Tj

S {D(I’O)Ii2<n3,t)’ + |D(1’O)I€1(7]4,t)| S 2M1

Therefore, we write
|[79, 8]k (-, t)| < 2My, for s <t <77

Thus, combining this with (2.3.4), we conclude that

sup |[7, s]k(-,t)| < 2M;, forall s € [t;_1, 7). (2.3.5)

Jo J
te[tj—1,t5]

Case (II): s = 7. In this case, by definition,

DIy (79.1), tj o <t<7?
AN OO RS S A :
DIy (r0.1), 70 <t <ty

77
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and hence
sup |[7), TV)K(-, )| < M. (2.3.6)

R
tetj—1,t5]

Case (III): 7) < s <t;. Proceeding analogously as in Case (I), we again obtain

sup |[77, s]k (-, t)| < 2M;.

J b
tE[tj—1,t5]

Combining (2.3.5), (2.3.6), and above estimate, we conclude that

sup [, s]k (-, t)| < 2M;. (2.3.7)

S,tE[t]'_ht]']

Now, for the second divided difference, using the definition we have

[T]Qas]’l{'('?t) - [T},S]/‘i(',f) 1
[}, 75, sl (1) = 07 " WG —G) <[TJQ’5]“("’5) ~ [, 5]“<"t)>'
Hence, it follows from (2.3.7) that
0 1 0 1 4M1
it sl )] < g ([ sl )] sl ) < e
Therefore,
tj AM
0 1
[ sl a0 ) < g, = =% ol

4M,

G0 — Gl
Finally, combining (2.3.3) with the above inequality in (2.3.2), we get

where Cg = is a constant independent of h.

o8, sical < (a5 el < el

for some constant Cy > 0. By extending this reasoning inductively to higher-order divided

differences, we obtain the desired estimate
HTQ T ...,TJZT, S]’CZB‘ < 010||:17H00h_2r,

for some constant Cjp > 0 independent of h. Since s € [t;_1,t;] was arbitrary, the proof

is complete. O
Lemma 2.3.2. Let r > 0 and let {r9,7},... 72"} be the set of collocation points in the
subinterval [t;_1,t;] for j =1,2,...,n. Then, for some constant Cy3, we have

sup ‘ [TJ(-J,le, o ,7']-2T, s, s} ICx‘ < Ciz |zl P

s€ltj—1,t;]
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Proof. Let s € [tj_1,t;]. Using the linearity of the integral operator K, we can write

[Tjo,s,s]le:/O (70,5, 8]k (-, t) x(t) dt

— Z/tk (7). s, s]k(- 1) (t) dt+/tj 70,5, s]k(-, ) x(t) dt. (2.3.8)

— -1
k#j
Since the kernel x is assumed to be sufficiently differentiable with respect to s in each

subinterval [ty_1,t;] for k # j, the first term in (2.3.8) can be bounded as

/k (79,5, s)w(-, ) 2(t) dt| < My |l2]] _ B (2.3.9)

te—1

The main effort now is to estimate the second integral in (2.3.8), corresponding to the

local interval [t;_1,t;]. To this end, we analyze [77, s, s]s(-,t) for 77, s € [t;_1,1;].
Case (I): t;_; < s < 7). In this case, by the definition of divided differences,

[T]Q, S, S]/i(-,t) — [87 S]'L{("t(z : E—Tg ) 3]’%('775).

Hence, expanding both terms according to the piecewise nature of x, we obtain

( a"fl " ’il(sat) - "11(7-](')775)
E(S’ )= s—T19
0 ] ) tj—l S t S S,
§—T;
%(s 5 — (lig(S,t) — lil(TjQ,t))
0 ; 0
73,8, 8|k(, 1) = ¢ Os S —T;
| J I (1) 5 J , s<t< T]Q,
a'%2 " '%2<Sv t) - '%2(7-](']7 t)
2R G—
— , TSt <t
The function [7), s, s]#(-, t) may have a possible discontinuity at t = s due to the piecewise

0

definition of k. However, since both #;(-,t) and rq(-,t) are continuous on [s,7;] and

differentiable on (s, T]O), the Mean Value Theorem implies that

1{1(8, t) - "{1(7—][')7 t) /{2(87 t) - I{Q(T]Qv t)

= DW0) g V1, t),
s—T9 11, 8) §s—T9

J J

= D(l’o) KQ(VQ, t),
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for some vy, 15 € (s, T 0). Then, for t; 1 <t < s, we have

Bn /{1(57t)7ﬁl(7’0,t)
Fa(s,1) — (7;)]) | DMk (s,t) = DMk, (14, )
5 — 7'](-] B §— TJQ
D(2.0) t)(s —
_ k1 (vs, 2)(5 V1) . for some vy € (5,11).

Since D®9 g, is continuous and bounded, we write

‘[TJO;S S] ( )‘<M2, fOl"aHtj_lgtSS.

Similarly, for T]Q <t <t;, an analogous argument yields

(5.8l )| < Mo

Thus,
HTO s, s]k (-, )‘ < M,, fort;_; <t<sand 7'](-) <t <t (2.3.10)

Next, for the intermediate range s < t < 7' , We write

Ka(s,t) — ’ﬁ(TJQ’ 2 . Ka(s,t) — ka(t,t) + ka(t, 1) — “1(T;)’t>

5 — TJQ §— TJO
DM kg (v, 1) (s — ) " DOk (v, 1) (t — 77)
- 5 — 7'jQ §— TJQ ’

for some v5 € (s,t) and v € (t,7)). Then

%_ (5.) (nz<s,t> - m;(ﬁ-’,w) ‘

S—Tj

1,0 . (1,0) _ -0
_ D(IO)I{2<S t) D( )KZ(V&{:)(S t) . D K‘I(V67t)(t Tj)

5 —1) §—1T)

gives

Ok Ko(s,t) — k(79

8_;(S’t)_ ( d 2_7_(1)( : >> < My + My + My = 3M;.

J
Therefore,
K28 —K T(-)
| %2(s0) - (5E0)
/ 0 dt < 3M,.
s s— 78

J
Combining this with (2.3.10), we have

‘ (70,5, sl )a(t) dt| < (M +3My + My) e, = (3M; + 20) e
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Finally, substituting this and (2.3.9) into (2.3.8), we obtain
HT]Q, s, s]le| < (Mah + 3M; + 2Ms) ||z|| ., < Cullz|l, (2.3.11)

where C; = 3M;+3M, is a constant independent of h, obtained by noting that Myh < M,
for 0 < A <1 and hence absorbing the h-dependent term into the constant bound.

Case (II): s = 7;. Here,

1 "
(77, 7 Tk = 5 (Ka)"(7])
1 /0K ok
— 5 (o - S ) ate))

1 TJQ 0k t; 0%k

x| S ey 5 ]O,t):v(t)dt]

Hence,

|7, 79, 70Ka| < (My + My)||| - (2.3.12)

Case (III): 7§ < s < t;. By symmetry, an argument identical to Case (I) yields
|[79, 5, s]Kz| < (Mah + 3M; + 2My)||x]| o < Cuallz ]|
Combining (2.3.11), (2.3.12), and the above bound, we obtain

sup |[7), s, s]Kz| < Culz| ., (2.3.13)

s€[tj—1.t5]

which proves the desired estimate for r = 0.

For r = 1, we have

07 IC - 17 ) IC 1
IR T il L L = ([ soslKa = [0k,
1

it T]Q — le h(¢o —

which gives

HT]O,T],S 3/Cx| <

1
m(}[@o,s s|Kz|+ |[r],s lex|).

Applying (2.3.13), it follows that

2C’
sup HT]O,TJ,S 51Cx|< 1
s€[tj—1.t)]

|H 7l = Croh™ |2l
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201

where Cjg = —————

Go— Gl
Finally, applying this argument recursively for higher-order divided differences, by math-

ematical induction we conclude that

sup HTJQ,T]»I, . ,TJZT, s, s]le‘ < Cyzllz|| ™,
s€[tj—1:t5]
where ('3 is a positive constant independent of h. This completes the proof. O]

2.3.2 Error Estimates for Green’s Kernels

We now proceed to establish several auxiliary results using standard analytical techniques
together with the previously stated lemmas. These results will play a crucial role in

deriving the main theorem.

Proposition 18. If z € C**2(0, 1], then
IK(Z = Qu)zlloe < 207 ||y 4p 72,

where C7 is a constant, defined earlier, and independent of h.

Proof. For any fixed s € [0, 1], the action of K(Z — Q,,) can be written as

K(T = Q,)a(s) = /O k(5,8 (T — Q,)a(t) dt

n t;
-y / (5, £)(I = Qu)er(t) dt
=1 7ti-1
n t;
= Z/ (s, )0, 7. T e dt,
=1 Jti—1
where ,
vt =[Jt-). j=12...,n
i=0

Now, fix s € [t;_1,t;] C [0,1] for some 1 < i < n. We decompose the summation in two
parts to distinguish the integral over the element containing s:

n

t
K(Z - Q,)x(s) = Z/ H(s,t)\I/j(t)[T]Q,le, . ,T]-zr,t]ar dt
j=1 7ti-1
JF

t;
+ / k(s, )W), 7}, ... 77t dt. (2.3.14)
ti—1
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For each fixed s, define the function

fit) = /{(s,t)[TJQ, le, L ,szr,t]a:, t € tj—1,t],

so that each term in (2.3.14) can be expressed as an integral involving f7(t)¥;(t). De-

pending on the position of the subinterval relative to s, we write

k(s )0, . e, <1,
f;(t): 1( )[j j ] J

ka(s, t)[rf, ..., T e, § >

Since & is continuously differentiable in t and x € C**2[0,1], each f; is continuous on
[tj—1,t;] and differentiable on (t;_1,t;).
Applying the Taylor expansion of f7(¢) around the midpoint ¢; of A, there exists (;; €
(tj—1,t;) such that

F7 @) = 17 (c) + (t = ¢5) () (Gn)-
Differentiating f7(t) yields

/{l(sa gjl)[T]Qa cee ’7_]27'7 le; C]l]x + D(Oyl)ﬁ1(87 le)[TO7 s 77_]‘21“’ le]l’, ] S Z'7

J
/{2(37 gjl)[T]Qu cee 7T]'2r7 lea le]ﬂ'} + D(Oyl)ﬁ2(87 le)[T;‘J) cee 77_]‘21“’ le]l', .] Z l.

(f)) () =

Since x and its partial derivatives up to first order are bounded on [0, 1] x [0, 1], and since

the divided differences of = up to order 2r + 2 are bounded by [[z||,, ., ., we have

|(£5) (G1)| < 26712l 49 00

Hence,

| R w0t de= [ =) (G0

ti—1 j—1

The integral on the right-hand side is of order h*"*3 because ¥;(¢) is a polynomial of

degree 2r + 1 and (¢ — ¢;) adds one more power of h. Therefore,

< 207y b

tj
/ k(s VU (O, .. 77 e
t

Jj—1

For the interval containing s, namely [t;_1,¢;], by Lemma 1.3.1, we have

t;
/ () dt = 0.
ti—1
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Hence, we can write

ti t;
/ k(s )0 () [7), 7). 1t dt —/ (fFHO)V(t) dt, s € [ti1,ti]
ti—1 ti—1

Since the function f7 is continuous on [¢;_i,t;] and differentiable on (¢;_1,t;), by Mean

Value Theorem, for some (o € (t;,_1,t;), we have

() = () (s) = (t = 9)(f7) (Ga):

Consequently,

(2

t;
/ k(s, )W), ..., 77"t dt’ < 207HxH2r+2’ooh27°+3.
ti—1

Combining both cases in (2.3.14), we obtain

KT - Quals) <
yo
12}
/ k(s, [0, ... T2tz (1) dt' :
ti—1

t
/ K(s, t)[T]Q, . ,7']»2’", tlx U, (t) dt
tj—1

J

_|_

1
Since there are n such subintervals with uniform width h = —, the summation over all j
n

yields a total contribution proportional to h?"+2. Consequently, we obtain

K(Z = Qu)a(s)] < D 2Cs][lyy 0 0 h* ™ < 20|12y, g 0 h* .

j=1

Taking the supremum over s € [0, 1], the desired inequality follows:
IK(Z = Qu)zlloe < 207|231y, 00h ",
which completes the proof. O

Proposition 19. If x € C**2(0, 1], then

I(Z = QKT = Qu)zll, =
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Proof. We begin by considering the case r > 1. For any sufficiently smooth function

x € C**2[0,1], we can estimate the operator norm as
I(Z = QKT = Qu)zll < 1T = Qull IK(T = Qu)zll -

Since the sequence of projection operators {Q,} is uniformly bounded, there exists a
positive constant ¢ > 0 such that ||Q,| < ¢ for all n. Consequently, ||Z — Q,| < 1+ g,
which is also bounded independently of n. Now, by Proposition 18, we already know that

IK(Z = Qu)all o < 20712l 06h™
Substituting this estimate into the previous inequality yields
1T — QKT — Quall,, < 2C5(1 + )2l 1y 2.

Hence,
(T — Qu)K(T — Qn)z||,, = O(R*™?), forr>1.

Next, we treat the case r = 0. In this situation, Q,, corresponds to a piecewise constant

projection operator. Using inequality (2.1.8), we can write
I(Z = QKT = )zl < CLIK(T = Qn)z)'ll o b

From the result of Chatelin-Lebbar [22, Theorem 15|, it follows that the derivative of
K(Z — Q,)x satisfies the bound

I(K(Z = Qu)2) [l = O(R?).
Combining the above two estimates, we obtain

1(Z — Q)K(Z — Q)| = O(h3) , forr=0.

This concludes the proof. O

Proposition 20. If z € C* 10, 1], then

I1K(Z - Qn)K(Z — Qn)xHoo =
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Proof. We begin by observing that for any s € [0,1], the operator expression can be

written as
K(Z - Q,)K(Z - Q,)x(s) = /1 k(s,t) (T — Q,)K(Z — Q,)x(t)dt

— Z/t] k(s,t) (I — Q) K(T — Qp)x(t) dt

tj

- Z/t (s, t) ([0, 7}, ..., T K(T — Qp)x) Wy(t) di.

77
(2.3.15)

Let s € [t;—1,t;] C [0, 1] for some fixed ¢ with 1 <+ < n. For convenience, define for each

subinterval [t;_1, ;]
gi(t) = k(s,t) ([}, 7], ... 77 A K(Z — Qu)x), tetj1ty],
for j =1,2,...,n. Depending on whether t < s or ¢t > s, the kernel splits naturally as

ka(s,t) ([0,7, . 7 K(Z — Qu)x), j <4,

g;(t) =

Ka(s, 1) ([T]Q,le, . ,Tf”,t] K(Z - Qn)x) , ] >

We denote the divided differences by
(637K(Z — Qu)a) [t = (I77 7, 77 I K(T = Qu)a)
(7K~ Qo) [t.1] = ([0, 7). 77 1A KT — Qu)a)

For j # i, the function g5 is continuous on [t;_1,¢;] and differentiable on (;_1,%;). Hence,

differentiating g3 () yields

(g5)' (1) Fa(s,t) (07 K(Z — Qu)x) [t 1] + DOVra(s,t) (07K(Z — Qu)x) [t], J <4,
g;)'(t) =
Ka(s,t) (5?”/C(I — Q,)z) [t,t] + DOV ks (s, t) (5J2«TIC(I — Q) [t], j>1i.

By applying Lemma 2.3.1 and Lemma 2.3.2, together with the interpolation estimate

(2.1.8), we obtain a uniform bound on the derivative of g;(t):
Iy Dl < CCrl@ = Qu)zllo 7 < Cua Cr s b,

where (4 is a positive constant independent of h.
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Substituting g5 () back into (2.3.15), we can rewrite
ti
K(Z-Q,)K(Z - Q,)x Z/ g;(t t)dt +/ g: () W, (1) dt.
ti—1
J#Z

Following a similar argument as used in the proof of Proposition 18, and using the above

derivative bound, we derive that
IK(Z — Q)K(T — Qu)a(s)| < 2C14 Cr Cy ||a® V|| B>,

Hence, for r > 1,

IK(Z ~ QKT — Qu)zll,, = O(h*+).

For the case r = 0 and x € C?[0, 1], we use the result from Kulkarni-Nidhin [57, Proposi-
tion 3.7], which establishes that

IK(Z = QKT = Qu)z|. = O(h?).

This completes the proof of the proposition. ]

2.3.3 Collocation Methods and Their Variants

In this subsection, we establish the convergence behaviour of various collocation-type
methods when the kernel of the given Fredholm integral equation is of Green’s function-
type. The analysis includes both the standard and modified collocation methods along

with their corresponding iterated versions.

We begin by determining the orders of convergence for the collocation solution ¢¢ and
its iterated form 7. The results are based on classical error estimates available in the

literature, particularly in Atkinson [13, Section 3.4]; see Chapter 1.

Theorem 21. Let K be the Fredholm integral operator defined by equation (2.1.1) with
a Green’s function-type kernel, and let ¢ denote the unique solution of the corresponding
integral equation (2.1.2) for f € C*™2[0,1]. Let Q, denote the interpolatory projection
operator onto the finite-dimensional approzimating space X, defined in (2.1.7). If ©$ and
@2 are the collocation and iterated collocation approzimations of @, respectively, defined
by (2.1.3) and (2.1.4), then we have

le —eill. =0, le—will, =O0(r**?).
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Proof. The estimate (2.2.5) indicates that the collocation error is bounded by the interpo-
lation error of the exact solution ¢. Using the approximation property of the interpolatory

operator Q,, and inequality (2.1.8), we know that
IZ - Qu)ell = O(R**).

Using this in (2.2.5) immediately gives
le = ¢nll. = O™

Similarly, by applying Proposition 18, which provides an additional order of improve-

ment due to the smoothing property of the integral operator I in (2.2.6), we obtain
le = enll = O(r**).

Hence, both results follow, completing the proof. n

The above theorem clearly shows that the collocation approximation ¢¢ achieves an
order of convergence O(h?**1), while its iterated counterpart ¢ achieves a higher order
O(h**2). This theorem therefore provides a rigorous theoretical justification for employ-
ing the iterated collocation approach to obtain faster convergence without increasing the

degree of the approximating polynomial space.

We now turn to the modified collocation method, which is designed to improve the
accuracy of the standard collocation solution. The convergence properties of both the

modified collocation solution ¢ and its iterated form @ are established below.

Theorem 22. Let K be the Fredholm integral operator defined by (2.1.1) with a Green’s
function-type kernel. For f € C**2[0,1], let ¢ denote the unique solution of (2.1.2), and
let Q, be the interpolatory projection onto X, defined in (2.1.7). Let oM and oM de-
note the modified collocation and iterated modified collocation solutions defined by (2.1.5)
and (2.1.6), respectively. Then we have

(

u O(h2r+2) T Z 17
lo =@l =
O(Rh3), r =0,
and .
iy O3y, r>1,
le =&l =
O(h?), r=0
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Proof. From (2.2.7), the error in the modified collocation approximation satisfies

HSD “n H < G (T = Qu)K(T — Qn)@”m

By applying Proposition 19, which provides an estimate for the double application of the

operator IC with the projection error, we have

o —en'll. =

Next, we consider the iterated modified collocation solution . From (2.2.8), the

corresponding error satisfies the inequality

e = &M <@ =K IKEZ - QKT - Qu)ell
+ (@ = )M IKEZ - QKT — Qu)lll|e — Y| - (2.3.16)

Since K is a bounded linear operator, and using inequality (2.1.8), we obtain the following
bound:

IK(Z — Qu)K(T — Qu)zll, < CLIKIIK(Z — Qn)z)'[| P
Using inequality (2.3.1) and boundedness of the operator Q,,, we obtain
IK(Z = Qu)K(Z = Q)| < C:CL(1+ ) [[K][]2]| o,

which shows that
IK(Z - Q,)K(Z - Q,)|| =O(h).

Substituting this estimate and the earlier result for Hgo Oy || into inequality (2.3.16)

and using Proposition 20, we conclude that

o —&n' |l =

Hence, the theorem is proved. ]

The above theorem shows that the modified and iterated modified collocation meth-
ods achieve higher-order convergence, with the iterated version providing further im-
provement. This reflects their superconvergent behaviour and effectiveness in accurately

approximating solutions of Fredholm integral equations with non-smooth Green’s kernels.
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In this section, we have analyzed the collocation method and its variants for approxi-
mating the solution of the Fredholm integral equation (2.1.2) with a Green’s function-type
kernel. The sequence of projections was defined through interpolatory operators at 2r + 1
non-Gaussian collocation points, based on a uniform partition of [0,1]. Theorems 21
and 22 establish that, under this framework, both the iterated collocation and iterated
modified collocation methods exhibit enhanced convergence orders. These results confirm
that the proposed projection approach ensures accelerated convergence even without re-
lying on Gauss points, thereby providing an effective and flexible alternative for obtaining

accurate numerical solutions.

2.4 Numerical Results

We now present numerical experiments to verify the theoretical convergence rates of the
collocation, iterated collocation, modified collocation, and iterated modified collocation

methods developed in the previous sections.

Let X, denote the space of piecewise constant functions defined with respect to the

uniform partition of the interval [0, 1]:
O=ty<t1i < ---<t,=1, t; ==, 7=0,1,...,n.
The interpolatory projection Q,, : £>[0,1] — X, is defined by

2j — 1 2 — 1
Q. a2 =12
2n 2n

We observe that, for the iterated collocation method, the order of convergence is

—, whereas for the iterated version of the modified collocation method, it improves to
n
1
—- Consequently, to evaluate certain integrals numerically with sufficient accuracy, a

1
quadrature rule possessing at least — convergence is required.
n

We define the error quantities corresponding to the numerical solutions obtained by

solving linear systems of sizes n and 2n, respectively, as

€n = ||90_§0n||oov €on = ||90_§02n||oo'
Using these error measures, the observed order of convergence is computed as

5 — log (e,,/€e2n)
log2
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In the following tables, the quantities d¢c, d;c, dar, and d7p represent the computed
orders of convergence corresponding to the collocation solution ¢, the iterated collocation
solution ¢, the modified collocation solution o, and the iterated modified collocation
solution M respectively. According to the theoretical results, the expected orders of

convergence are

5021, 5[022, (5]\/[23, (S[M:4

Smooth kernel case: We first present two examples of Fredholm integral equations with

smooth kernels to illustrate the theoretical results developed above.

Example 2. Consider the Fredholm integral equation of the second kind,
1
x(s) —/ k(s,t)x(t)dt = f(s), se€][0,1].
0

1
The kernel (s, t) = 56“ is infinitely smooth (analytic) on Q). The right-hand side function

f(s) is chosen such that the exact solution is given in closed form by ¢(s) = e* cos(s).

Table 2.4.1: Comparison of convergence rates in collocation variants for Example 2.

n | lle—wille dc |lle—enll. dic | lle—enlle o | lle—&Ml, O
2 | 242 x 107! 1.56 x 1072 4.66 x 1073 7.90 x 1074

4 1124x107" 097 | 4.08x 1073 1.94| 566 x 107* 3.04 | 5.04 x 1075 3.97
8 | 623x1072 0.99 | 1.03x107% 1.98| 6.96 x 10° 3.02 | 3.16 x 107¢ 3.99
16 | 3.12x 1072 1.00 | 2.59 x 107* 2.00 | 8.63 x 107 3.01 | 1.98 x 10~ 4.00
32 [ 1.56 x 1072 1.00 | 6.47 x 107> 2.00 | 1.07 x 1075 3.01 | 1.24 x 10~%  4.00
64 | 7.81 x 1073 1.00 | 1.62 x 107> 2.00 | 1.34 x 107 3.00 | 7.74 x 107 4.00

The results in Table 2.4.1 clearly demonstrate the progressive improvement in convergence
obtained through iteration and modified projection methods. The standard collocation
method exhibits first-order convergence, while the iterated collocation method improves
the rate to second order. The modified collocation method achieves third-order conver-

gence, and the iterated modified method attains the highest fourth-order accuracy.

Example 3. Consider the Fredholm integral equation of the second kind,

z(s) — (Kz)(s) =1+ 52, sel0,1],
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where the compact integral operator IC is defined by
1
(Kz)(s) = / K(s,t) z(t) dt,
0

and K(s,t) = is a smooth kernel on [0,1] x [0,1]. The exact solution v(s) is

1
1+ (s —1t)?
not known in closed form; however, it is known that o € C*0,1] but ¢ ¢ C3(0,1].

This example was originally investigated by Kulkarni [48] and the results reported therein,
as well as the numerical data presented in Table 2.4.2, confirm the theoretically predicted
orders of convergence. In particular, the collocation, iterated collocation, modified collo-
cation, and iterated modified collocation methods exhibit convergence of orders 1, 2, 3,

and 4, respectively.

Table 2.4.2: Comparison of convergence rates in collocation variants for Example 3.

le—¢ille dc |lle—enlle drc | lle—enlle Ou | llo—&ll, Orm
7.57 x 1071 1.31 x 1071 1.26 x 1073 1.66 x 107°

3.57x 1071 1.08]3.19x 1072 2.04 | 1.59 x 107* 299 | 1.29 x 1075  3.68
16 | 1.74x10°" 1.04 | 7.93x107% 2.01| 1.98 x 107° 3.00 | 8.54 x 10~% 3.92
32 | 856 x 1072 1.02 | 1.98 x 1072 2.00 | 2.49 x 107 3.00 | 548 x 10~° 3.96
64 | 425 x 1072 1.01 | 495 x 107* 2.00 | 3.11 x 10°7 3.00 | 3.50 x 10710 3.97
128 [ 2.12x 1072 1.01 | 1.24 x 107* 2.00 | 3.89 x 10~% 3.00 | 2.12 x 10~ 4.04

Green’s kernel case: We next present two illustrative examples involving Fredholm
integral equations with Green’s function-type kernels in order to further examine the

performance of the proposed methods.

Example 4. Consider the Fredholm integral equation of the second kind,

x(s) — /o k(s,t)x(t)dt = f(s), se€]0,1],

where

and the right-hand side f(s) is chosen such that the exact solution is o(s) = s%/2.
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Table 2.4.3: Comparison of convergence rates in collocation variants for Example 4.

le —eflle do |lle—enll, drc | lle—edll om | llo—&Mll. O

3.83 x 1072 1.70 x 1073 2.73 x 10~* 1.40 x 10~*

247 %1072 0.63 | 5,57 x 107* 1.61 | 3.90 x 10™° 2.80 | 9.05 x 1075 3.95
16 | 1.09x 1072 1.18 | 1.29 x 107* 2.11 | 5.03 x 1075 2.96 | 5.69 x 10~7 3.99
32 | 5.79x 107® 0.91 | 340x107° 1.92 | 6.34 x 1077 2.99 | 3.56 x 10~  4.00
64 | 2.80 x 1073 1.05|832x107% 2.03 | 7.94x 10°% 3.00 | 2.23 x 1079 4.00
128 | 142 x 1073 0.98 | 2.10 x 1076 1.98 | 9.93 x 1072 3.00 | 1.39 x 1071% 4.00

Example 5. Cconsider the Fredholm integral equation of the second kind,

z(s) — /01 Kk(s,t)x(t)dt = (

s(1—1t),

where

K(s,t) =

(1 —s)t,

1
1— —

2

0<s<t,

t<s<l,

and the exact solution is given by p(s) = sin(rws).

) sin(rs), s €0, 1],

Table 2.4.4: Comparison of convergence rates in collocation variants for Example 5.

n | le-eille e |lle—will. dic |lle—edlly o | o=@l Omu
2 | 7.26 x 1071 1.05 x 1072 3.75 x 1073 2.62 x 1073

4 1385 x107t 092]216x1073 229 | 882x107* 2.09 | 1.51 x 107* 4.11
8 [1.95x 107! 098 |513x107% 207 | 1.23x107* 2.84 | 936 x 1079 4.01
16 | 9.80 x 1072 0.99 | 1.27 x 107* 2.02 | 1.58 x 107> 2.96 | 5.84 x 107 4.00
321491 x1072 1.00 | 3.15x10™® 2.00 | 1.99 x 1075 2.99 | 3.65 x 1078 4.00
64 | 245 x 1072 1.00 | 7.88 x 107% 2.00 | 2.50 x 10~7 3.00 | 2.28 x 1072  4.00

From Tables 2.4.3 and 2.4.4, we observe that the computed orders of convergence ¢, d;¢,

Orr, and d7ps are in excellent agreement with the corresponding theoretical predictions.

In particular, the iterative variants of both collocation and modified collocation meth-

ods exhibit a significant improvement in the rate of convergence, thereby confirming the

theoretical superconvergence behaviour established in the preceding analysis.

The numerical results for both smooth and Green’s function-type kernels validate the

theoretical convergence and superconvergence results, confirming the effectiveness of the

proposed projection-based methods.
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2.5 Conclusion

In this chapter, projection-based collocation methods constructed on uniform partitions
with equidistant (non-Gaussian) interpolation points were analyzed for Fredholm integral
equations of the second kind. The theoretical results show that even with this simple
choice of collocation nodes, substantial improvement in accuracy can be achieved through

modified projection and one-step iteration methods.

For smooth kernels k € C**2(Q2), the modified and iterated modified collocation meth-
ods attain the superconvergent orders O(h*"*3) and O(h*"™), respectively, significantly
improving upon the standard collocation rate O(h**1). For Green’s function-type ker-

nels with piecewise regularity, the modified methods retain enhanced convergence, yielding
O(h?™*2) and O(h**3) for r > 1, and O(h?®) and O(h*) in the lowest-order case r = 0.

These results establish that the proposed projection framework is both robust and
systematically higher-order, providing accurate and computationally efficient approxima-
tions without requiring special quadrature points. The next chapter extends these ideas

to the analysis of Urysohn integral equations of the second kind.



Chapter 3

Urysohn Integral Equations with

Smooth and Green’s Kernels

This chapter is devoted to the analytical study of projection-based numerical methods for
the approximate solution of nonlinear Urysohn integral equations of the form x—/C(z) = f,
where f is a given function and K is a Urysohn integral operator with both smooth and
Green’s function type kernel acting on £[0,1]. The numerical framework considered
here is based on interpolatory projections onto finite-dimensional approximation spaces
X, consisting of piecewise polynomials of even degree defined with respect to a uniform
partition of the interval [0, 1]. The projection operator is constructed using equally spaced
collocation points on each subinterval. Within this framework, four numerical methods
are investigated: the standard collocation method, the iterated collocation method, the
modified collocation method, and the iterated modified collocation method. A detailed
convergence analysis is carried out for each of these schemes, with particular emphasis on

comparing their accuracy and convergence behaviour.

This chapter extends the results of Chapter 2 to nonlinear integral equations and there-
fore requires a more detailed and in-depth analysis. Comparable orders of convergence are
established for Urysohn integral operators with both smooth kernels and Green’s function
type kernels. Finally, numerical experiments are presented to illustrate and validate the

theoretical results developed in this chapter.

1A portion of the work presented in this chapter has been published in Mathematics and Computers in Simulation, vol. 240, pp. 681-697,
2026.
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3.1 Preliminaries

Let X = £[0,1] and @ x R = [0,1] x [0,1] x R. Let £ : 2 x R — R be a continuous

function. Consider the non-linear integral operator K from £>°[0, 1] to C[0, 1] as
1
K(z)(s) :/ k(s,t,x(t)) dt, se€][0,1], xe€X. (3.1.1)
0

Such an operator is called as Urysohn integral operator. Since the kernel x is continuous,
K is compact operator on X. For given f and x, we consider the following Urysohn
integral equation
r—K(z) = f. (3.1.2)
The Fréchet derivative of IC at y € X is given by
, L Ok
K@) = [ St d. s e b1,

0

where %(s, t,x(t)) represents the partial derivative of x with respect to its third compo-
nent u at z(t). Assuming that the equation (3.1.2) possesses a solution ¢ and, 1 is not
an eigenvalue of the compact linear operator K'(¢). Then, ¢ is an isolated solution of
(3.1.2). See [42, 44]. Note that, ¢ € C*[0, 1] whenever f € C%[0, 1] for any positive integer
a. (See [10, Corollory 3.2]). Solving the equation (3.1.2) exactly, is often challenging, so
we focus on finding approximate solutions. In collocation method, we employ a sequence
of finite-rank interplatory projections that converge pointwise to the identity operator to

approximate the operator K. This method has been extensively studied in [42, 44, 43].

Let X, denotes a sequence of finite-dimensional subspaces approximating &X', and let
{Q,} represents a sequence of interpolory projections from X to X,. In the collocation

method, equation (3.1.2) is approximated by

For linear integral equations, Sloan [83] introduced the iterated collocation solution, ob-
tained through a single iteration of the collocation solution. This approach was further
opted by Atkinson-Potra [10] for Urysohn integral equations. The iterated collocation
solution is defined by

on = K@) + I
Additionally, there exists an enhanced approach known as the modified collocation method,

proposed by Grammont-Kulkarni [32] as

o — Kol (en) = [, with K (2) = QuK(x) + K(Qu2) — QuK(Qn).
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This approach generalizes the modified collocation method for the linear case, as proposed
by Kulkarni [48]. The solution obtained by applying a single iteration in ¢ is termed as

the iterated modified collocation solution which is defined by
on = Klgy) + f.

For an integer » > 0, let X,, be the space of piecewise polynomials of even degree
< 2r on a uniform partition of [0, 1] with mesh length h, and let Q,, denote the interpola-
tory projection defined using 2r + 1 Gauss points (that is, the zeros of the corresponding
Legendre polynomial) per subinterval. For Urysohn integral equations with sufficiently
smooth kernels, the convergence of collocation and iterated collocation methods was an-
alyzed by Atkinson-Potra [10]. The modified collocation method and its iterated version
were studied by Grammont et al. [33], while analogous results for Green’s function type
kernels were obtained in [10, 57]. In all cases, iteration leads to an improvement in the

order of convergence.

When the collocation points are not necessarily Gauss points, both collocation and it-
erated collocation methods converge with same order O(h**1), see Atkinson-Potra [10];
whereas the modified and iterated modified collocation methods achieve the higher or-
der O(h*"*?%), see Grammont et al. [33]. These results indicate that the choice of Gauss
points as collocation points plays a crucial role in enhancing the convergence rates through

iterative procedures.

In this thesis, we adopt a different choice of the approximating space and the colloca-
tion points from those considered in the aforementioned works. Accordingly, we briefly

describe below the interpolatory projection employed throughout this chapter.

3.1.1 Interpolatory Projection

Let {0 =ty <t <---<t, =1} be the uniform partition of [0, 1], where

t;=L=jh j=0,1,...,n,
n

1
and h = — denotes the mesh size. We write A; = [t;_1,¢;] for j =1,2,... n.
n

For a fixed integer r» > 0, define the finite-dimensional approximating space

X, = {x € L£7[0,1] : 2[5, is a polynomial of even degree <2r, j=1,... ,n}.
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On each subinterval A;, we choose 2r + 1 interpolation points. For r > 1, these points

are taken as
i ih )
Tj:tj_1+2_7“’ Z:O,l,...,27“,

while for » = 0 we use the midpoint

tjfl +tj
S N

We define the interpolatory operator Q,, : C[0,1] — A, by prescribing the interpolation
conditions
Qua(r)) =x(r)), i=0,1,...,2r, j=12,...,n (3.1.3)

Let 2 € C[0,1]. The (2r +1)-th divided difference of  at the points 7, 7},..., 77" is given
by

KT - F R | U - Y
[7307 lea . 773'2T]x =2 ! 2 ! 0 ¢
TjT -,

Define the nodal polynomial

2r

vt =[Jt-7). j=12...,n

i=0

Since Q,, ;x (the restriction of Q,z to A;) interpolates = at the points T]Q, o ,Tj27", the

interpolation error admits the representation
I(t) - Qn,jx(t) — \I/j(t) [T](')a Tj17 cee 77-]‘2T7 t]ZE, te Aj'
If x € C**(A;), then standard interpolation theory yields

I = Qui)lls, o < C [l

Moo B2 (3.1.4)

where C > 0 is a constant independent of h (see, [13] or Chapter 1).

The operator Q,, is initially defined on C[0, 1] and, if necessary, extended to £>]0, 1]
following the approach of Atkinson et al. [8]. In this setting, Q, is a projection from
L]0, 1] onto A&, and satisfies

Qnr —x, z€C[0,1],

as n — 00. Moreover, by combining the local estimate (3.1.4) over all subintervals, it
follows that for any = € C* 1[0, 1],

I(Z = @)zl < €y [l 0| . (3.1.5)
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More generally, let @ > 0 be an integer and set f = min{«, 2r + 1}. Then, for any
x € C0,1],
IZ — Qu)alle < Gl 17

In Chapter 2, we analyzed the orders of convergence of approximate solutions of Fred-
holm integral equations with smooth and Green’s function type kernels obtained by the
collocation method, the iterated collocation method, and their modified variants. In that
chapter, the space X, was taken as the space of piecewise polynomials of even degree
< 2r with respect to the same uniform partition, and the projection Q,, was defined by
interpolation at 2r + 1 equidistant points (including the endpoints) in each subinterval
[tj—1,t;] discussed above. Although these interpolation points are not Gauss points, we
showed that iterative refinement still improves the orders of convergence for both the

standard and modified collocation methods.

In the present chapter, we extend this theory to Urysohn integral equations with both
smooth kernels and nonsmooth kernels of Green’s function type. Specifically, we construct
approximate solutions of (3.1.2) using collocation methods, modified collocation methods,
and their iterated variants, and establish rigorous convergence results for each case. The
corresponding orders of convergence are derived under appropriate regularity assumptions
on the kernel and the right-hand side.

This chapter is organized as follows. In Section 3.2, we analyze the convergence prop-
erties of the proposed collocation-based methods for Urysohn integral equations with
smooth kernels. Section 3.3 is devoted to the convergence analysis for integral equations
involving non-smooth kernels of Green’s function type. Numerical experiments that sup-
port and illustrate the theoretical results are presented in Section 3.4. Finally, concluding

remarks and possible directions for future research are summarized in Section 3.5.

3.2 Convergence Analysis for Smooth Kernels

Let X = L]0, 1], and consider the Urysohn integral operator (3.1.1) as
1
K(z)(s) = / w(s,ta(t)dt, se[0,1], e,
0

where the kernel x(s,t,u) is a real valued continuous function on 2 x R. For an integer
a > 0, let C*[0,1] represent the space of all real-valued functions on [0, 1] which are

a-times continuously differentiable, equipped with the norm

HxHam = max ||x(")||OO = max { sup ]x(i)(t)\}.

0<i<a 0<i<a | g<i<1
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where £ is the i-th derivative of the function . Sometimes, for x € C*[0, 1], we define

|x||aoo ZHx(Z oo

Assume that
[o% a"i a—+
keC(QxR) and %GC PAxR), p>1.

Then K is a compact operator from £°[0, 1] to C*[0,1]. As in Section 3.1, we assume

that (3.1.2) has a unique solution ¢. We also assume that f € C*[0, 1]. Then, since

the solution ¢ € C*[0, 1]. As ¢ denote the unique solution of equation (3.1.2) and define

0
—H(s,t,u), for all (s,t,u) € 2 x R;

q(s,t,u) = ™

and
Q*(Sv t) = Q(Sa t, (p(t)).

For 7, k non-negative integers, we set

dIthq
(4:k) *
DY q,(s,t) = ajatk( s, ),

and define the constant as

Cy = max { sup ‘D(jk (s,t)‘}.

0<j+k<2r+3 | 0<s,t<1

For 6y > 0, let B(yp,dp) = {x € L2[0,1] : ||z — ¢/, < do} be a neighborhood of the

Ok
exact solution. Since u € C*™ with p > 1, the Fréchet derivative of K at y € £>[0, 1]
u

exists and is given by

(@) = [ Grsta@)ud = [ als i) e se o)

Moreover, K'(z) defines a compact linear operator from £>[0,1] into C*[0, 1] for each
x € B(p,d00). The additional regularity p > 1 guarantees that K’ is locally Lipschitz

continuous in B(p, dy), that is, there exists a constant v > 0 such that

1K' () = K'(@)[| <l = zllo,  x € Bl do). (3.2.1)
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For an integer r > 0, whenever X,, be the space of piecewise polynomials of degree
< 2r associated with the same uniform partition of [0, 1] and mesh length h = o In each
subinterval [t;_1,t;], choose 2r+1 collocation points as Gauss points, and let Q,, : X — A,
be the interpolatory projection at the collocation points. Then, the following orders of

convergence are proved in Atkinson-Potra [10] for sufficiently smooth kernel:
lo =%l =00, e =il = 0+*).

Subsequently, Grammont et al. [33] analyzed the modified collocation method and its

iterated variant and proved the improved convergence estimates
lo=en'lo =0 ), lo =&l = 0™,

As discussed in Section 3.1, when the interpolatory projection is defined using 2r +
1 distinct collocation points in each subinterval that are not necessarily Gauss points,
Atkinson-Potra [10] showed that, for sufficiently smooth kernels, both the collocation and
the iterated collocation methods converge with order O(h**1). This behaviour can be

illustrated by the following example.

Example 6. Let X = £2[0, 1], and let X,, denote the space of piecewise constant functions
with respect to the uniform partition of [0,1] given by
O=ty<ti< - <tyh=1 t;=2, j=0,1,...,n
n

Define the interpolatory operator Q, : C[0,1] — X, by interpolation at the collocation
points
352

Tj =

=1,2,...,n.
3In J ) <y T

Using the Hahn-Banach extension theorem, Q, can be extended to L£*°[0,1], and hence

Q,, is a projection. Consider the Urysohn integral equation

where f(s) =s, s €[0,1], and

K(z)(s) = (/le(t) dt + 1) s, se€l0,1].

The exact solution of this equation is given by p(s) = 4s, s € [0,1]. The operator K is

compact and Fréchet differentiable, with Fréchet derivative

(K'(0)y)(s) = (/Oly(t) dt) s, s€l0,1, yeAX.
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Moreover, 1 is not an eigenvalue of K'(¢).

For s € [tj_1,t;], we have
4(3j - 2)
T — Q)p(s) = ds — —2L —2).
(T - Qus) = s — 2B

A direct computation yields

/Ol(z— Qn)o(t) dt = ;/j (4t _ W) it — 3%

Consequently,
1
! 7 — n == 7 — n t)dt = 5
KT - @il = max | ([ @ @uptar) o = 2
and .
7 — = 71— < —.
IZ = Qe = o { max, (T @ptoll} < -

In general, the iterated collocation solution is superconvergent (see [13]) if and only if

1K) (T = L)l
I(Z = )¢l

In the present case, this condition is not satisfied, since

1K) ~ Qell - 1

IZ-Qelle  — 4

Thus, the iterated collocation method does not exhibit superconvergence for this choice of

—0 asn— 0.

interpolatory projection.

In the same setting, Grammont et al. [33] further showed that the modified collocation
method and its iterated variant yield an improved convergence rate of order O(h**+2). We
observe that selecting Gauss points as collocation points improves the convergence orders

through iterative refinement.

In our analysis, we employ an approximating space AX,, consisting of piecewise poly-
nomials of even degree < 2r, together with equidistant collocation points. Recall that
Q, : C[0,1] — X, denotes the interpolatory projection defined at (2r + 1)n equidistant
points in [0, 1] defined by (3.1.3). As shown in Chapter 1, the operator Q,, admits a

bounded extension to a projection from £>[0, 1] onto X,,.

In particular, @, — x uniformly for all z € C[0, 1]. Moreover, if x € C** 1[0, 1], then

the interpolation error satisfies

I(Z = Qu)zll, < C [|#@+0]|_ n2+,
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where C > 0 is a constant independent of n.

We briefly recall the approximation methods used to compute numerical solutions of

the Urysohn integral equation (3.1.2), which are summarized below.

The collocation approximation of (3.1.2) is defined by

0 — QuK(¢) = Quf. (3.2.2)

The corresponding iterated collocation solution is given by

o =K@+ f. (3.2.3)

Also, the modified collocation method is defined by
— K (e = 1, (3.2.4)
where the modified operator KM is given by
KM(z) = Q.K(x) + K(Qnx) — Q,K(Q,7).

The associated iterated modified collocation solution is defined as

G =K(pn') + [ (3.2.5)

This approach is particularly effective in enhancing the convergence rate while maintaining

computational efficiency.

3.2.1 Collocation and Iterated Collocation Methods

Note that the Fréchet derivative K'(¢) is a compact linear operator on X'. Since 1 is not
an eigenvalue of K'(p), the operator Z — K'(¢p) is boundedly invertible on X'. Moreover,
classical results of Krasnoselskii [42], Krasnoselskii-Zabreiko [44], and Atkinson-Potra [10]
ensure that, for all sufficiently large n, the collocation equation (3.2.2) admits a unique
solution ¢ in a neighbourhood of ¢, and that ¢ — ¢ as n — co. Moreover, the errors

of the collocation and iterated collocation approximations satisfy the estimates

o —@n lloo < C5IIT — Qu)ell (3.2.6)

and
le = enll.. < CallK' ()T = Qu)pll s (3.2.7)

where C'5 and () are positive constants independent of n. See Chapter 1. The following
result provides an error bound for the composition of the linear operator K'(¢) with the

interpolation operator Q,,.
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Proposition 23. Assume that q, is continuously differentiable with respect to t and that
x € C**2[0,1]. Then

IK'(0)(Z = Qu)lle < 2Cs [[2lgyyp00
Proof. We recall that
/ ! (9;-@
(K'(p)z)(s) = /0 (s, t)a(t)dt,  a.(s,t) = (s, 8, 0(t))-

For s € [0, 1], we write
K(9)(T — Qu)a(s) = / 0.(5, ) (T — Qu)a(t) dt
_ Z/t 0. (5, 0)(Z — Qu)e(t) dt

On each subinterval [t;_1,;], the interpolation remainder satisfies

(I— Qn,j)$(t) = \Ifj(t> [7’0 771 Ce T-Qr,t]l’, te [tj—latj]a

37777 L)

where U;(¢) = [[:2,(t — 7¢). Hence,

K'(o) (T — Qn)x(s) = Z /t,j q*(s,t)\Ifj(t)[T;), 7-].1, e ,7]27” t]x dt.

For fixed s, define

Then
K@)~ Qu)e Z / 0 (3.28)

Define

Then wj(t) = W;(t), with w;(t;_1) = w;(t;) = 0. Using integration by parts in (3.2.8), we

obtain
KT - Qs Z/ (Y @)t

Since
(Y (@) = qu(s,0)[r), ... ,T].Q’”, t,tlz + DOV, (s, t)[TJQ, R - 1

VR
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and x € C*2(0, 1], standard divided difference estimates (Hildebrand [36]) yield
() O <2Ca [[2llg 4,000 € [Hj1:15).
Moreover, ||¥;|| = O(h* ) and |w;||, = O(h**2). Therefore,
K(0)(T = Qu)a(s)] < 20, 2l h7 .

Taking the supremum over s € [0, 1] completes the proof. ]

The above estimate will be now used to determine the convergence orders of the
collocation and iterated collocation methodss. In particular, the convergence order of the
collocation solution of (3.2.2) is obtained by combining the interpolation error estimate
(3.1.5) with the bound (3.2.6). Similarly, the convergence order of the iterated collocation
solution defined by (3.2.3) follows from Proposition 23 together with the estimate (3.2.7).

As a result, we obtain

o —enll. =00 ), o —wal = O(r"*?).

These results demonstrate that the iterated collocation method achieves a higher order of
convergence than the standard collocation method, despite the fact that the interpolation

points are not chosen to be Gauss points.

3.2.2 Modified Collocation Method

We first present following lemmas that are essential for the proof of Theorem 24, where

the convergence orders of the modified collocation solution are established.

Lemma 3.2.1. Let g, € C**(Q) and that x € C*2[0,1]. Then

I(Z — QuK'(@)(T — Qu)all,. < 2C1Callally o0 h7H.

Proof. Since ¢.(s,t) € C**1(Q), that is, %(s, t,(t)) € C**1(Q), and since z € C**2[0, 1],
u
it follows that
K'()(Z — Qn)z € C*10, 1.

Using the interpolation error estimate (3.1.5), we obtain

I(Z - QK ()T — Qu)all, < Cl| (K@) = Qu)2) ™™ || w2+ (32.9)

o0
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Consider )
K'(0)(Z — Qu)r(s) = / 0.(5,1)(T — Qu)a(t) dt.

Since ¢, € C*" (), we obtain
(T~ Q)™ 5) = [ DE90, (50T - Qa0

—Z/ D 0g. (5,6)(Z — Qu)a(t) dt

-y / DO (s 1), (0)[0, .7t dt.
=1 7tji—1

For fixed s, define

Then
(K'(9)(Z — Qu)a) Z/ gilt

Since ¢, € C*T1(Q) and x € C*" 1[0, 1], standard divided-difference estimates imply that,
for all s € [0,1] and ¢ € [t;_1,1,],

[(95)' ()] < 20|l 15 -

Let ¢; denote the midpoint of A; = [t;_1,¢;]. By the mean-value form of Taylor’s theorem,
for each t € A; there exists {& € A; such that

9;(t) = g;(c;) + (t — ¢)(g;) (&)

Using the antisymmetry of ¥; about ¢; (Lemma 1.3.1, Chapter 1), we obtain

/tj 95 (8)W;(t) dt = /tj (t —cj)(g;) (&), (t) dt

Hence,
tj t
| 0v @] <2Calelyan [ 1l l0,0]d
ti—1 ti—1
~ h 2r+2 : ~
Since [t — ¢;| < 5 on A; and ft ;)] dt = O(h**?), each subinterval contributes
O(h?™3). Summing over j =1,...,n ylelds

| ()@ = Qua) | < 2Calfolly g h 2
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Substituting into (3.2.9) gives
I(Z - QUK(P)(T = Qu)all, < 2C1Calalyy e B,

which completes the proof. O

Lemma 3.2.2. Assume that the Urysohn integral equation (3.1.2) admits a solution ¢ €

C*+10,1], and that

o
8—’; € CU+2(Q) x R).

Then
[(Z — Qu) [K(Qup) — K(p) = K'(0)(Quy — 9)]]| . = O(r"*?).

Proof. Since by assumption

Ok
— e C*" (A x R),
5 ( )
. . . Ok . . . . .
it follows in particular that 0 is continuously differentiable with respect to u and pos-
U

sesses continuous mixed derivatives with respect to s up to order 2r 4+ 1. Consequently,
for yy,y2 € L]0, 1], the second Fréchet derivative of I at ¢ exists and is given by

192k

ICH(SQ)(%,Z&)(S): ; w(s,taw(t))yl(t)yz(t) dt.

The norm of the bilinear operator X" (¢) is defined by

IK" ()]l = sup 17" () (91, y2) [l -

lv1llo <1, [ly2lloo <1

Let v € B(g, d). By generalised Taylor’s theorem with integral remainder, we may write

Kp+v)(s) = K(g)(s) — K'(p)v(s) = /0 (1= 0) K" (¢ + 6v)(v,v)(s) db

=: (Rv)(s), se€]0,1].

Note that L g
K" (¢ + 0v)(v,v)(s) = / 8_1;(8’t’ ©(t) + Ou(t)) v3(t) dt.

0

Since % € C*2(Q x R), it follows that X"(p + 6v)(v,v)(s), and hence Rv, belong to
C? 10, 1]. We write

(K" (¢ + 0v) (v,0)) >+ (5) =

o 0 Hs2r+1

o (% (5.1, 0(t) + 0@(t))> () dt,
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and )
(Ru)®r(s) = / (1= 0) (K"(¢ + 6v) (v, 0))* (s) db.
0
Let ot )
o 0°k
= &%]sﬁﬂ(aﬂwﬂﬂw

[ul<[l¢pll oo +d0

Then, for all 6 € [0, 1],
" (2r+1) 2 (2r+1) Cs .\ 2
0o+ o), )| < ol (IR < Sl
Using the interpolation estimate (3.1.5), we obtain

I(Z = Qu)Ro|l, < Cy||(Ro)@ || _p+ <

[ol|Zh? .

< C1Cs
2

Since Q,z — x for all x € C[0, 1], it follows that for n sufficiently large, v = Q,p — ¢ €
B(p, do). Hence,

C1C5
2

h27‘+1

(Z = Qu)R(2nyp — 9l < 1Qnp — iz

Finally, since ¢ € C* 1[0, 1], again by (3.1.5),
HQnQD _ 30”00 < ClHQD(QTJrl)HOOhQTJrl.

Therefore,

1(Z — Qn)[K(Qnip) = K(p) = K'(©0)(Cne = ©)]ll oo = I(Z — Qn) R(Crn — 9)ll

< (01;305 HSO(QTH)HZO ,6r+3

which completes the proof. O

The above proof is adapted from the argument used in Lemma 2.1 of Grammont et
al. [33]. On the basis of the crucial results established in the preceding lemmas, we are now
in a position to state the main convergence result for the modified collocation method.
In particular, the assumptions required for the application of Theorem 7 are satisfied
in the present setting with f # 0. Consequently, there exists a neighbourhood B(y, dg)
of the exact solution ¢ such that, for all sufficiently large n, the modified collocation
equation (3.2.4) admits a unique solution ¥ € B(ip, §y). We now state the corresponding

error estimate for M.
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Theorem 24. Assume that the Urysohn integral equation (3.1.2) admits a unique solution
@, and suppose that k € C(Q2 X R),% € CT2(Q x R) and f € C*2[0,1]. Assume
further that 1 is not an eigenvalue of the Fréchet derivative K'(p). Let X, be the space
of piecewise polynomials of even degree < 2r with respect to the partition (2.2), and let
Q, : L£°[0,1] — X, be the associated interpolatory projection defined by (3.1.3). Let oM
denote the unique solution of the modified collocation equation (3.2.4) in a neighbourhood
B(p,00) of ¢. Then the modified collocation approximation satisfies the superconvergence

estimate
len’ = el = O(*),
as n — oo.
Proof. By assumption, the operator Z — K'(¢) is boundedly invertible. It follows from

Lemma 1.4.3 that, for all sufficiently large n, the operator Z — (KM)'(¢) is also invertible.

Moreover, its inverse is uniformly bounded, satisfying

|z - wdyen™

<2(|@ - K|
An application of Theorem 7 then yields
len’ =l = 20,

where

Combining the above estimates, we finally obtain

len' =l < 47T =K (@) HIEZ = Qu)(K(9) = K(Qu)) - (3.2.10)

We write

(Z - Qn)(K(p) = K(Qnp)) = —(Z — Qn)[K(Qnp) — K(p) = K'(¢)(Qup — ¢)]
— (T = QK (0)(Quyp — ).

By Lemma 3.2.2, we have

I(Z — Q) [K(Qnp) — K() = K'(©)(Qnp — 2)]lloo = O(RT*?) . (3.2.11)
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0
On the other hand, under the assumptions f € C**2(0, 1] and a—ﬁ € C7T2(Q) x R), the
u

unique solution ¢ € C?*"2[0, 1]. Then by Lemma 3.2.1, we have

(T~ QUK (@)(@up = @)l = I = Q)T - Q)i = O(H™).

From (3.2.10), (3.2.11) and the above estimate, we obtain

[on' — ¢l = O(R").

3.2.3 Iterated Modified Collocation Method

In this subsection, we present the main result of the smooth kernel case. In particular, we
show that the iterated modified collocation method attains a higher order of convergence
than the modified collocation method. The proof of this result is carried out through
a sequence of auxiliary lemmas and propositions, which collectively establish the main

theorem.

Lemma 3.2.3. Assume that q, € C***2(Q) and that x € C**2(0,1]. Then
IK'(0)(Z = Qa) K'(0)(Z = Q)] < 4C2)* gy yp 00
Proof. Applying Proposition 23, we obtain
1K' ()T = Qu) K' ()T = Qu)zlle < 202 K (9)(T = Qu)llyppno0 B (32.12)
To estimate the derivative norm, observe that

I ()T ~ Qu)llyy ypo0 = max | (K()(Z — Qu)x)"

0<i<2r+2

oo

Since ¢, € C**2(Q), the proof proceeds exactly as in Lemma 3.2.1. In particular, one

obtains
2r+2 r
(K (0)(Z = Qu)2)* ™ (s)] < 2Cs 2]y y0.0 22 s €[0,1].

Hence,
1K ()(T — Qn)IHQH_QM < 20 ||‘/E||2r+2700 R+,

Substituting this estimate into (3.2.12) yields
IK(@)(Z ~ Q) K'(9)(Z ~ Qu)llae < ACo)? 1l o0 HH

which completes the proof. O]
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2

e C*2(Q x R), and f €

Ok
L 3.24. A that k,— € C*T(Q x R), 5
emma ssume that &, -2~ € (Q x )’8u2

C?**+2(0,1]. Then
1K ()T — Qu) [K(Quip) = K(9) = K'()(Quip = 0)] |, = O(h™ ).

Proof. Define
By definition of the Fréchet derivative,
1
K'(0)(Z — Qn)wn(s) = / q:(8,t)(Z — Qp)an(t)dt, s€0,1].
0
Ok 0K

As K, 3 CT QA xR), 5z € CT2(QxR), and f € C*"*2]0, 1], then the exact solution

satisfies p € C*2[0,1]. Moreover, the nonlinear remainder
= K(Qup) — K(p) = K'(9)(Qup — 9) € C*2[0,1].

Since g, is continuously differentiable with respect to t and z,, € C*"72(0, 1], Proposition 23

is applicable with = = x,,, yielding
IK(0)(Z = Qa)Tnllos < 2C2 1Tl g 00 B2 (3.2.13)
From Lemma 3.2.2, we recall that
Tn = K(Qnp) = K(p) = K'(0)(Qnp — #) = R(Qnp — ).

Moreover, by following Lemma 3.2.2, one can see that

(i) Cs 2
HxTLH2T+27OO = ||R(Qn(p - (10)”2r+2,oo = OSI;%%Z:L? (R(Qn(p - 90)) - S 7‘|Qn(p - (p”oo
Since ¢ € C**2(0, 1], one can obtain
HQnSO . SOH < ClHSO(2T+1)HOOh2T+1'
Thus,
(01)205 r 2 r
||l‘n||2r+27oo = TH‘P(Q +1)Hooh4 +2. (3214)

Combining (3.2.13) and (3.2.14) together, we obtain
2
1K (9)(Z = Q)i < (C1)*CoCs || V|| BOH,

which proves the result. O]
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2
Lemma 3.2.5. Assume that /{,g—ﬁ e C*T(Q x R), O € C*2(Q x R), and f €
u

C¥*+2(0,1]. Then o
1K (0) (K () = KM () ||, = O(R**1).

Proof. By definition of the modified collocation operator,
() = QuK(9) + K(Qug) — QuK(Quep).

Hence,

K(e) — I (9) = (T — Qu) (K(9) — K(Qup))
—(Z — 20) [K(Qnp) — K() = K'(9)(Qnep — ©)]
— (T - 2)K(0)(Qnp — ¢).

Applying K'(¢) and taking norms, we obtain

1K' (0) (K@) = KN ()], < IK(0)(T = Q) [K(Quep) — K() — K'(0)(Quie — 0)]]| .
+ K ()T = Qn)K'(0)(Qn — )l

The first term is estimated directly by Lemma 3.2.4, yielding
1K ()T = ©u) [K(Quip) = K(p) = K'(9)(Quip = @)] |, = O(h™*).
To estimate the second term, we observe that
IK ()T = Qu)K'(0)(Qnp = @)l = IK'(0)(T = Qu)K'(9) (T — Qn)#ll
Since gu(s t,(t)) € C*2(Q) and ¢ € C*"2(0, 1], Lemma 3.2.3 applies and we obtain
IK"(0)(Z = Qa)K'(9)(Qnep = #)ll oo = O(h"H) .
Combining the above estimates yields
K (@) (K(e) = K ()|, = O,
which completes the proof. O

2
Lemma 3.2.6. Assume that m,% € C*(Q x R), Or € CT2(Q x R), and f €

ou ou?
C**+2(0,1]. Then

1K' () (K1) (9) = K () (0 = )| . = O (™).
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Proof. By definition of the Fréchet derivative of the modified collocation operator,
(K (0) = QuK'(0) + (T — Qu)K'(Qutp) Q-

Hence,

We decompose the second term as

K'(@)(Z — Qu)K'(Qnip) Qn = K'(9)(T — Q) (K'(Qnip) — K'(0))
+ K'(0)(Z = Qn)K'(0) Q-

By Kulkarni-Nelakanti [50, Theorem 4.2] as
IK' ()T = Qu)K' (@)l = O(h**?).
The Lipschitz continuity of £’ in (3.2.1) implies
1K' () = K'(©)lloo £ 1Qnee — @lloo < ACh]J® V|| 27,
and the uniform boundedness of Q,, then gives
1K' (£)(Z = Q) (K'(Qup) — K'(¢)) Qul| . = O(*1) .
Combining the above bounds, we obtain
I @) (R (0) = K@) = O(h*).

Finally, from the convergence estimate for the modified collocation solution established

in Theorem 24, we have
len” = ¢l = O(*).

Therefore,

1K () (MY () = K'(9)) (0 — 23Dl . < 1K () (MY () = K () ||, |0 — en' ]|
— O(h2r+1) . O(h4r+3) — O(h6r+4) ’

which cmpletes the proof. O
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The next theorem constitutes the principal result of this section. It quantifies the
superconvergence achieved by the iterated modified collocation method when applied to

Urysohn integral equations with smooth kernels.

Theorem 25. Let X, be the space of piecewise polynomials of even degree < 2r with

respect to the uniform partition of [0,1], and let Q,, : L>[0,1] — X, be the interpolatory
0 0?

projection defined by (3.1.3). Assume that k, a—K € C* T (QxR), a_/; € C*2(QAxR), and

u u

f € C**2[0,1]. Further, assume that 1 is not an eigenvalue of K'(p). Let ¢ be the unique
solution of the Urysohn integral equation (3.1.2), and let o™ € B(p, &) be the iterated
modified collocation solution defined by (3.2.5). Then

lo =&l = 0("™) -
Proof. From the definitions of the exact and modified collocation equations, we have
B — @ =K(gn') — K(p)-
Applying the generalized Taylor expansion of K about ¢,
K(en') = K(p) = K'() (e’ — )+ R(en' — ), (3.2.15)

where the remainder term is given by

(R(e) =) (s) = /0 (1=0) (K" (e +0(e) — ) (eh —¢)?)(s)db, se€]0,1].

82

K
Since —— is continuous on 2 x R. Then the operator K is twice Fréchet differentiable

and the second Fréchet derivative of I is given by,

1 2:‘@
(K" 4 6(0h — ) (en" —)?] (s) = /O %(s, t,o(t) + 0(pn" — o)1) (0h! — ©)(t) dt.

Then

82
[[K" (e + 00" — o)) (eh — ©)?] (5)] < S au';(s,t,w o™ — ||
ful<llgll o, +60
Thus,

11K (¢ + 8(2™ — o) (DY — )| < ol —o]|-.

where

Cs = sup
s5,t€[0,1]
|ul<[[¢]l o +00

——(s,t,u)
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is a constant. Consequently, we have

C
I1R(en = @)l < 5 llen’ = @l

Using (3.2.15), we arrive at the error estimate

122 = ¢ll.. < K (@)@ = )]l + Collen” =l (3.2.16)

From Theorem 24 we already know that
len’ = ll, = O(R™).
As discussed in Grammont et al. [33], define the operator B, : X — & by
Bu(w) = ¢ — (T K(¢) " (K(¢) = K (p)p — K (@) + K'(0)z)
Then B, (x) = x if and only if
(Z-K'(p)z=(Z-K(p)e— (Kp) = K(p)e — Ky (2) + K'(9)z),

which is equivalent to

=K (z) =9 —K(p) = f.
Hence, the modified collocation solution ¢ is a fixed point of B, that is,
Bu(py') = on -
Hence,
oY — o= Buled) —
= —(T- K@) (K9) = K (9)e = KN (@) + K ()l ).

Multiplying by K'(¢) and using the commutativity of K'(¢) with (Z—K'(¢))~!, we obtain

K'(@0)(gn —0) = —(Z = K'(9)7'K'() (K'(¢) = K3 ()

(

+ (T —K'(0) 'K (@) (Y (0x") = Kl () — (K2 (0) (0h = )
+(Z—K'(9) 'K (@) (K)) () = K'()) (en] = ).

By Lemma 3.2.5, the first term is of order O(h* ). By Lemma 3.2.6, the third term is of
order O(h% ). The second term can be estimated by applying Lemma 3.3 of Grammont
et al. [33], which yields

[ (o) = KX () = (KXY ()l = )l = O([lel - e2) = o).
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Hence,
K (@) (eh" = 0)||, = O(h*™).

Finally, combining this estimate with (3.2.16), we conclude that

[on — ¢l = O,

which completes the proof. n

Theorem 25 shows that the iterated modified collocation solution converges with or-
der O(h***). This order is higher than that of the modified collocation solution and is
achieved without refining the projection space or increasing the polynomial degree. The
analysis demonstrates that the iterated modified collocation method exhibits a superior
convergence rate compared to the modified collocation approach. Notably, this improve-
ment is obtained without requiring Gauss collocation points and yields a higher order
than all collocation methods considered herein (i.e. collocation, iterated collocation and

modified collocation methods).

3.3 Convergence Analysis for Green’s Kernels

Let X = £>[0,1]. In this section, we study the convergence analysis of the Urysohn
integral equation with Green’s function type kernels defined by (3.1.2). Specifically, the
associated Urysohn integral operator K : X — C[0, 1] is given by

K(z)(s) = /o k(s,t,x(t))dt, se€l0,1], x € X,

where the kernel x : 2 x R — R is a real-valued continuous function.

Although, for an integer r > 0, whenever &,, denote the space of piecewise polynomials
of degree < 2r associated with a uniform partition of [0, 1] with mesh length h = % The
interpolatory projection Q,, defined at 2r + 1 Gauss points on each subinterval A; =
[tj—1,t;]. Under suitable smoothness assumptions on the kernel x of the Urysohn integral
operator, Atkinson-Potra [10] showed that, for o« > 2r + 1, the collocation and iterated

collocation solutions satisfy
lo =l =0 ), o =il = O(pmintetrs22rs),

With additional regularity assumptions on higher-order derivatives of x, Kulkarni-Nidhin [57]
established that the modified collocation method satisfies

o =@ = O+,
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and that the iterated modified collocation method achieves

oy O(h?), r=0,
e =&l =

OMh¥*3), r>1and a>2r+3.
These results indicate that, while the standard and iterated collocation methods exhibit
limited improvement, the iterated modified collocation method attains the highest order

of convergence among the considered schemes.

In this section, we employ an approximation space X, consisting of piecewise polyno-
mials of even degree not exceeding 2r, together with equidistant collocation points. Recall
that Q,, : C[0,1] — X, denotes the interpolatory projection defined at (2r + 1)n equally
spaced points in [0, 1], as introduced in (3.1.3). A key feature of the proposed approach
is that it achieves higher-order convergence while relying solely on even-degree piecewise
polynomial spaces and equidistant collocation nodes, which are not required to coincide
with the zeros of special functions. The enhanced convergence rates are obtained under

appropriate smoothness assumptions on the kernel of the underlying integral operator.

Let @« > 1 be an integer. Throughout this section, we assume that the kernel s

associated with the operator K defined in (3.1.1) satisfies the following properties:

1. For i =1,2,3,4, the functions k, ? € C(Q x R).
u'L

2. Divide Q into two parts as 3 x R = {(s,t,u) : 0 <t < s < 1,u € R} and
QxR ={(s,t,u) : 0 < s <t<1,u€R}. There are two functions x; € C*(€; xR),
1 =1, 2, such that

Ri(s,t,u) if (s,t,u) € Q x R,

k(s t,u) =
Ro(s,t,u) if (s,t,u) € Q9 x R.
3. Let
2
l(s,t,u) = %(s,t,u), m(s,t,u) = %(s,t,u), for all (s,t,u) € Q x R.

Clearly, ¢, m € C(2 x R). The partial derivatives of ¢(s,¢,u) and m(s,t,u) with

respect to s and ¢ exhibit jump discontinuities along the line s = t.
4. There exist functions ¢;, m; € C**1(Q; x R), i = 1,2, such that

O (s, t,u) if (s,t,u) € Q) x R,
lo(s,t,u) if (s,t,u) € Qe xR

l(s,t,u) =
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and
ma(s,t,u) if (s,t,u) € O X R,
m(s,t,u) =
mo(s,t,u) if (s,t,u) € Qy x R.

%

0
Since 2 ¢ C(Q x R) for i = 1,2,3,4, the operator K being four times Fréchet
uZ

differentiable at © € X is expressed as

L oig

K@), )(s) = [ GCs.tea®n(t) ) db. s 0.1

where o o
'K 'K
—(s,t,x2(t)) = — =1,2,3,4
aul (87 7x( )) aul( ) Z ) ) b )

u=z(t)

s, t,u)

and y1,Y2,Y3,y4 € X. Note that £'(z) : X — X is a compact linear operator, while
K@(z) : X' — X are multilinear operators, where X represents the Cartesian product

of i copies of X' (see Rall [73] or Chapter 1). The norms of these operators are given by

K9 @] = sup IO @) Iyl €17 = 1)

for i =1,2,3,4. It follows that

HICw (x) || < sup
5,t€[0,1]

out

ai
—K(s,t,x(t))‘ Ci=1,2,34.

Under the above stated assumptions on kernel x, the Fréchet derivative of I at y € X
is given by
B Lok

(K'(@)y)(s) = | ou s e)y®) dt:/o (s, t,p(0)y(t) di, s €0,1],

As it is assumed in Section 3.1 that the equation x — IC(z) = f, with f € X', admits a
unique solution . We seek numerical approximations of this solution. Let f € C* 1[0, 1].
Then, under the above regularity assumptions on the kernel x following Atkinson-Potra
[10, Corollary 3.2], we have ¢ € C**1[0,1].

For §y > 0, recall that B(yp,d0) = {z € X : ||z — ¢||, < do} be a closed ball with
centre o and radius &g. If z,y € B(p, dy), then it can be easily shown that

1K' () = K' @)l < vl =yl oo (3.3.1)

for some constant ~.
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We use the following notations throughout the section:

Define S; = {(s,1) : 0 <t <s <1}, Sy ={(s,t): 0<s<t<1} and

01.(s,t) = l1(s,t, ¢(1)), (s,t) € Sy,
lo.(8,t) = la(s,t, (1)), (s,t) € Ss.

lu(s,t) == L(s,t,(t)) =

By assumption £, € C(Q). Since ¢ € C**10,1], it follows that ¢;, € C**1(S;) and
ly, € C*T1(Sy).

For 7, k non-negative integers, we set

(k) QIR .
DYl (s,t) = 950tk (s,t), fori=1,2.
Define
Ok
Cr = max sf;l[(]il] ‘@(sﬂf,u) :
[ul <[]l +0

(s = max { sup |D(j’0)€17*(8,t)} . sup |D(j’0)€27*(s,t)‘ }

RS Lteoastsest th—1<s<t<ty

From the Fréchet derivatives of I, it is easy to see that
(' ()9) " < Crllylles i =0,1,2, (3.3.2)

6" @) 1), < Crllollollvellr i = 0,1,2. (33.3)

The analysis of interpolatory projection methods based on equidistant collocation
points, rather than Gaussian points, for Urysohn integral operators with Green’s function
type kernels appears to be absent from the existing literature. In particular, there is no
detailed study of such projections onto spaces of piecewise polynomials of even degree not
exceeding 2r over a uniform partition of the interval [0, 1]. The purpose of this section
is to address this gap and to develop the analytical tools required for the convergence

analysis in this setting.

3.3.1 Divided Difference Bounds

Let z € C[0,1], and let {7}, 7/,..., 77"} C [0,1] be a set of 2 + 1 distinct collocation

points. For any s € [0,1], we denote by [70,7},..., 77", s] « the divided difference of the
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function = at the points 77, 7},..., 77" and 5. Recall that the Fréchet derivative of the

Urysohn integral operator K at ¢ is given by

<wwm@=4a@wWMnsemm

where ¢, denotes the associated Green’s function type kernel. A crucial observation is
that the divided difference operator with respect to the first variable may be interchanged

with the integral defining K'(p). More precisely, for any s € [0, 1], we have

1
|:T]Q7 Tj17 < 7T]'2r> 8} (’C/<90)x) - /O [Tjov Tj17 <o 77—]'%7 S} E*(, t) x(t) dt’

where [T]Q,le, e ,sz’”, s} l.(-,t) denotes the divided difference of the kernel function ¢,

with respect to its first argument, with ¢ treated as a parameter.

In this subsection, we establish two fundamental lemmas concerning the divided dif-

ference [T]Q, 7']-1, e ,TjQT, s] (IC’ (gp)x), which are essential for the convergence analysis of the

interpolatory projection method at equidistant collocation points.

Lemma 3.3.1. Let r >0 and {70, 7},..., 77"} be the set of collocation points in [t;_,t;]
forj=1,2,... n. Then

sup [0, 7}, 72 5] (K (9)2)] < Cuallall 57
SE[tj—1,t;]

for some constant Cy;.

Proof. We recall that the interpolation points within each subinterval [¢;_;,¢;] are defined

as

. h
T;:tj—1+;_rztj—1+hCi7 fOTi:O,l,...,2T; j:1,2,...,n,

where (; = QL € [0, 1], so that 7} € [t;_1,t;]. Also, the action of the Fréchet derivative of
T

the integral operator on a function z is given by

1 1
Ka)s) = [ Sste)ain= [ Lisnad, s
0 0
where
lu(s,t) 0<t<s<l,
Lsty = 00 ’
lru(s,t) 0<s<t<1
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Let s € [t;_1,t;], then splitting the integral over all subintervals gives
1

2.7} S0 o)) = [ 2ol tgatt)
0

n tr t;
= Z/t (70,7}, 8], t)x(t) dt+/ (70,7}, s t)x(t) di.
k=1 v tk-1

ti—1
ki
(3.3.4)
Since ¢, is sufficiently differentiable on the interval [t_1, tx] for k # j, we have
tr
[ s sl oetode] < el (335
tk—1

To estimate the remaining integral over [t;_1,t;], we bound [77, 7}, s](.(-,) on that inter-

val. We write [77, s](,(-,t) explicitly and treat three cases. Fix 70,7}, s € [t;_1,;].

Case (I) Whenever t;_; < s < 7). Note that

(01,(s,1) — 01 (70,
1+(5:1) 3<]) it <t<s,
s — 78
Cu(s, t) — £,(70, 1) lou(s,1) — £ru(70,1)
TR P CU 1500 R L SCD bl MG R
5 —T; 5 —T;
U (5,t) — by (79t
2:(51) %<]) itT0 <t <t
\ 5 —T;
Thus, for a fixed s € [t;_1,7}], the function [7},s]¢,(-,t) is continuous on [t;_1,t;]. Since
l14(-,t) and £y, (-,t) are continuous on [s, 7] and differentiable on (s,77), we apply the
mean value theorem to obtain
Oy (s, t) — Ly (T0,8) o (s, t) — Lo (T, 1)
0 : = D(Lo)gl,* (7717 t)a and 0 : = D(LO)EQ,*(U% t)a

for some 13,1, € (s,77).

Now, for t € [t;_1, s|, we estimate

— 79
S —T;

axaw—&A@JW

S( wplﬂwawwO:@.
t

§—1<t<s<t;

Similarly, for ¢ € [7),t;], we have

62’* (S, t) — 627*(TJQ, t) ' < (
T\t

_ 0
S 7']-

sup |D(1’0)€2,*(3, t)| ) = Cs.

§—1<s<t<t;



116 Chapter 8. Urysohn Integral Equations with Smooth and Green’s Kernels

Hence, the divided difference is bounded as
[0, 8]0 (-, t)| < Cs,  for t € [t;—1,s]U[r), 5] (3.3.6)

Now, for s <t < 77, we first compute

lau(s,t) = L14(7),1) Lo, t) — Lau(t,t) + 414 (2,F) — l14 (79, 1)

§—1T) 5 —1)
_ D(LO)EZ*(U?H t) (S - t) + D(LO)EL*(TM? t)(t - T]0>
B 5 — 1T} §—1T; ’
for some 73 € (s,t) and ny € (t, 7). Therefore,
Uy (s,t) — 01 (79t
2000 = 01D L = g,
5 — 1T}
Thus,
}[Tf,s]f*(-,t)| <20, fors<t< 7'](-).
Combining this with the bound in (3.3.6), we obtain
sup T, 816+, 1) < 2C3%. 3.
2 s 2C 3.3.7

tetj—1,t5]
Case (II) When s = 77, the divided difference simplifies to the partial derivative

(1,0) 0 ey < 0
20 0y = 4D i St<r) <

Jr'g .
DO, (70,1) it <<t <1

Therefore, we obtain the following bound

sup HTJ(»),T]-OW*(-,tM < Cs. (3.3.8)
te[t]’,htﬂ
Case (IIT) Whenever 77 < s < t;, we proceed in the same manner as in Case (I) and

obtain
sup |[7), s]0. (., )| < 2Cs.

teftj—1,t5]

Combining this with the estimates from (3.3.7) and (3.3.8), we conclude

sup [T, s]6.(, )| < 2Cs. (3.3.9)
s,LE[tj—1,t5]
Now observe that
[TO S]E*('a t) o [lea 8]£*<'7 t) 1

[T](-), 7'3.17 sll(.,t) = I
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which implies

1
0,71 s)e t‘ [ 79 5], + ot
o1t < e [ sl + [t s )
It follows from (3.3.9) that
4C,
su 0 7 sl (.t e
s,te[tjz,tj] H 37y S >‘ ~ hl¢o — G
Therefore, we estimate the integral as
b 4Cy C
0.1k s)e dt‘ x ol
[ sl e @) < el = P
4
where Cy = ‘C—C8§| ia constant. Combining this with the estimate from (3.3.5) and
0—G1

substituting into (3.3.4), we obtain

) C. C
(70,7}, s](K! (¢))] < (08h+ h9)||$||°° < %qum,

for some positive constant C'y. Applying mathematical induction, we finally derive the

required estimate:

1
sup [0, 7}, .. T S| (K (@)x)| < C’11||x||ooﬁ,
s€tj—1,t;]

for some positive constant Cy;. Since s € [tj_1,t;] was arbitrary, this completes the

proof. ]

Lemma 3.3.2. Letr > 0 and { 77, J e ,TjQT} be the set of collocation points in [t;_1,1,]
forj=1,2,... n. Then

sup HTQ T s, s} (IC’((p):U)| < Cysllz|| 7,

s€[tj—1.t)]

for some constant C13.

Proof. Let s € [tj_1,t;]. Then, we consider repeated nodes
1
hﬁsﬂK%>>:/f#sﬂf<wmww

= Z/ (70,5, 8] L (-, 1) 2(t) dt+/tj (7,5, 8] u(-,t) x(t) dt. (3.3.10)
k#]

J
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Since /, is sufficiently differentiable over each subinterval [t;_1,1;] for k # j, we obtain

the estimate

7%
[ s sl tatt)at] < Clel (33.11)

te—1

To proceed, it remains to bound the quantity [TJQ,S,S]E*(-,t) for T]Q,s € [tj-1,t;]. Fix

ENS [tjfl,tj].
Case (I) Whenever t;_; < s < 7}, note that

[s, 8]0, (., 1) — [19 S]E*(.,t)‘

0 )
(70,5, 8]0(., t) = — 70]
J
Thus,
(001« 01,5 (8,8) L1, (79,¢)
o)~ (M)
0 lf tj,1 S t S S,
§—T;
002 « + o (8,8) =1, (12,1)
0 s 8]0,(,t) = % (5:8) = (= _
[Tj’S,S] 1) = - if s <t<79,
§—1T) j
005, lou (5,) 20 (70,0)
w0 - ()
0 lf T] S t S t]
\ S —T;

The function [7), s, s] £,(-,t) may be discontinuous at t = s. Since £1,(-,t) and ly,(-, 1)

are continuous on [s, 7] and differentiable on (s, 7)), by the mean value theorem we get

>0
E*S;t _K*T(‘))t €*87t _E*To’t
1, ( ) 10, ( j ) _ D(l’o)él,*(yl,t); and 2, ( ) 20, ( J ) _ D(170)€27*(V2’t)7

for some vy, vy € (s,77).

Now, for t € [t;_1, s],

or Lk Zl,*(s7t)_ely*(707t)
815 (S’ t) o ( s—T]Q : > D(l,O)gl’* (8, t) — D(l,O)gL*(Vl, t)

- — 0
S T, S TJ

D(Q’O)gl’* (Vg, t) (S — Vl)

— 79
§—T;

< ( sup ‘D(Z’O)&’*(s,t)‘) = Ck,
t

j—1<t<s<t;

for some v € (s,1). Similarly, for ¢ € [7'](-] ,t;], one can see that

1o24 L% ZQ,*(S,t)*EQ’*(TO,t)
ps (8:1) = <7—Toj) (
1 <

— 70 -
§—T;

sup ‘D(Q’O)Kgy*(s, t)‘ ) = Cs.

tj_lgsétgtj
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Hence,
70,5, 8] 6.(- )| < Cs, for t € [tj_1,s]U[r),1;]. (3.3.12)

Now fors<t<7'JQ,

62,* (87 t) - El,* (7’]07 t) o 62,* (87 t) - 62,* (t, t) + él,*(ty t) - El,*(T]Qa t)

§—1) 5= 1j
_ DUy (us,t)(s — 1) + D = 7)
s — TJQ s~ 7—]0 |

ffor some v5 € (s,t), vs € (t,7}). Therefore,

0s 0

862,* (37 t) o (‘62,*(57 t) - 61,*(7-](‘)7 t)) |

D(Lo)gz,* (v5,t)(s — 1) D(LO)EL*(V& )t — TO)
5 —1T] s =}

< 3Cs.

= ‘D(l’o)ggv*(s, t) —

0
/TJ
S

Combining with (3.3.12), we get

This yields
%(S,t) _ (62,*(5,2:?0,*(7?,16))

J
— 0
S 7']

dt < 3Cs.

‘ / 77,5, 8]0, (., t)x(t) dt’ < (Cs+3Cs + Cs) ||z|| . = 5Cs]|z|| o,
Hence, using bound of (3.3.11) and the above estimate in (3.3.10), we conclude
(77,5, 8](K'(9)2)| < (Csh + 5Cs) ||z < 6Cs 2]l (3.3.13)

Case (II) Whenever s = 77, the third-order divided difference of the function (K’(¢)z)(s)

at the repeated point 77, denoted by [77, 7, 77](K'(¢)x), is defined as

3

75,73, (K (p)x) =

Jrigotg

(p)a) (7))
(a;r(%%o) a@* (0o >

[/ S ona- [
tj—1 882 j’

[0, 70, K (p)3| < 2Cs]|2] .- (3.3.14)

Jorlio g

(

_|_
| = er—kwlr—t

()dt]

Hence,
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Case (III) Suppose 7] < s < t;. Proceeding similarly as in Case (I), we obtain
(77, 5. s(K'()x)| < (Csh +5Cs) ||zl < 6Cs]z]l
Combining this with inequalities (3.3.13) and (3.3.14), we derive the following bound

sup }[Tf,s,s](lC'(go)x)‘ < 6Cs||x]l (3.3.15)

sE€[tj—1,t5]
which establishes the required estimate for the case r = 0.

For r = 1, we analyze the higher-order divided difference

[7-]07 Sy S](ICI(QO)x) - [lev Sy S](K’(gp):)j)

.7 5K (2)a) =

37737 1

.—Tj

1 0 ! — [t s, s|(K'(¢)x
:m[[Tj,s,S](K (p)a) = [77,s,s](K(¢) >]~

This implies the estimate

1
HT]O,T]’SS k(e |_h|C0—C1

Using inequality (3.3.15), we get

18 s, + 6 0 0] |

12C% 1
sup {77, 7], 5, 5] (K (9)2)] < r—=lelloe = Crallllc 7
sE€[tj—1,t;] ’ Gl

12Cs . . . .
where Cy = W is a constant. By applying mathematical induction, we conclude

0—G1
that

1
sup ‘[7}07 7-].1, . ,Tj%, s, 3](/C'(gp)x)| < 013||x||ooﬁ,
s€[tj—1,t5]

for some constant C'3, completing the required estimate. O

Further in this section, we will now establish convergence orders for collocation and
iteration collocation solutions (i.e. ¢ and ¢°). Then, we will determine convergence
orders for both the modified collocation solution ¢} and the iterated modified collocation

solution @M.
3.3.2 Collocation and Iterated Collocation Methods

In this subsection, we first establish an analogous result has already been proved in Chap-
ter 2, and the present analysis follows a similar line of reasoning adapted to the current
setting and following previous lemma.This result plays a crucial role in the derivation of

the main convergence result for the iterated collocation solution.
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Lemma 3.3.3. If x € C**2(0, 1], then
H’C/(SD)(I_ Qn)x”oo < 2014“1"‘2r+2,ooh2r+27

where Ch4 is a constant independent of h.

Proof. Let s € [0,1]. Then we have

K'(0)(T — Qu)a(s) = / 035, 1)(T — Qu)a(t) di

:Z/t.j 0.(5,8)(T — Quj)z(t) dt

J=17%
where )
U,(t) = H(t—T;), forj=1,2,...,n
i=0
Let s € [t;—1,t;] C [0,1], for some 1 < i < n. Then we write
K () (T — Qu)a(s) = Z/ 05,000 (1) [0 78 r A dt (3.3.16)
—1 Jti
7
t;
+/ C(s,0)5(t) [, 71, 7t @ dt
ti—1
For fix s, let
fi(t) = lu(s,t) [TJQ,T;, . ,szr,t} x, te€ltj,ty], for j=1,2,.
That is

01 (s, t)[J,],...,TJ-QT,ﬂI, j <i,

lou(s,t) [t 7}, e, >

[@) =

Note that the function f; is continuous on [t;_1,t;] and differentiable on (t;_1,;) for

t t;
J # i. Therefore by Taylor series expansion of f; about the point s; = % there

exist a point ;1 € (t;_1,t;) such that

() =[5 (s5) + (= s3) () (G,
where
El,*(sa le) [T_;')7Tj17 DR ,T'QT7 lea le] T+ D(O’l)gl,*(sagjl) [TQaT‘la <o 77-]'2ra le] z, .] S iy

l2.4(5,Cj1) [TJQyle,- ',Cgl,le]erD(Olfw( Cgl)[ )T 7~-~7TJ2T7Cj1]£C, Jj >

(f7) (Gr) =
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Let
Ci4 = max { sup |D(0’k)£1’*(s,t)}, sup ‘D(O’k)ﬁgy*(s,t){ }

Then
[(£3)(G0)] < 2C ][]l 3049 00

Now, we write

/tj ﬁ*(s,t)qu(t) [Tjoalea s ?TjQTat] T dt = /t j (t - Sj) (f]S)I(Cﬂ)\IjJ(t) dt.

Jj—

It follows that

< 2Cully s o7

tj
/ (s )8 [P0 rhs e ] dt
ti_1

/t.ti C(s, ) (t) [, 7)ot dt = /tt (f)O)T(t) dt, s € [tima, ti)
:[mm@—wwwmwt

Since the function f7 is continuous on [t;_1,t;] and differentiable on (¢;_1,t;), by mean

value theorem, we have

() = (f7)(s) = (t = 5)(f7) (Gi2),

for some QQ € (ti—la tl) Then

79 "1

t;
/ C(s, 00 (t) [7, 7. 7t dt' < 2C1 |2l 40 0o h* 2.
ti—1

By (3.3.16),

tj
/ (s t) ([P0 2 ) Wy (8) db
ti_q

J

T - Qo) <
T
[ a0 @t ) o .

i

+

Hence
’IC/(SO)(I B Qn)x(s)‘ < 2014”x|‘2r+2,ooh2r+2-

Taking the supremum over s € [0, 1] completes the proof. ]
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The estimate established above is now employed to determine the convergence orders
of the iterated collocation methods for Urysohn integral equations with Green’s function
type kernels. In particular, the convergence order of the collocation solution ¢ of (3.2.2)
follows by combining the interpolation error bound (3.1.5) with the stability estimate
(3.2.6). Thus, we obtain

le = eulle = 0(r*)
Likewise, the convergence order of the iterated collocation solution 2 defined by (3.2.3)

is obtained by invoking Lemma 3.3.3 together with the estimate (3.2.7). Hence, we arrive

at the following error bound
le = enllc = 0™).

These results clearly indicate that, in the case of Green’s function type kernels, the iter-
ated collocation method attains a higher order of convergence than the standard colloca-
tion method similar to case of smooth kernels, even though the interpolation nodes are

equidistant and not chosen to be Gauss points.

3.3.3 Modified Collocation Method

For 6y > 0, let us recall that B(p,0) = {z € X : |[¢ — x| < do}. As shown earlier, the

modified collocation solution ¢ exists in a neighborhood of ¢.

We begin by establishing the following key result, which plays a crucial role in the proof
of Theorem 26, one of the main theorem of this section, where the order of convergence of
the modified collocation solution is derived. Henceforth, we assume that ng is a positive
integer such that, for all n > ng, it holds that Q,¢ € B(p, ).

Lemma 3.3.4. Let r > 1 and f € C**1[0,1]. Then
I(Z — Q) [K(Que) = K(p) = K'(9)(Quip = 9] [, = O ().
Proof. Consider the generalised Taylor’s theorem upto second-order

K(Qup) ~ () = K'(9)(Qup = ) = 5K"(0)(Qup = ¢)? + R(Qup — )

with the remainder term

df, se[0,1].
(3.3.17)

e =l = /0 KO0+ 0(Qup — £)(Qup — )] (90 _29)
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3
K
Recall that —— is assumed to be continuous on €2 X R, it follows that the operator K is

u
three times Fréchet differentiable. The third Fréchet derivative of I is then given by

1 83
KD+ 0(Quo = ))(Quo =0’ (8) = | 55(5,80(0) +0(Qup = £)(1)) (Qup = 9)°(0) dt
Then
63
K@+ 0(Qne — 0))(Que — ©)%] (s)] < sup 8—2(&@ u)| | 1Qne — ol
s,t€[0,1] U
ful<Ilell oo +30
Thus, we obtain
I[ED (0 +0(Qup = 9))(Qne — )*] ||, < Crll Qnip — 1%
As a consequence, equation (3.3.17) gives
C
1R(Qnp = #)lle < 57 1Qne — 2. (3.3.18)
Note that
/ ]' 1"
(Z— Q)IK(Qnp) — K(p) = K'(9)(Qnp — )] = = (T — Q)K" (0)(Qnip — ©)?

2
+ (T - Q)R(Qnp — ).  (3.3.19)

Since f € C**10,1], it follows that ¢ € C**1[0,1]. Thus
1Qne = elloe = O(R**1).
As Q,p — p € C[0, 1], we have K'(¢)(Qnp — ¢)? € C?[0,1], and hence
IZ — QK" (©)(Que = 9|l < C1||(K"(0) (Que = 9)%)'| _
By inequality (3.3.3), it holds that

|0er@) (Que - #?)||_ < CrllQue = i,

h.

which leads to
|(Z = Q)K" (9)(Qup — 9)?||, = O(h").
Moreover, using the uniform boundedness of the operator norms |Q,|| and estimate
(3.3.18), we get
I(Z = Q) R(Qup = @)l = O(R*+?)

Substituting the above bounds into (3.3.19), we obtain the required estimate

1(Z — Q) [K(Qup) — K(9) — K'(9)(Qupp — 9)] |, = O(h*"+).
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Theorem 26. Let K be a Urysohn integral operator defined as (3.1.1) with Green’s func-
tion type kernel and f € C*"*2(0,1] be a given function. Further, assume that 1 is not an
eigenvalue of K'(¢), and consider the equation (3.1.2) with ¢ as the unique solution in
B(p,d). Let Q, be the interpolatory operator onto the approzimating space X, defined
by (3.1.3). Let oM € B(p, &) be the modified collocation solution of (3.2.4). Then

O(h?), r=0,

o= el =
On*+2),  r>1.

Proof. Case I: When r = 0. See [57].
Case II: When r > 1.
We write the following estimate from (3.2.10) as

[ =o'l o < AT = K@) [T = Qa)(K(p) = K(Qa#)) |l - (3.3.20)

Further consider

(Z = Q) (K(p) = K(Qup)) = —=(Z — Q) [K(Qnip) — K(p) = K'()(Qnp — ¢)]
—(Z = QK ()T — Qn)ep. (3.3.21)

Now

I(Z = Qu)K(L)(T = )l < 1T = QulllIK(9)(Z = Cn)ell o
Uniformly boundedness of the sequence {Q,,} and Lemma 3.3.3 implies
I(Z = QK (9)(Z = Qu)¢lle = O(R*?).
Applying above estimate and Lemma 3.3.4 in equation (3.3.21), we obtain

I(Z — Q) (K(p) — K(Qu0))]lo. = O(h**2).

Using the above estimate in (3.3.20), we obtained the desired result as
le = en'llo = O(R*).

This proves the theorem. O
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3.3.4 Iterated Modified Collocation Method

In this subsection, we establish the main result for the non-smooth(Green’s function type)
kernel case. Specifically, we prove that the iterated modified collocation method achieves
a higher order of convergence than the modified collocation method. We proceed to prove

a series of intermediate results essential for the proof of our main theorem.
Lemma 3.3.5. If z € C* 10, 1], then
1K' (0)(Z = Q)K" ()T = Qu)zllo < Cugllwlly iy b,

where Cig is a constant independent of h.
Proof. For any s € [0, 1],

K'(0) (T = Qu)K'(0)(T = Qn)x /f (5, )(Z = Qn)K'(9)(T — Qn)a(t) dt

_Z/ 05, )(T — Qu K ()T — Qu)a(t) di

- Z/t g; () W;(1) dt, (3.3.22)

g5 (t) = (s, t) ([77,7) . 7 ] K@) (T — Qu)x) , t € [tj—1,ty], for j=1,2,.

Let s € [t;—1,t;] C [0,1], for some 1 <7 < n. Note that

gi(t) =

Denote
(KT = Qua) ) = (7775 7 A K ()T~ Qu)a)
and
(57K ()T = Qu)a) [t:1] = ([ 7 7 1] K ()T = Qu)a)
Note that the function g7 is continuous on [t; 1, ;] and differentiable on (t; 1, ;) for j # .

Then it follows that
(s, 1) (077K ()T = Qu)) [t, 8] + (677K () (T — Qu)z) [t] DOV L (s,8),  j <4,

lo,(5,8) (85K ()T = Qu)x) [t, ] + (037K (9)(Z = Qu)a) [f] DOV eou(s,t), 5>

(g7)'(t) =
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Therefore, by Lemma 3.3.1, Lemma 3.3.2 and estimate (3.1.5), we have
|(gj)’(t)\ < C14Ch5||(Z — Qn)xllooh_” < C'1014C'15Hx(27"+1)||00h,

where Cj5 > 0 is a constant independent of h. From (3.3.22), we write

K- QIR - Q)= [ g i+ [ giowio a

i—1

i

By employing similar argument as presented in the proof of Lemma 3.3.3, we acquire
K/ ()(Z — @)K/ (0)(T — Qu)x(s)] < 2C1C1Cs |2V || __h> .
This proves the lemma. [

Lemma 3.3.6. Ifz € C[0, 1], then
1K (0)(Z = Qu)K ()| < Curllz]| B,
where Ci7 is a constant independent of h. Further,
IK'(0)(Z — Qa)K'(9) | = O(h?).
Proof. Let s € [0,1]. Then

Kﬂ@@—@@wwm@wié&@ma—gwwwmwdt

Since z € C[0, 1], then K'(¢)z € C?[0, 1], and therefore

KT = QK (e < 161 Y [ 1T = Qup)K (el de

<l [ elwom) e
j=1 7 ti-1
From the estimate (3.3.2), we have
K@) T = @)K (p)a(s)] < ”&”mi/ttj CrCy |zl h* dt = CrCy 6| [l2ll o P
j=1 Jti-1
This proves the required result, where Cy7 = C7C||¢. ||, < oo. Thus,

1K' (0)(Z = Qu)K' ()] = sup { sup [K'(¢)(Z — Qn)’C’(w)x(Sﬂ} =0(r?),

ello<1 | s€[0,1]

which completes the proof. ]
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Remark 3. If x € C[0, 1], then it can be shown that
1K' (0)(Z — Q)K" ()]l = O(h?) ,

and

1K ()T = Q)P ()| =

Lemma 3.3.7. Let r > 1 and f € C*"™1[0,1], then

K'(9)(Qup — 9)]|| . = O(r" ).

[ ()T — Qu) [K(Que) — K(p) —
Proof. Let ny be a positive integer such that n > ng implies that Q, ¢ € B(y, dp). Then

by generalized Taylor’s theorem, we have

%;Cn(@)(gn@_gp) + 5K (@)(Quip = 0)° + R(Quip —9),

K(Qnp) —K(p) = K'(¢)(Qnp — ) =
where the remainder term is given by

1
R(Qup = 9)5) = [ K90+ 8(Qup — 9)( Qo — 0)'] (5

0

u _69)3 do, sc[0,1]. (3.3.23)

4

Since 9l is continuous on 2 X R, the operator K is four times Fréchet differentiable, and its
U

fourth derivative is given by

1 4/€
(K9 +0(0np — ) @up )] (5) = [ 5 (s1,(0) + 6(Qup — £) (1)) (Qup — 9)*(1)

Hence, we obtain the uniform bound

84
KO +0(Que —D(Que— )| )] < [ sup |, tw)| | [1Qu — ol
s,t€[0,1]
|ul<[lp]l oo +80
Thus,
H [ (0 +0(Qne = ©))(Lnep — 90)4} HOO < C7llQuy — wll5
Now, from equation (3.3.23), we obtain
Q- ell

|R(Qne — 9o < 54

Therefore, we can express
K'()(Z — Qn)[K(Qnip) — K(p) — K'(9)(Qnyp — 9)] = 1K’(¢)(I — Q)K" (9)(Qnep — ¢)?
+ =K' (0)(T — Qu)K® () (Qnep — )°

T2
1
6
+K'(0) (T — Qn)R(Qup — @) (3.3.24)
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Since f € C* 10, 1], it follows that ¢ € C**1[0,1]. Therefore, ||Qne — ¢l = O(R* 1), and

by Remark 3, we have the following operator norm estimates

1K' (0)(Z — Qn)K"(0)(Qne — )|, < [|K'(0)(Z — Q)K" ()] Qe — ¢ll2% = O(h* ),
(3.3.25)

Furthermore, we estimate the contribution from the remainder term as

()T - QKD (9)(Qup — 00| < [[K(@)(@ = QK@ ()l Que - ¢lZ, = 0(157+?).

-
(3.3.26)

|K (0)(Z = Qn)R(2ne — 9)||, < [[K'(D)IZ = QulllR(Qnee — @)l oo
< Cis||[R(Qug — @)oo = O(R*H4)

where Cig = [[K'(@)|||Z — Qnl| < oo. Combining estimates (3.3.25), (3.3.26), and the above

bound on the remainder term into equation (3.3.24), we conclude that
[K"()(Z = Qn) [K(Qnep) = K(9) = K'(9)(Quy — 9)] ||, = O(A" ).
This completes the proof. O

Lemma 3.3.8. Let r > 1 and f € C**1[0,1], then

IK' () [K) = K ()] |, = O(h*).
Proof. Since the modified operator is given by
K3 (9) = QuK(p) + K(Qnp) — QK (Qup),
we consider the difference
K(p) = K () = (T — Qu)(K(p) = K(Qup))

= —(I = Q)IK(Qup) = K(#) = K'()(Qnep — 9)]
+(Z = QK (9)(T = Qn)e.

Applying the linear operator K'(ip) to both sides gives
1K (0) [K(0) = Y ()] ]| . < K (0)(T = Qo) [K(Qnip) = K() = K'(0)(Quip — 0)] ||
+ [[K'(@)(Z — @)K ()T — Qn)oll - (3.3.27)
Using Lemma 3.3.5, the second term is estimated as
I (9)(Z — Qu)K'(9)(T — Qu)¢llo. = O(R*+) .

Applying this result along with the estimate from Lemma 3.3.7 to (3.3.27), we obtain the
desired bound. O
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Lemma 3.3.9. Let r > 1 and f € C*"™1[0,1], then
H/C'(SO) (2 (9) = K'(2)) (= #21)) HOO =O0(h"™).

Proof. We begin by expressing the difference between the derivatives of the modified and

original operators as

K'(0) (K3 () = K'()) = =K' ()(T—Qn)K(0)+K'(0)(T— Qn)K'(Qnp) Qn- (3.3.28)
We now decompose the second term on the right-hand side as

K@) (T = Qn)K'(Qnp) Qn = K'(9)(T—Qn) (K'(Qnip) =K' (10)) Qu+K' () (Z— 2n)K' () Qn
(3.3.2)
Using the Lipschitz continuity of X’ from (3.3.1), we have

1K' (Qnip) = KN (@)l < 7[12n = ¢l

Since ||Q,,| is uniformly bounded and ||Q,p — ¢|| . = O(h* '), it follows that

I ()T = Q) (Qup) — K'()Qull < Cust|Qull @up — el = O ().

Using the Lemma 3.3.5 and the above estimate in (3.3.29), we obtain
1K/ ()T — QuIK/(Qug)Qull = O(12)

Substituting back into (3.3.28), and again using Lemma 3.3.5, we conclude

1K () (KXY () = K/ () || = O(h?) .

Therefore, we can write

1K () (1) () = K (@) (@ = ') || < 1K' (@) (K1) () = K" (oDl = ]
and the Theorem 26 give the required result. O]

Theorem 27. Let K be a Urysohn integral operator defined as (3.1.1) with Green’s func-
tion type kernel and f € C*" 10, 1] be a given function. Further, assume that 1 is not an
eigenvalue of K'(p), and consider the equation (3.1.2) with ¢ as the unique solution in
B(p,do). Let Q, be the interpolatory operator onto the approrimating space X, defined by
(3.1.3). Let oM € B(yp, &) be the iterated modified collocation solution defined by (3.2.5).
Then

O(h4) ) r =0,

le =&l = -
O(h*+3),  r>1.
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Proof. Case I: When r = 0. See [57].
Case II: When r > 1.
We have p = K(¢) + f and $M = K(pM) + f, therefore M — p = K(oM) — K(p). From

estimate (3.2.16), we have

122 = ¢ll.. < K (@)@ = )l + Cellen =]l (3.3.30)

M
n

We analyze the term K'(¢)(p, — ) using the identity

K (@) (0 — ) = — (T — K'(0)) " K'(0)[K(0) — KM ()]
+(Z = K'(0)) 7 K/ () [KM (02) = KM () — (KA (9) (02 — )]
+(Z—K'(9) " K (@) [(KM) () = K/ () (X — 0)]. (3.3.31)

The bound for the second term of the above equation is obtained using Grammont et al.

[33, Lemma 3.3] as

I3 (3 = K ) = (MY (@) = 9|, = O( [l = l2,) = O(n**).

By Lemmas 3.3.8 and 3.3.9, we find that the first and third terms in equation (3.3.31) are

of orders h?"+3 and h?"*4, respectively. Therefore,

K () (et — o). = O(h**?).

Substituting into (3.3.30), we obtain the final convergence estimate
le = @n'llo = O(R*?)

which completes the proof. ]

In several approaches, higher-order convergence is often obtained through carefully
chosen collocation points, typically associated with special points like Gauss points and
that improve numerical integration accuracy. In contrast, the present work adopts a sim-
pler framework based on equidistant collocation points together with even-degree piece-
wise polynomial spaces. Despite this straightforward construction, the proposed method
attains higher-order convergence and exhibits strong theoretical and numerical perfor-

mance, highlighting its effectiveness and practical appeal.
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3.4 Numerical Results

For illustration, we consider two examples: one with a smooth kernel and the other
with a non-smooth (Green’s function type) kernel. These numerical examples verify the

convergence rates obtained in this article. Consider the uniform partition of [0,1] as

0:t0<t1<---<tn:1,wheretj:l, 7=0,1,...,n.
n

Example 7. Consider the following nonlinear integral equation

! 1
ZL’(S)—/O Ht——l—x(t)dt:f(s)7 OSSSL

1s the exact solution.

1
where we choose f such that p(s) = 1
s

Let X,, denote the space of piecewise constant functions associated with the uniform
partition of [0, 1], and let Q,, : £]0, 1] — A&}, be the interpolatory projection defined at the
midpoints, as given by (3.1.3). It is observed that the iterated collocation method achieves
a convergence rate of O(1/n?), while the iterated modified collocation method attains a
significantly higher rate of O(1/n*). We replace all the integrals appeared in the above
methods by the composite 2-point Gaussian quadrature rule. In the tables presented,
dc, 0g, O0pr, and O7p; denote the computed orders of convergence corresponding to the
collocation, iterated collocation, modified collocation, and iterated modified collocation

methods, respectively.

Table 3.4.1: Comparison of convergence rates in collocation variants for smooth kernel.

lo = ¢illoc S | e —¢ille 05 |l =0 llc Oa | llo = @0 lloe Orm
1.93 x 107! 1.27 x 1072 6.92 x 1073 3.30 x 104

1.08 x 1071 0.84 | 3.15 x 10~ 2.01 | 1.02 x 103 2.76 | 2.13 x 105  3.95
573 % 1072 0.91 | 7.86 x 10~* 2.00 | 1.40 x 10~* 2.87 | 1.34 x 10~ 3.9
16 | 293 x 1072 0.97 | 1.96 x 107 2.00 | 1.82 x 1075 2.94 | 8.37 x 10=*  4.00
32| 145 x 1072 1.01 | 491 x 1075 2.00 | 2.27 x 10 3.00 | 5.23 x 10~  4.00

o B~ N3

As shown in Table 3.4.1, under smooth kernel conditions, the computed orders of
convergence for both collocation and iterated collocation solutions match well with the
theoretical findings. Similarly, this example confirms that the computed orders for mod-
ified collocation and iterated modified collocation solutions also match the theoretical
results, thereby validating the effectiveness of higher order collocation methods and one

step iteration in achieving accelerated convergence.
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Example 8. Consider

where

1—1), 0<s<t, 1
K(s,t) = s ) =9= and g(t,u) = ———
(1—-s)t, t<s<l1, I+i+u

1
with f(t) so chosen that p(s) = 1 is the exact solution.
s

This integral equation arises from the boundary value problem (see [10])

"(s) = g(s,z(s)) + f(s), 0<s<1, x(0)==x(1)=0.

Nonlinear integral equations of this type frequently arise in the modeling of complex
physical phenomena and in the reformulation of boundary value problems with nonlinear
boundary conditions associated with differential equations (see [13, 28, 66]). Such type
of integral equations are examples of Hammerstien integral equations. Let X, denote
the space of piecewise constant functions defined with respect to the given uniform par-
tition of [0,1]. Define the interpolatory projection operator Q, : £>[0,1] — A, as in
equation (3.1.3), where the projection is taken at the midpoints of the subintervals. For
numerical integration, we use the composite 2-point Gauss quadrature rule correspond-
ing to the same partition. To obtain the order convergence of @ as O(1/n*), we apply

composite 2-point Gauss quadrature rule with n? subintervals.

Table 3.4.2: Comparison of convergence rates in collocation variants for Green’s kernel.

nllle—=¢llle do | o=l ds | llo—whllo o | llo— @M llo Orm
2 | 1.50 x 10~ 1.30 x 1073 1.31 x 1073 1.31 x 1073

4 1954x1072 065|231 x10~% 249 | 1.68x 107* 2.97 | 7.77 x 1075 4.07
6

8

6.87 x 1072 0.81 | 1.02 x 107* 2.01 | 571 x 107° 2.66 | 1.47 x 107> 4.10
5.34 x 1072 0.88 | 5.81 x 107® 1.95 | 2.62 x 107® 2.71 | 4.76 x 107¢ 3.92
10 | 435 x 1072 092 | 3.67 x 1075 2.07 | 1.37 x 107> 2.90 | 1.87 x 107¢ 4.19
12 1 3.66 x 1072 0.95 | 2.59 x 107> 1.90 | 8.22x 107% 2.80 | 9.52 x 1077 3.69

In Table 3.4.2, a numerical example with Green’s function-type kernel demonstrates that
iterations improve the orders of convergence for both collocation and modified colloca-
tion solutions. In the collocation method improving from approximately first order to

second order convergence upon iteration, and the modified collocation solution enhancing
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from third to nearly fourth order accuracy. This highlights the robustness of the iterated
approaches, particularly the iterated modified collocation method, which maintains high
convergence rates even in the presence of reduced kernel smoothness due to discontinuities

along the diagonal.

3.5 Conclusion

In this chapter, we studied the collocation method and its variants for the numerical
solution of Urysohn integral equations with both smooth kernels and non-smooth kernels
of Green’s function type. The discretization is based on interpolatory projections at 2r+1
equidistant collocation points on each subinterval of a partition of [0, 1], using even-degree
piecewise polynomial spaces. While earlier studies show that Gauss points can improve
convergence rates, it is generally observed that when non-Gaussian collocation points are
employed, iteration does not enhance the order of convergence, irrespective of the kernel

regularity, as illustrated in Example 6.

A key contribution of this chapter is the demonstration that higher-order conver-
gence can however be achieved by employing even-degree piecewise polynomial spaces
together with equidistant collocation points. This approach avoids the need for special
node distributions while retaining strong theoretical convergence properties and compet-
itive numerical performance. The results confirm that high-order accuracy is attainable
within a simple and practical discretization framework, highlighting the effectiveness and
flexibility of the proposed method. The main results of this chapter may be summarized
as follows. For smooth kernels, the orders of convergence of the collocation, iterated
collocation, modified collocation, and iterated modified collocation methods are A% *!,
h?+2 pAr+3 and h* 4 respectively. For Green’s function-type kernels, the correspond-
ing convergence orders are h?" 1, h?"+2 h2*2 and h?"*3, whenever » > 1. In both cases,
the iterated modified collocation method exhibits the fastest convergence, a fact that
is also confirmed by the numerical results. Moreover, the iteration method leads to an
improvement in the convergence rate of the corresponding collocation-based approxima-
tions. These findings further indicate the potential of extending the proposed framework
to integral equations with singular or weakly singular kernels and to higher-dimensional

problems such as boundary integral equations.



Chapter 4

Eigenvalue Problems for Compact

Integral Operators |

This chapter is devoted to the analytical study of projection-based numerical meth-
ods for the approximation of eigenvalues and spectral subspaces associated with compact
linear integral operators of the form i = A\, where K is a compact linear integral
operator acting on suitable Banach spaces over [0,1]. The analysis focuses on integral
operators with both smooth kernels and Green’s function-type kernels. The numerical
framework considered here is based on orthogonal and interpolatory projections onto
finite-dimensional approximation spaces X,,, consisting of piecewise polynomials of even
degree < 2r defined with respect to a uniform partition of the interval [0, 1]. The interpo-
latory projections are constructed using the earlier 2r+1 equally spaced collocation points
on each, which are not required to be Gauss points. Within this framework, standard
and modified variants of Galerkin and collocation methods, together with their iterated

versions, are investigated.

This chapter develops a systematic theory for the convergence of eigenvalue and spec-
tral subspace approximations for both smooth and Green’s function-type kernels. Higher-
order convergence results are established for the modified and iterated projection methods,
demonstrating significant improvements over the standard projection methods. Finally,
numerical experiments are presented to illustrate and validate the theoretical findings

obtained in this chapter.

1A portion of the work presented in this chapter has been published in Numerical Algorithms, 2026.
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4.1 Preliminaries

Let X = £2[0,1] or C[0,1], and Q = [0,1] x [0,1]. Let s be a real-valued continuous
function on 2. We aim to solve the eigenvalue problem of finding an eigenfunction 0 #
Y € X and an eigenvalue A € C\ {0} such that

Kip = M, (4.1.1)

where K : X — X' is a compact linear integral operator, defined by
1
(Kz)(s) = / k(s,t)x(t)dt, se€[0,1], zeX, (4.1.2)
0

with the kernel function x € C(£2), that is, x is continuous on the closed unit square.

The main objective is to compute nonzero approximate eigenvalues and the corre-
sponding eigenfunctions of such operators. Efficient numerical methods for eigenvalue
problems is essential in many engineering and scientific computing, see [13, 20]. For com-
pact integral operators with smooth (or non-smooth) kernels, commonly used methods
include Galerkin, collocation, degenerate kernel, and Nystrom methods. Since compact
operators have well-structured spectra consisting of isolated eigenvalues, projection-based

numerical methods are particularly effective for this class of problems.

Let IC,, be a sequence of continuous finite-rank operators converging pointwise to C,
and suppose the family {K,} is collectively compact. The eigenvalue problem (4.1.1) is
approximated by

Koty = A, Ay € C\ {0}, 0#1, € X. (4.1.3)

Since IC,, is of finite rank, the eigenvalue problem (4.1.3) can be reduced to a matrix
eigenvalue problem (see Atkinson [13] and Ahues et al. [1]). The approximate solutions
(An, 1) converge to the exact solution (A,%) under standard spectral approximation

theory for compact operators. See [1, 13, 20] or Chapter 1.

When establishing the convergence of an approximate solution, a key consideration is
often the rate at which the approximate solution converges to the exact solution. Several
important methods have been developed for computing approximate solutions, including
Nystrom methods, where the integral in (4.1.2) is replaced by a convergent quadrature
formula, and projection-based approaches such as Galerkin and collocation methods, along
with their variants. The analysis of approximate solutions for eigenvalue problems with
smooth kernels has been widely studied in the literature [1, 13, 15, 20, 86]. For kernels
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of the Green’s function type, which often lack differentiability along the diagonal, early
investigations were conducted in Chatelin-Lebbar [22], where interpolatory projections

used Gaussian points (zeros of Legendre polynomials) as collocation nodes.

The improvement of spectral subspace approximations in projection methods through
iterative techniques was first introduced by Sloan [84]. In Kulkarni [49, 52], a modified
projection method was proposed for solving (4.1.1) using sequences of projections. It
was shown that for sufficiently smooth kernels, the modified projection method yields
faster convergence of eigenelements compared to the iterated projection method. Fur-
thermore, convergence of eigenfunctions can be significantly enhanced using the iterated
modified projection method, obtained from a one-step iteration of the modified projec-
tion approach. Other notable approaches include the degenerate kernel method developed
by Nelakanti [63], which is based on kernel interpolation in both variables, provides er-
ror bounds for eigenvalues and the distance between spectral subspaces, and shows that
iterating the eigenfunction approximation improves convergence. Nystrom and degener-
ate kernel methods employing projections at Gauss points onto spaces of (discontinuous)
piecewise polynomials have been shown to achieve high-order convergence for eigenvalue
problems. In [2], superconvergent Nystrom and degenerate kernel methods were proposed
that enhance the convergence order for both eigenvalue and spectral subspace approxima-
tions when the kernel is sufficiently smooth, with further improvements in eigenfunction
convergence via iteration techniques. These methods typically use piecewise polynomial
basis functions, and the resulting finite-dimensional eigenvalue problems are solved in

matrix form.

Consider a uniform partition of [0, 1] given by {0 =t, < t; < --- <, = 1}, where
t; = % for 7 = 0,1,...,n, and let h = % For an integer r > 0, let &), denote the
space of piecewise polynomials of even degree < 2r associated with this partition. Chap-
ter 1 establishes superconvergence for linear Fredholm integral equations with smooth
and Green’s kernels using standard and modified collocation methods based on our choice
of simpler 2r 4+ 1 equidistant collocation points (not necessarily Gauss points) and even-
degree polynomial spaces. In this chapter, we extend these results to the corresponding
eigenvalue problems through orthogonal and interpolatory projection methods under the
similar framework. We derive error estimates for eigenvalues and spectral subspaces,
and show that an additional iteration step yields superconvergence of the eigenfunctions.

Our results indicate that, for eigenvalues, the modified projection method achieves faster

convergence than the standard projection method.
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The structure of this chapter is as follows. Section 4.2 introduces spectral projections
and presents the fundamental results useful throughout the chapter. Section 4.3 defines
the orthogonal and interpolatory projection operators and establishes the key estimates
required for the analysis of the projection-based approximation methods. Section 4.4 is
devoted to the convergence analysis for integral operators with smooth kernels, where the
main results concerning the orders of convergence of the proposed methods are derived.
Section 4.5 extends the analysis to integral operators with Green’s function-type kernels.
Numerical illustrations validating the theoretical results are presented in Section 4.6.

Finally, Section 4.7 summarizes the chapter with concluding remarks.

4.2 Spectral Projection

Let X = £2[0,1] or C[0, 1], and BL(X) will denote the set of all bounded linear operators
on X, equipped with the operator norm. Let £ : X — X be a compact linear operator,

and let the resolvent set of K is defined as
p(K)={2€C:(K—-2I)"'eBL(X)}

and the spectrum of K is ¢(K) = C\ p(K). The point spectrum of I contains all A € o(K)
for which I — AZ is not injective. In such cases, \ is referred as an eigenvalue of K. The
geometric multiplicity of A is defined as the dimension of the null space of L — \Z. Let T"
be a rectifiable, simple, closed, positively oriented curve contained in p(K) that separates
A from the remainder of the spectrum of K. The spectral projection corresponing to IC

and A is then given by:

E = L (K —2I) 'dz € BL(X),

2m Jp

and the dimension of R(F), the range of the operator E, is referred as the algebraic
multiplicity of A. If A has finite algebraic multiplicity, it is classified as a spectral value
of finite type. In this case, A is an eigenvalue of K. ( See Ahues et al [1, Proposition
1.31].) Furthermore, if the algebraic multiplicity of A is equal to one, A is called a simple

eigenvalue of K. For any nonzero subspaces ) and Z of X', define
0¥, 2) =sup{d(y, 2) 1y € Y, |ly| = 1},
where d(y, Z) = inf.cz ||y — 2||. The gap between ) and Z is then given by

5V, 2) = max{6(Y, Z),0(Z,))}.
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This notion provides a quantitative measure of the distance between subspaces and will

be used to study convergence of approximate eigenspaces.

Consider a sequence of operators {K, } C BL(X) that converges to K in a collectively
compact manner, that is, K,x — Kz for all x € X and the set {,z : ||z]| <1, n € N}.

As discussed in Chapter 1, for all sufficiently large n, the contour I' is contained in the
resolvent set p(K,,) and sup, . || (K, — 2Z)7!|| < oo. Consequently, the spectral projection
associated with /C,,, defined by

E, = —L, (K, —2Z)" " dz,
2T Jp
is well defined and has rank m (see Propositions 10 and 11 in Chapter 1). In particular,
the spectrum of KC,, inside I' consists of exactly m eigenvalues A\, 1, A\p 2, - . ., Apm, counted
according to their algebraic multiplicities. Define the arithmetic mean of these eigenvalues

as
m

<1
An = EZAW.

j=1
We now recall the following results from Chapter 1, which will be used in the subsequent

analysis.

Proposition 28. For all sufficiently large n, the gap between the spectral subspaces sat-
isfies

Y

where C' > 0 is a constant independent of n, and (K — IC,))K|r(r) denotes the restriction
of (K —K,)K to the spectral subspace R(E).

Proposition 29. For all sufficiently large n, the arithmetic mean An of the approzimating

eigenvalues satisfies

A=Al < CJJKalK = K)Klrm ||

The above results are due to Osborn [65] and are presented in the form used by
Kulkarni [52]. Together, these propositions provide the fundamental error bounds for the

approximation of the eigenelements, namely eigenvalues and spectral subspaces.

4.3 Projection Based Methods

Denote the uniform partition of [0, 1] as

O=ty<ti<---<t,=1 wheret,=2%, j=0,1,...,n.
n
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Denote A; = [t;_1,t;]. Let r be a non-negative integer, and define
X, = {x € L>[0,1] : 2|, is a polynomial of even degree < 2r, j =1,2,... ,n} )

Let

L
h:tj_tjflzﬁy j21,2,...,’n.

Since continuity at the partition points is not imposed, the approximation space A&, is a
subspace of £°[0,1]. We consider two projection operators mapping into &,: the orthog-
onal projection P, obtained as the restriction to £[0, 1] of the £?-orthogonal projection
onto X, and the interpolatory projection Q, : C[0,1] — A, defined by interpolation at
2r + 1 points on each subinterval. The construction and properties of these projections

are briefly recalled in the following subsections; full details can be found in Chapter 1.

4.3.1 Orthogonal Projection

Let X = £2]0, 1] denote the space of real-valued, square-integrable functions defined on

the interval [0, 1], equipped with the standard inner product

(z,y) = /0 x(t)y(t) dt.

For above uniform partition of [0, 1] with mesh size h, and X, be the space of piecewise
polynomials of even degree at most 2r. Using scaled Legendre polynomials {Ln}%T:o on
each subinterval A; = [t;_1,t;], we define local basis functions {1;,}, which form an
orthonormal basis of X, in £2[0,1]. See Chapter 1.

For f,g € C(4;), define the local inner product by

s, = [ sgar

tj—1

and the supremum norm by

1Flla 00 =, max |F(E)].

teftj—1.t5]

Then the following bound holds:

|<f7 g>Aj| S h ||f||A]-7oo||g||Aj,oo’

Let Py, A, denote the space of polynomials of degree < 2r on A;. The local orthogonal
projection P ; : C(A;) — Pa,. A, is given by

2r

Pr,jt = Z@vd’jm)%%ma

n=0
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and satisfies (P, ;z,y)a, = (2, Pnj¥)a 73,%’]- =P, ; and P, ;P,; = 0 for i # j. Moreover,

from (4.3.2) there exists a constant C; > 0, independent of h, such that

YR

[Pritlla, oo < Crllz]l:

The global orthogonal projection P, : C[0, 1] — X,, is then defined by
Pot = Y Poji. (4.3.1)
j=1

By a Hahn-Banach extension argument, P, extends to a bounded projection on £>]0, 1]
satisfying
1Pl < C4. (4.3.2)

Finally, if z € C**!(A;), then the following standard approximation estimate holds (see
Chapter 1):

I(Z = Puj)lls, po < Coffa® ! 2t (4.3.3)

)
HAj,oo ’
where C5 is a constant independent of h. In fact, let @ > 0 be an integer and set

B = min{a, 2r + 1}. Then, for any x € C*[0, 1] one can see that

(T = Pa)z|l < Colla®| A" (4.3.4)

4.3.2 Interpolatory Projection

Let X = CJ[0,1] be the space of continuous real valued function on the interval [0, 1],
equipped with the supremum norm defined as [|z|| , = sup,¢(o 1 [2(¢)|. In each sub-interval

[tj—1,t;], consider 2r + 1 equally spaced interpolation points as

. h ti_ t;
T;:tj_l'f‘—;, i=0,1,...,2r for r>1, and 7;=-"1"—"- 1;_] for r=20.
r

Note that these interpolation nodes are equidistant in each subinterval. The interpolatory

operator Q,, : X — A, is defined as

Qua(r)) = (7)), i=0,1,2,...,2r; j=1,2,....n. (4.3.5)

J

Note that Q,z — z for all z € C[0, 1]. By employing the Hahn-Banach theorem, Q,, can
be extended to £>(0, 1], making Q,, : L0, 1] — A&, a projection.

If x € C**1(A,), a standard result from Chapter 1 implies that

I(Z = Qu)all < Colla@ 0| _n2r, (43.6)
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where Cj is a constant independent of h. More generally, for any x € C*[0, 1],
I(Z = Qu)zll < Csl|lz| 7,
where 8 = min{a, 2r + 1} with @ > 0 be an integer.

4.3.3 Estimates in the Methods of Approximation

The classical projection method for approximating the eigenvalue problem (4.1.1) is ob-

tained by replacing IC,, by 7, K in (4.1.3) as

A one-step iteration to refine the eigenfunction is given by
1
n
which satisfies the condition
Kb = Al

In the modified projection method, the operator I, is replaced with a finite-rank operator
defined as

ICM

= m,Krp, + 71 K(Z — m,) + (Z — mp)Krrp, = 7, K + Krrp, — m, K.
As a consequence,
||IC - IC;V[H =|(Z - m)K(Z —7,)|| =0 asn— oo.

The approximation (4.1.3) now requires finding A¥ € C\ {0} and v € X such that
Il = 1 and

The corresponding iterated eigenfunction for the modified method is defined as

Let {K,} be a sequence of finite rank bounded linear operators converging to K in
the collectively compact sense. We consider the standard and modified projection-based

approximations defined by K,, = 7,K and K, = KM

n

respectively. Let A be a nonzero

eigenvalue of K with algebraic multiplicity m, and let A, and S\HM denote the arithmetic



4.4. Convergence Analysis for Smooth Kernels 143

means of the m eigenvalues of 7,k and KM respectively, lying inside a simple closed con-
tour I' that encloses \. Let E, E,, and EM denote the corresponding spectral projections
associated with I'. The associated spectral subspaces are denoted by R(E), R(E,), and
R(EM). Then, the results presented below are consequences of Propositions 28 and 29

and are stated as Theorems 12 and 13 in Chapter 1.
For any 1, € R(E,), define ¢° = K1),,. Then, for all sufficiently large n,

|05 — Evy || < 6(R(E), KR(E,)) < C||K(K — mK)Klrm) |, (4.3.8)
and
A=A < COK(K = 7. K)Kr(m)]|- (4.3.9)

For any vM € R(EM), define 1;7]1\/[ = KM, Then, for all sufficiently large n,

A" — B || < 0(R(E), R(E))) < C||(K — KM)Klres)|- (4.3.10)
|3 = B3| < 5(R(B), KR(EM) < (K ~ KX Kl (4.3.11)

and
A=A < C||K(K = KMKlrem |- (4.3.12)

Throughout this chapter, we restrict our attention to the case in which A is a simple
eigenvalue of K. For the projection-based schemes introduced earlier, we take m, = P,,
which yields the Galerkin method and its associated variants. Similarly, choosing 7, = Q,,
leads to the collocation method and its variants. Under these settings, we establish the
main convergence results for both the Galerkin and collocation methods and their variants.
In the subsequent sections, we investigate the convergence of eigenelements for compact

integral operators with both smooth kernels and Green’s function-type kernels.
4.4 Convergence Analysis for Smooth Kernels
Consider the Fredholm integral operator K : X — X defined by
1
(Kz)(s) = / K(s, ) e(t)dt, se 0,1, z€X,
0

where the kernel function & is assumed to be smooth, that is, & € C**2(2). Throughout

this section, we adopt the following notation: let j and k be non-negative integers such
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that 0 < j4+k < 2r+3. We denote the smoothness of kernel x in mixed partial derivatives

as ,
DItk

D(j’k)/{(s, t) = W(S, t)

Then, define the constant

Cy= max { sup |D(j’k)m(s,t)‘}.

0<j+k<2r+3 | 0<s,t<1

For z € C[0,1] and 0 < j < 2r + 2, we have

(Kx)(j)(s) = /01 %(s,t) x(t)dt = /01 D(j’o)n(s,t) xz(t)dt, se€l0,1].

Hence,
|| < Culal... (1.4.1)

4.4.1 Orthogonal Projection Based Approximations

In this subsection, we present some key results that are essential for the approximation of
eigenelements using orthogonal projections. Although several of these results are already
available in the literature, we state them here for completeness and for ease of reference

in the subsequent analysis.
Proposition 30. If x € C**1(0, 1], then
IK(T — Po)z||. < (02)2C4HI(2T+1)HOO pAr+2.
The above result is adapted from Chatelin-Lebbar [21, Theorem 3]. A related following
estimate can also be found in Kulkarni [48, Proposition 4.2].
Proposition 31. If z € C**Y0, 1], then
I(Z = Pu)K(T = Po)a|lo, < Csla®+Y|| pOH,

and
IK(Z — Pa)K(T — Pp)all o < Col[a® V| 1*+,
where Cs = (C2)3Cy and Cs = ((C2)2Cy)?, are the constants independent of h.

Lemma 4.4.1. Let K be the linear integral operator defined by (4.1.2) with a smooth
kernel k € C**1(Q). Let P, be the orthogonal projection onto the approrimating space
X, defined by (4.3.1). Then
[(K = Pak)Klrm|| = O(*™),
|K(K = PuK)Klr) || = O(R"?).
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Proof. By definition of the operator norm,

|k =Pkl = su {10~ PO, < 0l = 1)

YER(E)
Let 1 € R(E) and set y = K1. Since k € C* (), differentiation under the integral

sign is valid up to order 2r + 1. Hence, K maps C[0, 1] continuously into C**1[0,1], so
that y € C?* 1[0, 1], and consequently Ky € C?**2[0,1]. Then

(K =P K)KyY = (Z —P,)Ky.
Using the estimate (4.3.4) of the orthogonal projection, we obtain
12 ~ Pyl < Col (k)0 12,
From inequality (4.4.1), we have

[(Ky)® V| L < Cullylloo < (Co?[1]] -
Therefore, we obtain

10K = Pl o < Co(Ca)?[[ )] 1>
Since ||¢||, = 1, we conclude that

|0€ = PO iy | = O ).

Next, we estimate

me—mmmmAF:wgﬂmm—nxmwuwwu=ﬁ-

YER(E
Let ¢ € C**10,1]. Then y = K¢ € C**10,1], and consequently Ky € C?"*1[0,1].
Therefore,

KK - P.K)Ky = K(Z —P,)Ky.
Applying Proposition 30, we obtain
IK(K = Pak)KY | = IIK(Z = Pa)Kyllo < (Co)Cal (Koy) &+ 1172,

2r+1) H

As shown earlier, the quantity H (Ky)! -, 1s independent of h and so

— Fn o S (02)70y 0o )
IIC(K = PukO)KY |, < (Ca)?Cull9] Jh* 2

which implies
|0 = Pk | = O(0+2)

This completes the proof. ]
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Lemma 4.4.2. Let IC be the linear integral operator defined by (4.1.2) with a smooth
kernel k € C**1(Q). Let P, be the orthogonal projection onto the approrimating space
X, defined by (4.3.1). Then

[(K = KDl | = O(R"),
IK(K = K2DKlr@|| = OB,
where KM = P, K + KP, — P, KP,.

Proof. Let v € R(F). Since R(FE) is invariant under K, we have K¢ € R(FE). By

definition of the operator norm restricted to R(E),

| = KKy | = suw {fl0e =2 - el = 1]

YER(E)

= sup {IIT=PIKE - Pkl : [0l =1}
)

YER(E
Let ¢ € C*1[0,1]. Then K+ € C**T1]0,1]. Applying Proposition 31, we obtain
I(Z = P)K(T — Pu) Kbl < Csl (K)o  nEre.

Further, by inequality (4.4.1),

| ()| < Cull..

Hence,
(Z = Pa)K(T = Pu)KY |, < CaCs 0]l hF.

Since |[¢||, = 1, it follows that

|0 = KK | = O

Next, we estimate

|1 =KX | = sup {1 = PO = PR - 0l = 1},

YER(E

Again, since ¢ € C**1[0,1], we have K¢ € C*1[0,1]. Applying Proposition 31, we
obtain

IK(Z — Pu)K(Z — Pa)Ko|| o, < Cs| ()@ +D|| _ pS+4.

Using again inequality (4.4.1), we get

1T = Po)KAT = Pu)Ktb |l < Calslleh]] o h¥ .
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Therefore, for ||¢|| = 1, we conclude that
HIC(IC - ’C%)’%(E)H = O(h¥ Y.

This completes the proof. ]

By combining (4.3.7)-(4.3.9) with Lemma 4.4.1, we obtain the following convergence
rates for the approximation of eigenvalues and spectral subspaces by the Galerkin and
iterated Galerkin methods.

Theorem 32. Let )\ be a simple eigenvalue of KC, and let \Y denote the corresponding
Galerkin eigenvalue of P, K. Let 1, € R(E,) be a Galerkin eigenfunction, and let 13
denote the associated iterated Galerkin eigenfunction. Then, for sufficiently large n, the

following estimates hold:

0 = Bvall, = O ), [l - B, = 0(h+),

and

A=A =0(h""?).

In a similar manner, by combining (4.3.10)-(4.3.12) with Lemma 4.4.2, we obtain the

following convergence rates for the modified and iterated modified Galerkin methods.

Theorem 33. Let \ be a simple eigenvalue of K, and let N denote the corresponding
modified Galerkin eigenvalue of KM . Let vM € R(EM) be a modified Galerkin eigenfunc-
tion, and let 1;7]:4 denote the associated iterated modified Galerkin eigenfunction. Then,
for sufficiently large n, the following estimates hold:

7;5% i E{Erjy _ O(h8T+4) 7

e}

Jedt = Bo|| = 00|

and

A=A =0(r¥t).

The above theorems show that the standard Galerkin method yields eigenfunction and
eigenvalue approximations of orders O(h?*') and O(h**2), respectively, while the it-
erated Galerkin method improves the eigenfunction accuracy to O(h*2?). The modified
Galerkin scheme further enhances the convergence behaviour, producing eigenvalue errors
of order O(h®¥ ) and eigenfunction errors of order O(h%3), whereas the iterated modi-
fied Galerkin method achieves the highest accuracy, namely O(h¥ ) for eigenfunctions.
These results clearly demonstrate the superconvergence effect obtained through modified

projection and iteration.
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4.4.2 Interpolatory Projection Based Approximations

We now recall several results from Chapter 2 that will play a crucial role in the approx-
imation of eigenelements using the interpolatory projection method. For completeness,

we restate below Propositions 14-16 from Chapter 2.

Proposition 34. If x € C*"*2(0,1], then
IK(Z = Qu)all < 2Cu||[ly, 500 B
Proposition 35. If v € C**2(0, 1], then
I(Z — QuK(Z — Q)| < Crllellyrio o h
where C7 is a constant independent of h.

Proposition 36. If v € C**2(0, 1], then

IK(Z — Qu)K(T — Qu)zllg < 4(Ca)’ (|l pp 00 B

Propositions 34-36 provide the fundamental approximation estimates for the interpo-
latory projection operator Q,, which will be instrumental in deriving the convergence

rates for the corresponding eigenvalue and eigenfunction approximations.

Lemma 4.4.3. Let KC be the linear integral operator defined by (4.1.2) with a smooth
kernel k € C*T1(Q) and continuously differentiable with respect to t. Let Q, denote the

interpolatory projection operator onto the approximation space X, as defined in (4.3.5).
Then

(K = Qul)Krm | = O(R*™),
KK — QK)K|rp)|| = O(Kn"?).

Proof. By definition of the operator norm,

[k~ QK || = sup {0k — Quicriciil - ol = 1)

YER(E)

Let ¢ € R(E) and set y = K1. Since k € C* (), differentiation under the integral
sign is valid up to order 2r + 1. Hence, K : C[0,1] — C**1[0,1], so that y € C*"T1[0,1]
and consequently Ky € C*"*2[0, 1]. Then using estimate (4.3.6),

I(Z — Q,)Kyll, < CgH(ICy)(QrH)HOO p2r+2.
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From inequality (4.4.1),
[, < (C2 9]l

Hence,

I(K = QuR)KY | < (Co)* Il B,

and therefore

H(K; —~ QnIC)lqR(E)H —o(12r+?).

Next,

| = QK || = sup {IK(ET ~ Qu)kyl - Wil =1}

YER(E)

Applying Proposition 34,
IK(T = Qu)Kylle < 2Cu|Kyllyy 100 hY7 4.

Note that
(/Cy)(j)

HICyH2r+2,oo = nax

0<j<2r+2 00

From inequality (4.4.1), it follows that the bound ||(Ky)® HOO is independent of h. Thus,

[tc = Quoyky | = 0 +)

This completes the proof.

]

Lemma 4.4.4. Let K be the linear integral operator defined in (4.1.2) with a smooth
kernel k € C*"*2(0,1]. Let Q,, denote the interpolatory projection operator onto the ap-

prozimation space X, as given by (4.3.5). Then

I = KO Irm | = O(R*™),
1K = DK rw || = O,

where KM = Q. K + KQ,, — Q,KQ,,.

Proof. Let 1 € R(FE). Since R(F) is invariant under I, it follows that K¢ € R(F). By

definition of the operator norm restricted to R(E),

0= KK | = sup {IT - QK@= QK] : 1wl =1}

YER(E)
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Assume ¢ € C*2[0,1] and x € C**2(Q2). Then K¢ € C**2[0,1]. Applying Proposi-

tion 35, we obtain

1T~ QKT — QK] < CrllKlly g0 17

Moreover,

Y[l yp00 = max [|(K)P|, < Cill¥],

0<j<2r 42
so that

I(Z = Qu)K(Z — Qu)Ke |l < CaCr][] h*.

Taking |||, = 1, we conclude
M 4r
|0 = KA | = O
Next, consider

|t =Ky | = sup {IlR(T - QK@ - QiKwl 0l =1}

YER(E)
Since K € C*"*2[0, 1], Proposition 36 yields
IK(Z = QKT — QK. < ACHICH g0 h7 .
Using again the bound ||t ||y, 5 o < Cul|?[l,,, we obtain
HIC(IC — KMVK H < 4(CP ]l B

Hence, for ||¢|, =1,
HIC(IC - K%)K]R(E)H = O(h*+4 .

This completes the proof. O

By combining the estimates from (4.3.7), (4.3.8), (4.3.9) along with Lemma 4.4.3, we
obtain the following convergence rates for the approximation of eigenvalues and spectral

subspaces using the collocation and iterated collocation methods.

Theorem 37. Let ¢, € R(E,) denote a collocation eigenfunction, and let 2 be the
corresponding iterated collocation eigenfunction. Suppose NS is the approzimate simple

eigenvalue of QK. Then, for sufficiently large n, the following error bounds hold:

0= Bl =00 ) |l — B4l = 07+),

and
A=A =O(r**?).
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Similarly, using the results from (4.3.10), (4.3.11), (4.3.12) together with Lemma 4.4.4,
we derive the following convergence estimates for the modified collocation and iterated

modified collocation methods.

Theorem 38. Let v € R(EM) be a modified collocation eigenfunction, and let M
denote the corresponding iterated modified collocation eigenfunction. Suppose AM is the
approzimate simple eigenvalue of KM obtained from the modified method. Then, for all
sufficiently large n, the following convergence orders are satisfied:

TZ% B E'l;% _ O(h4r+4) 7

e}

[0 — Bt = o(ht+). |

and

A=A =0(r").

The above results show that the standard collocation method produces eigenfunction and
eigenvalue approximations of orders O(h?"*1) and O(h**2), respectively, while the iter-
ated collocation method improves the eigenfunction accuracy by one additional order.
In contrast, the modified collocation method significantly enhances the convergence be-
haviour, yielding eigenvalue approximations of order O(h* ), with the iterated modified

method attaining the highest accuracy.

These findings confirm that modified projection and iteration are highly effective
strategies for achieving high-accuracy approximations of eigenelements, even when simple
equidistant collocation points are employed on each subinterval of a uniform partition

over an even-degree piecewise polynomial approximation space.

4.5 Convergence Analysis for Green’s Kernels

Let X = £2[0,1] or C[0, 1] and recall that the compact linear integral operator K : X — X

is defined as

(Kx)(s) :/0 k(s,t)z(t)dt, sel0,1], zeX,

where k(s,t) is a real-valued continuous kernel function of the Green’s function type.

Consider the partition of €2 as

Q={(s,8) [ 0<t<s<1}, Q={(s,t)|0<s<t <1}
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Suppose there exist functions k; € C*(€);), i = 1,2, for some integer a > r > 0, such that

the kernel k can be written as

and k1(s,s) = ka(s,s), for all s € [0,1]. A kernel  satisfying these properties is referred
to as a Green’s kernel. Such kernels are generally non-smooth, as their regularity is

restricted to the separate domains 2; and {25, with only continuity across the diagonal.

Here, we will fix some notations to be used throughout the section:
Let 7,k be non-negative integer and we set
DItk

DU (s,1) = ot

s, t), fori=1,2.

Define
Cs = max { sup |D(j’k)ni(s,t)}: forizl,Z},
(

0<ik<2r+2 | (500,

Now, for z € C[0,1] and s € [0, 1], we have

(Kz)(s) :/0 K(s,t)x(t) dt = /OS r1(s,t)x(t) dt +/ Ko(s,t)x(t) dt.

Using the Leibnitz rule
8/@1
Kz) = dt t
() (s) = [ G +/a$
and

oeys) = (G

s s)—%(s,s)) 2(s) + /0 S%(s,m(w gt + / aa:;(s,t)x(t) n

which implies

(S,t)EQl S,t)EQQ

|(Kz)'(s)] < ( sup !D“’O)/ﬁ(syt)\) szl + (( sup ID(l’O)@(s,t)l) (1 = s)llzll

and

|[(Ka)"(s)] < < sup |D"Vgk(s,t)| + sup |D<1=0>ﬁ2(s,t><> [E3]
(s,t)E (s,t)€s

+ ( sup }D(Q’O)/ﬁl(s,tﬂ) sllx|| o + ( sup ‘D(2’O)I{2(S,t)}> (1—s)|z|l,

(s,t)e (s,t)EQ2
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Then,
[(K2)D| . < Csllafl, for j=0,1,2. (4.5.1)

Let z € C?[0, 1], we have

(Kz)@(s) = 2 (82“1 (5,5) — %(s, s)) 2(s) + <%(s, 5 — %(s, s)) 2/(s)

0s?
s 83/£1 ! 83lig

s tate) de+ / (5, () i,

and

83/€1 8352

)9 =3 (G (5.0 = G0 ) alo)
#3 (Gt = S0 ) 0+ (G0 - G0 ) o710

5 84:‘431 ! 841'12
e (s,t)x(t) dt—{—/s e (s,t)z(t) dt.

0

This implies that, if z € C%[0, 1], then
[(K2) |, < Cs (lelle + l12'll.c)

[(K2) 2|, < Cs (lallo + 12 ll0 + 12"l ) -

Proceeding similar way, if z € C*[0,1] for r > 1 and x; € C*(€;), i = 1,2, for some
integer a« > r > 0 then

[(Ka) D < Cs (lollog + lla"log + -+ [V ) (4.5.2)
[(x) &2 < Cs (Il + N2l + -+ [[2#7]] ) - (4.5.3)

Recall that, we are dealing with A as a simple eigenvalue of IC, and we consider
projection-based schemes with m, = P, and 7, = 9,,, corresponding to the orthogonal
and interpolatory projections, respectively. Under these choices, we establish convergence

results for the associated eigenvalue approximations in upcoming subsections.

4.5.1 Orthogonal Projection Based Approximations

In this subsection, we present key results that are essential for the approximation of

eigenelements using orthogonal projection.



154 Chapter 4. Figenvalue Problems for Compact Integral Operators

Proposition 39. Forr > 1, if x € C* 10, 1], then
||/C(I . zpn)l,Hoo < C«ng(2r+1) Hooh2r+3’

where Cy is some constant independent of h.

In particular, if x € C[0, 1], then
IK(Z = Pzl < Crollz]|h

for some constant Cyy independent of h.

Proof. First, we prove the case r > 1. Let s € [0,1] and define r4(t) = k(s,t). Then,

consider
K(Z—Py)z(s) = / s —Pp)x(t)dt
_Z/ N — Pay)z(t) dt
= Z ks, (T — Prj)x)a,

(T —Punj)hs, (T —Pnj)r)a, (4.5.4)

Mz I

=1

We analyze the two cases separately:
Case I: Let s € (t;—1,t;), for i = 1,2,...,n. Thus, the above expression can be rewritten
as
K(T=Po)x(s) = > (T =Puj)ke (T —=Puj))a, + (T = Pui)ke, (T = Pri)t)a,. (4.5.5)
=1
=
For j # i, we note that both kg, z € C*"1(A;). Thus, applying the estimate (4.3.3), we
have

Z((Z = Puj)bis, (T = Puj)a)a,| < (C2)?Csl[a® V|| _(n — 1)R* 2, (4.5.6)

j=1
i

Now, for the case j = ¢, observe that s, is only continuous on A;. We define a constant

function as
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Then, we rewrite the term as
(Z = Pri)kis, (T = Pni)x)a, = (ks — Yi, (T = Pni)T)a,-
For ¢ € [t;_1,t;], we have

kelt) — ) = DOV (s,11)(t —8), v1 € (t,8),
DOV gy (s,1)(t — 8), 1o € (s,1),
by the mean value theorem. Further, using the bound (4.3.3), we get
[{((Z = Pug)kis, (T — Pug)x)a,| < CoCs|a® V|| 1> +2. (4.5.7)
Combining the inequalities (4.5.5), (4.5.6) and (4.5.7), we conclude
IK(Z — Pn)x(s)| < (C’g)QC’g”x@TH)Hooh%*?’. (4.5.8)

Case II: Whenever s = ¢; for some i = 0,1,...,n. Since ks € C*'(A;) for each j =

1,...,n and given that z € C* 1[0, 1], we use inequality (4.3.3) to obtain

max |K(Z — Pu)a(t:)] < Zl I(Z = Pri)bislla, ool = Prj)zll s, o
p

< (CQ)QOSHQ“"(%H)HoohMH'
Finally, combining this estimate with (4.5.8), the desired result follow as
||IC(I _ /Pn)l,HOO < Cng,(Qr—i—l) Hooh27"+3’

where Cy = (C3)?Cy is a constant independent of h.
To establish the other bound of the proposition (for » = 0), let us consider = € CJ[0, 1].

Suppose s = t; for some index i. Then,
\K(Z — Pn)x(s)| < CsColz|| > (4.5.9)

Now, for s € (t;_1,t;), we express
n

K(Z = Pn)z(s) = Z((I = Prj)is, ®)a; + (L = Pui) (ks = %), ¥)ass
i

which leads to the estimate
IK(Z — Po)z(s)| < (1+ Cy + Co)Csl|z||  h*
By combining (4.5.9) with the above result, we arrive at
IK(Z = Pr)allo < Crollzll P,

where Cjp = (1 + C; + C3)Cy is a constant. This completes the proof. N
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Remark 4. The higher-order estimate of order h*+3 relies on the polynomial degree

satisfying r > 1; for r = 0, the optimal bound reduces to order h?.

Lemma 4.5.1. Let K be the linear integral operator defined by (4.1.2) with a Green’s
function type kernel. Let P, be the orthogonal projection onto the approximating space

X, defined by (4.3.1). Then

O(h?™Yy  forr > 1,

|(K = PuK)K| || =
O(h) forr =0,

and

O(h**3)  forr >1,

[K(K = PuK)Klrem) || =
O(h?) forr =0.

Proof. Note that

|(K ~ Pkl | = sup {I0C ~ PuOKYL, : 0], = 1}.
YER(E)

For ¢ € R(F), assume that y = K¢ and so y € R(E). For r > 1, let us consider
y € C*"t10, 1] so that Ky € C**1[0,1] and therefore using (4.3.4), we have

(K = Puk)C ., = (T = Pa)Kylle < Ca|(Key) Y| 2+,
From inequality (4.5.2), it follows that
[ )| < G Ul + I+ 0]

= Cs (JIK¥ [l + 1K) [l + - + || ()1 ) -

By utilizing inequalities (4.5.1) and (4.5.2), we conclude that the quantity H (Ky)@r H

[e.e]
is independent of h. Therefore, we obtain

I(€ = P, = O(*),

which leads to
(K = PukO)Klres|| = O(R**1).

In case r = 0, it is easy to see that

[(K = PuK)Klr(p)|| = O(h).
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Now, consider the second bound of the lemma as

HMK—H@MMMF:m%“WW—RﬁWWmWWm:@'

YER(E
Assume that ¢ € C*"™1[0,1]. Then y € C**[0,1], and consequently Ky € C* [0, 1].
Hence, by applying Proposition 39 for » > 1, we obtain
IK(C = Puk)KY . = IIK(Z = Pu)Kylle < Col| (o)D) 122,

2r+1 H

As discussed earlier, the quantity H Ky)! is independent of A and therefore

IK(K = Pa)KY|, = O(R*F?)
which implies that
HIC(IC — PnlC)IC|R(E)|| =0(h* ).
In the case r = 0, let ¢ € C|0, 1] and set y = K1. Then Ky € C|0, 1], and by Proposition 39

we obtain
IK(Z = Pu)Kylloe < CrollKyllh?.

From estimate (4.5.1), we see that

1Kyl < Csllyllo, = CsllK¥ ., < (Co)?ll0ll,
Therefore, we get
IK(C = Puk)Klr(r)|| = O(R?),
which completes the proof.
O
Lemma 4.5.2. Let K be the linear integral operator defined by (4.1.2) with a Green’s

function type kernel. Let P, be the orthogonal projection onto the approximating space

X, defined by (4.3.1). Then

106 = Kl | = O(h?*3)  forr > 1,
O(h?) forr =0,

and

O(h? ) forr >1,

IK(C ~ K2OK R || =
O(h?) forr =0,

where KM = P, K + KP, — P.KP,.
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Proof. For any ¢ € R(FE) we have K¢ € R(FE). Then

[0€ = KKl | = sup {1 = PR = Pkl : 6], =1}
YER(E)
For r > 1, we use the bound

I(Z = P)K(T = Pu) K|l < NIT = PulllK(Z = Pu) Y| -

From (4.3.2), it follows that [|Z —P,|| < 1 + C;. Let ¢» € C**10,1], which implies
K1 € C*+10,1]. Moreover, applying Proposition 39, we have

I(Z = PaK(Z = Pkl < (14 Co)Col[ () PV || B2+,

Following inequality (4.5.2), we observe that the bound H(lC@/))(QTH)H does not depend

on h. Therefore,

(Z — Pu)K(Z — Po)Kt|| . = O(h* ). (4.5.10)
In case r =0, let ¢ € C[0,1] and y = K¢ € C[0, 1], then using (4.3.4), we have
(T = PIK(ET — P, < o[0T — Py | (4.5.11)
Now, define
DOk (s, ), s,t €y,
((t) = (s, t) = 10 1
DUy (s,t), 5,1 € Q.
Consider
1
(KT =P (s) = [ LT~ Poule)de
0
n t;
=Y [ wo@ - Pt d
j=1 Jti—1
= Z((I - ,Pn,j)g& (I - Pn,j)y>Aj-
j=1
Let s € [ti_1,t;], for i =1,2,...,n. Then, we can write

(K(Z-P)y)(5) = S UT=Pus)los T—Pa ), + (T Pus)lss (T—Prs)y)a,. (4512)
=1
=

For j # i, we observe that both ¢, € C**1(A;) and z € C**1(A,). Hence, utilizing the

estimate (4.3.3), we obtain

n

Z<(I - ,Pn,j)g& (I - Pn,j)y>A]-
=

< (C* sl oIyl (n = 1R < (CoC8)?[[¥]] o (m — 1)R?,

(4.5.13)
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where ||(,]|,, = Cs by definition. Also, whenever j = i, {, is continuous on [t;_1,1;], for

1=1,2,...,n. Thus, following the proof similar to Proposition 39, we get
(T = Pui)ls, (T — Ppi)y)a,| = O(h?).
Applying the above estimate along with inequality (4.5.13) in (4.5.12), we have
I(K(Z = Pu)y)ll = O(R?)
Using above estimate in (4.5.11), we obtain
I(Z = Pu)K(Z = Po)Kt o = O(RY) -

The above estimate and (4.5.10) establish the first bound of the lemma.

Now, consider the other bound of lemma as
I~ KK reel| = sup {IK(Z PR ~ Pkl : el =1}
YER(E)
We can write it as follows
IK(Z = Pu)KK(Z = Pp)Ki| o < IK(Z = Pu)IK(Z = Pr)KY|
For any x € C[0, 1], consider

1K@ =Pl = suwp {IKE = Po)zl, : Nzl =1}

z€eC[0,1]

Using Proposition 39, we see that
IK(Z = Pu)allo < Cuollzlloh?,

and so

IK(Z = Pa)l| = O(R?) .

For r > 1, let ¢ € C*" 1[0, 1], it follows that K¢ € C**1[0,1] and using Proposition 39,
we have

IK(Z = Pu)Ky|, = O(R**).

Combining the above two estimates, we obtain
IK(Z = Po)K(Z — Po)Kt|| . = O(h* ). (4.5.14)
In the case r =0, let ¢ € C[0, 1]. Then K¢ € C|0, 1], and by Proposition 39 we obtain

IK(Z = Pk = OR?).
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Therefore,

IK(Z = P.)K(T — Pu)K, = O(hY).

The above estimate along with (4.5.14) establish the desired second bound of the lemma,
thereby completing the proof. O]

By combining (4.3.7)-(4.3.9) with Lemma 4.5.1, we obtain the following convergence
rates for the approximation of eigenvalues and spectral subspaces using the Galerkin and
iterated Galerkin methods.

Theorem 40. Let )\ be a simple eigenvalue of K, and let \G denote the corresponding
Galerkin eigenvalue of P,K. Let ¥, € R(E,) be a Galerkin eigenfunction, and let 13

denote the associated iterated Galerkin eigenfunction. Then, for sufficiently large n,

O(h? Yy forr > 1,

||¢n - E%Hoo =
O(h) forr =0,
g s O(h?*3)  forr >1,
I — Bdnll =
O(h?) forr =0,
and
A 20| = O(h*+3)  forr > 1,

O(h?) forr=0.

In a similar manner, by combining (4.3.10)-(4.3.12) with Lemma 4.5.2, we obtain the

following convergence rates for the modified and iterated modified Galerkin methods.

Theorem 41. Let \ be a simple eigenvalue of K, and let AM denote the corresponding
modified Galerkin eigenvalue of KM. Let yM € R(EM) be a modified Galerkin eigenfunc-
tion, and let @ny denote the associated iterated modified Galerkin eigenfunction. Then,

for sufficiently large n,

I
" e O(h?) forr =0,
O(h?5)  forr > 1,

Unt = Byt
> O(h*) forr =0,
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and
O(h?™ ) forr > 1,

PENE
O(h*) forr =0.

Theorems 40 and 41 establish that the Iteration significantly improves the convergence
rates of both the standard and modified Galerkin methods in the approximation of eigen-
functions. For r > 1, the modified method achieves higher-order convergence than the
standard Galerkin method for both eigenfunctions and eigenvalues, and similar improve-

ments are observed in the lowest-order case r = 0.

4.5.2 Interpolatory Projection Based Approximations

We first establish several preliminary results that will be used in the analysis of approxi-

mate eigenelements obtained using the interpolatory projection.

In particular, the following result is taken from Proposition 18 of Chapter 2.
Proposition 42. Forr >0, if v € C*2(0, 1], then
IK(T = Qu)all o < 2G|l 00 0 h* .

Lemma 4.5.3. Let K be the linear integral operator defined by (4.1.2) with a Green’s
function type kernel. Let Q,, be the interpolatory operator onto the approrimating space
X, defined by (4.3.5). Then for r > 0,

H(’C - Qn’C)K‘R(E)H =O0(h*), H’C(’C - Qn/C)/C\R(E)H =O(h**?).

Proof. Since the spectral subspace R(F) is invariant under K, for any ¢ € R(E) we may
define y = K, which implies that y € R(E). Consider

¢ = Qu)KIreey|| = sup {I1(K — QK. - 9]l =1}

YER(E)

Further,
(K = QuK)KY o = (T — 2n)Kyll

Let ¢ € C**1[0,1]. Then y € C?"*10,1], and hence Ky € C**1[0,1]. Therefore, by
applying the estimate (4.3.6), we obtain

(K = QK| < C|(y) ™"

h2r+1
oo
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From inequality (4.5.2), we get

H (Icy)(2r+1)

SO (Wl 1l -+ [l L)
= Cs (ICelloe + 10 1o + -+ )] ).

Following inequalities (4.5.1) and (4.5.2), we see that the bound H(le)(QTH) H does not

o0

depend on h. Therefore,

(K = Q.K)Ky|| = O(hQ’”“) .
Hence,

10K = QuKlrm || = O(R*™) .

Now, consider the second bound as

K — QuOKlree | = sup {10 — QuIOKL, ., = 1)
YER(E)

Assume that 1 € C*"2[0,1], which implies y € C**2[0, 1] and so Ky € C*"™2[0,1]. Using
Proposition 42, we have

IK(K — QuE)KW ., = IK(T — Qu)Kyll, < 2C3]1Kylly g h .

Note that

_ (@)
1Kyl so0 =, max [[(K9)

From inequalities (4.5.1)-(4.5.3) discussed above, it follows that the bound ||(Ky)® HOO is
independent of h. Therefore, we finally obtain

1K = QuK)Kr ()| = O(h* %),
which completes the proof. O

Lemma 4.5.4. Let K be the linear integral operator defined by (4.1.2) with a Green’s

function type kernel. Let Q, be the interpolatory operator onto the approximating space

X, defined by (4.3.5). Then

O(h? 2y forr > 1,

1K = K2DKlree || =
O(h?) forr =0,

and
O(h?*3)  forr > 1,

I~ KD ree || =
O(h*) forr =0,

where KM = Q,K +KQ,, — ©,K0Q,.
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Proof. Since R(E) is invariant under K, we have K1 € R(E) for all ¢» € R(E). Consider
06— KKl = sup {I(Z — QKT - @K, il = 1.
YER(E)
For r > 1, we write
I(Z = @u)K(T = Qu)KY |, < 1T = Qull[IK(Z — Qu)KY| -

Since {Q,,} is uniformly bounded, that is, [|Q,|| = ¢ < oo, and ¥ € C* 20, 1], it follows
that K € C?"™2(0, 1]. Hence, by Proposition 42, we obtain

1T~ QKT — QK| < 2Cs(1 + QKL 0”2

Here

13 42,00 = ”(IC@/;)m

From inequalities (4.5.1)-(4.5.3), it follows that the bounds }}(K¢)(i)||oo are independent
of h forv=0,1,...,2r 4+ 2. Therefore,

max
0<i<2r4-2 00

I - QK(T - QKW = O(H**?). (45.15)
In case, r = 0, using (4.3.6), we have
I(Z = QuIK(T = Qu)KY | < G| (K(T = Qu)K)'| -
It follows from Chatelin-Lebbar [22, Theorem 15],
10T = Qu)ky)|,, = O(r7)
Therefore, from above two estimates, we have

I(Z = Qu)K(Z - Qu)KY |, = O(h%).

The above bound with (4.5.15) gives the the first estimate of the required results.

Now, consider the other bound as
[t = K3Klrem || = swp {IKE - QKT - QUK. « ¥l =1}
YER(E)
For » > 1, we estimate

IK(Z = Qn)K(Z = @)K < [IK(Z = Qu)KI[(Z — L) K| -
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Since K is bounded linear operator, then

IK(Z = Qu)Kal, < IKIIT = Qn)Kx]|,
< [IKNCsl (K| *
< C3Gs| K[|l b

Taking the supremum over all ||z||_ = 1, we conclude that
IK(Z — Q.)K| =O(Rh?).

Let ¢ € C**2[0,1] € C**1[0,1]. Then K¢ € C**1[0,1], and by applying estimate (4.3.6)

together with the above bounds, we obtain
IK(Z = Qu)K(T = Qu)KY |l < IK(Z = Qu)KIIT = Qu)Kell,, = O(h*).

In case, r = 0, let ¢ € C?[0, 1], which implies K¢ € C?[0,1]. Then, by Kulkarni-Nidhin
[57, Proposition 3.7], we obtain

IK(Z — Qu)K(T — Qu)K)||, = O(h*).

The above two bounds establish the second estimate of the required results, and complete

the proof. n

By combining (4.3.7)-(4.3.9) with Lemma 4.5.3, we obtain the following orders of con-
vergence for the approximation of eigenvalues and spectral subspaces using the collocation

and iterated collocation methods.

Theorem 43. Suppose \ is a simple eigenvalue of K, and let \S be the eigenvalue of
Q,.K converging to \. Let ¥, € R(E,) be a collocation eigenfunction, and let 1S denote

the corresponding iterated collocation eigenfunction. Then, for all n large enough

|4 — EwnHoo - O(h2r+1) : ersl . Engoo _ O(h2r+2) ’

and

A=A =0(h*"?).

Similarly, by combining (4.3.10)-(4.3.12) with Lemma 4.5.4, we obtain the following

orders of convergence for the modified and iterated modified collocation methods.
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Theorem 44. Suppose )\ is a simple eigenvalue of IC, and let XM be the eigenvalue of
KM converging to \. Let vM € R(EM) be a modified collocation eigenfunction, and let
QZ% denote the corresponding iterated modified collocation eigenfunction. Then, for all n
large enough

O(h**2)  forr >1,

lvn’ = B =
O(h?) forr =0,

|

O(h**3)  forr >1,
e O(h*) forr =0,

oy — By

and

O(h?*3)  forr > 1,

PENE
O(h*) forr =0.

The above results show that a single iteration improves the convergence rate of both
the standard and modified collocation methods in the approximation of eigenfunctions.
For » > 1, the modified method achieves higher-order convergence than the standard
collocation method for both eigenvalues and spectral subspaces. Even in the lowest-order

case r = 0, the modified collocation variants provide substantial improvements.

4.6 Numerical Results

In this section, we present numerical experiments to illustrate and validate the theoretical
convergence results established in the previous sections. Numerical results are reported

for operators with both smooth kernels and Green’s function-type kernels.

Let &, denote the space of piecewise constant functions associated with the uniform

partition of the interval [0, 1] given by
0:t0<t1<"‘<tn:1, tj:—, j:O,l,...,n.
Throughout the numerical experiments, the experimental order of convergence is com-

puted using the standard formula

5— log(e,/ean)
log 2

where e,, denotes the numerical error obtained using n subintervals.

Orthogonal Projection. Let P, : £?[0,1] — X, be the orthogonal projection onto

the subspace of piecewise constants functions. We denote by A& and AMY the eigenvalue
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approximations obtained from the Galerkin and modified Galerkin methods, respectively.

The corresponding convergence rates are denoted by o and dyc.

Interpolatory Projection. Let Q, : C[0,1] — &, denote the interpolatory projection
defined by
(Qnz)(1;) = (1), j=1,2,...,n,

where the collocation points {7;} are chosen as the midpoints of the subintervals:

2j —1
T Ty

i=1,2,....n.

We denote by A¢ and AM¢ the eigenvalue approximations obtained using the colloca-
tion and modified collocation methods, respectively, with 50 and 0 Mo representing their

respective orders of convergence.

Smooth Kernel
We first consider the integral operator I defined by the smooth kernel
k(s,t) =e", s,te|0,1],
with the operator action defined as:
(Kz)(s) = /0 Cetetydr, se (0.1

The eigenvalues of K are known to be simple; specifically, the largest eigenvalue is \ =
1.3530301647457353. Numerical comparisons between standard and modified versions of
both Galerkin and Collocation methods are provided in Tables 4.6.1 and 4.6.2.

Table 4.6.1: Eigenvalue errors in variants of Galerkin methods for the smooth kernel.

n A=A bc A= AMG| e
2 | 9.69 x 1073 —~ 2.68 x 10~* —

4 | 249%x107% 196 | 1.76 x 10~°>  3.93
8 | 6.26x107% 199 | 1.12x107%  3.98
16 | 1.57x107™* 2.00 | 7.01 x10~%  4.00
32 | 3.92x107° 200 | 4.38x107°  4.00
64 | 9.81x 1076 2.00 | 2.74 x 10719  4.00

The results demonstrate that the standard projection method achieves second-order

convergence, while the modified projection method attains fourth-order superconvergence.
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Table 4.6.2: Eigenvalue errors in variants of collocation methods for the smooth kernel.

n A= XC bc A= XAMC e
2 | 2.08 x 1072 - 6.25 x 1074 -

4 | 547x107% 193 | 4.20x107°  3.90
8 | 1.39x1073 1.98 | 2.67x107%  3.97
16 | 3.48x107* 2.00 | 1.68x1077  3.99
32 | 870 x 107 2.00 | 1.05x107%  4.00
64 | 218 x107® 2.00 | 6.56 x 10719 4.00

The orders of convergence for the correponding eigenfunctions can be found in numerical
results section of Kulkarni [49, 52] and Long et al. [60]. The results confirm the modified

method’s superior accuracy, matching theoretical predictions exactly.

Green’s Kernel

We now consider the compact integral operator C defined by

1
(Kz)(s) = / (s, ) o(t) dt,
0
with the Green’s function-type kernel k is given by

t(l—s), 0<t<s<l1,
K(s,t) =
s(1—t), 0<s<t<l.

The kernel x € C(2), and it is well known that all eigenvalues of K are simple. The
largest eigenvalue is given explicitly by A = with the corresponding eigenfunction

©(s) = sin(7s).

o
7T2

Galerkin methods and variants: Using the orthogonal projection P, : £2[0,1] —
X, Table 4.6.3 shows the eigenvalue errors. The errors in the approximation of the
largest eigenvalue, alongside their corresponding convergence rates, are summarized in
Table 4.6.3. The results demonstrate that the standard Galerkin method yields second-
order convergence, whereas the modified Galerkin method exhibits a significantly en-

hanced fourth-order rate.

The accuracy of the corresponding eigenfunction approximations is examined next. Ta-
ble 4.6.4 presents the errors measured in the supremum norm, where the error is computed
in terms of the gap between the exact spectral subspace and its numerical approxima-

tion. The results demonstrate that the Galerkin method exhibits first-order convergence
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of eigenfunctions. The iterated Galerkin and modified Galerkin methods improve the
rate to second and third order, respectively. In particular, the iterated modified Galerkin
method achieves fourth-order convergence. These results numerically validate the super-

convergence effects predicted by the theoretical analysis.

Table 4.6.3: Eigenvalue errors in variants of Galerkin methods for Green’s kernel.

n A= XC| ba A=A by
2 | 1.80 x 1072 3.75 x 1073

4 | 5.04x107% 1.83 | 295 x107*  3.67
8 | 1.29x107™% 1.96 | 1.96 x 107°>  3.91
16 | 3.25 x107* 199 | 1.25x 1076  3.97
32 | 8.13x107° 2.00 | 8.06x 107 3.96
64 | 2.03x107° 2.00 | 491 x 1077 4.04

Table 4.6.4: Eigenfunction errors in variants of Galerkin methods for Green’s kernel.

n | 1WG = EvSllee da |45 = E¢Slloe 616 |92 — EYM|loo Snic | 103 — EOM oo d1ma
2| 6.23x107! 2.34 x 1072 1.11 x 1072 3.02 x 1074

41 3.71x107" 0.75| 5.81x1073 2.01| 1.87x1072 2.56| 1.83x107°  4.04
8| 1.94x1071 094 1.45x1073 2.00| 250x10~* 290 9.57x10"7  4.26
16| 9.78 x 1072 0.98] 3.62x107*% 200 3.18x107° 298| 6.03x107%  3.99
32| 4.90 x 1072 1.00| 9.06 x 107° 2.00| 3.99x 1076 2.99| 3.78 x10™°  4.00
64| 2.45x1072 1.00| 2.26x107° 2.00| 4.99x10~7 3.00| 2.36x 10710  4.00

Collocation methods and variants: Similar behaviour is observed for interpolatory
projections at midpoints onto the approximating spaces of piecewise constant functions.
The corresponding eigenvalue errors and experimental convergence rates are reported in
Table 4.6.5. The numerical results confirm second-order convergence for the collocation

method and fourth-order convergence for the modified collocation method.

Finally, Table 4.6.6 reports the errors for eigenfunction approximations obtained using
collocation-based methods. The results demonstrate that the modified and iterated mod-
ified collocation methods significantly improve the convergence rate, as iterated modified

collocation eigenfunction achieves the highest fourth-order accuracy.

Overall, the numerical experiments strongly support the theoretical analysis and high-
light the superior performance of the modified projection-based methods across different

kernel types.
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Table 4.6.5: Eigenvalue errors in variants of collocation methods for Green’s kernel.

n A= XC] b A — M| dnrc
4 | 244x1073 6.60 x 1074

6.41 x 107%  1.93 | 4.07x107°  4.02
16 | 1.62x107* 1.98 | 254 x 1076  4.00
32 | 4.07x107° 2.00 | 1.59x 1077  4.00
64 | 1.02x107° 2.00 | 9.93x1072  4.00
128 | 254 x 1075  2.00 | 6.21 x 10710 4.00

Table 4.6.6: Eigenfunction errors in variants of collocation methods for Green’s kernel.

n | 1S — BYS oo o |I1VS — Bl Src [I1WM — B¥M|o Snc | 19N — BOY||oo Siric
4 | 4.14x 107! 7.59 x 1072 1.07 x 1073 9.31 x 107°

1.99 x 1071 1.06| 1.91x1072? 1.99| 1.37x107* 296| 5.70x107%  4.03
16 | 985x1072 1.01| 481 x107% 1.99| 1.73x107° 299| 3.49x10"7  4.03
32| 491 x1072 1.00| 1.18x1073 2.02| 216x107% 3.00| 1.54x10"%  4.50
64 | 2.45x1072 1.00| 2.97x10"% 2.00| 270x 107 3.00| 1.51x107Y  3.36
128 1.23x 1072 1.00| 7.41x107® 2.00| 3.37x107% 3.00| 943 x 107  4.00

4.7 Conclusion

In this chapter, we have investigated the convergence behaviour of projection-based ap-
proximations for eigenvalue problems associated with compact integral operators having
Green’s kernels. Both classical and modified projection methods were analyzed in a
unified framework. We established explicit convergence rates for the approximate eigen-
values and the corresponding spectral subspaces in the supremum-norm. Our analysis
shows that the modified (iterated) projection method produces higher-order convergence
of eigenvalues compared to the classical projection method. In particular, the supercon-
vergence phenomenon arising from iteration significantly improves the approximation of
spectral subspaces. This enhancement persists even when the underlying Green’s kernel
lacks smoothness along the diagonal, thereby extending the scope of earlier results that
were primarily restricted to smooth kernels. The theoretical findings are supported by
numerical experiments, which confirm that the iterated method achieves higher accuracy
with a computational effort. Consequently, the modified projection approach provides an

efficient and reliable framework for eigenvalue computations involving Green’s kernels.






Chapter 5
Summary and Future Scope

Let the uniform partition of [0, 1] into n equal parts,
O=ty<ti < ---<t, =1, t; ==, j=0,1,...,n,
n
with subintervals A; = [t;_1, ¢;], 7 = 1,2,...,n. For a non-negative integer r, define

the finite-dimensional approximating space
X, = {x € L£2[0,1] : z|a, is a polynomial of degree < 2r, j=1,2,... ,n}.

Thus, &, denotes the space of piecewise polynomials of even degree < 2r, with dim &), =
n(2r +1) and &, C £>[0,1]. We consider the orthogonal projection P, and the inter-
polatory projection Q,, mapping into &,,. For Q,,, on each subinterval A; = [t;_1,t;] we
choose 2r + 1 equidistant interpolation points given by

ih ti1 +t;

T;Itj,1—|—§, t=0,1,...,2r, r>1, and 7;= 5 , r=20.

These collocation points are equidistant on each subinterval and are not required to be

Gauss points.

1. Let X = C[0,1], and consider the Fredholm integral operator K : X — X defined
by
1
(Kz)(s) = / k(s,t)x(t)dt, sel0,1], ze€ X,
0
where k : © — R is a given continuous kernel function and Q = [0,1] x [0,1]. We
are interested in the numerical approximation of the Fredholm integral equation of

the second kind
r—Kex=f fek,

171
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which is assumed to admit a unique solution ¢. Let Q,, : C[0,1] — &, denote the
interpolatory projection operator. The following projection-based approximation

methods are considered.
Collocation method.

P — QuKyl = Quf.
Iterated collocation method.

v =Koy + f.
The modified collocation operator KM is defined by
KM = Q,K + K£Q, — ©,KQ,.

Modified collocation method.

o = Kl =

n

Iterated modified collocation method.
G =Koy + f.
Smooth kernel case. Assume that the kernel k of the Fredholm integral operator is

smooth, with x € C**2(Q), and that f € C**2[0,1]. Under these assumptions, the

collocation solution and its variants satisfy the following convergence estimates:
||90—QDSHOO=O(}L2T+1)’ HSO_Sngoo:O(hQTH),

||90—90¥||0020(h4r+3), H%O_SZ%HOOZO(MTH).

Green’s function kernel case. Assume that the kernel x of the Fredholm integral
operator is of Green’s function type, satisfying k € C(2), k € C*(21) N C*(y),
indicates piecewise C® regularity with possible jumps across s = t for an integer
a >0, where Q; = {0 <t <s <1} Q ={0<s <t <1} Assume further
that the right-hand side f € C*2[0,1]. Under these assumptions, the following

estimates hold:

le—¢ill =00,  [le—vill,=00*""?),
M O(hg) ’ r =0, M O(h4) ) r=0,
o —¢n'll = o =&l =
Oh* 2y r>1, Oh?*3), r>1.

The results for Green’s kernels are reported in Rakshit-Shukla-Rane [72] and incor-

porated in Chapter 2 of this thesis.
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2. Let X = £>[0,1], and consider the Urysohn integral operator K : X — C[0,1]
defined by

K(z)(s) :/0 k(s,t,x(t))dt, se€l0,1], x € X,

where k : 2 Xx R — R is a continuous function. We are interested in the numerical

approximation of the nonlinear integral equation
r—K(z)=f, [feX.

We assume that the above equation admits a unique solution ¢. Let Q,, : C[0,1] —
X, denote the interpolatory projection operator. The following projection-based

approximation methods are considered.

Collocation method.

Iterated collocation method.

v = K(gp) + f.
The modified collocation operator KM is defined by

Kyl (@) = QuK(2) + K(Quar) — QuK(Qur).
Modified collocation method.
— K () = f.

Iterated modified collocation method.

on = Klpy) + f.
Smooth kernel case. Assume that the smooth kernel x of the Urysohn integral

. Ok 2r+1 Pk 2r+2

operator satisfies x, 0 € C"(Q x R), — € C(Q x R), and that f €
u

82

C?"2]0,1]. Under these smoothness assumptions, the collocation solution and their

variants satisfy the following error estimates:

o =il =00, o — el =0,

e —enllo=00r"), o=@ =0@").
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Green’s function kernel case. Assume that the Green’s kernel x of the Urysohn
integral operator satisfies

Ok
, — €C(QxR), i=1,2,3,4,
Ry oo ( ), @
and that o 5
K K
—, — €C(Y xR)NC*(2y xR), Q=03 UQy,
ou’ Ou? (h ) (62 ) P
with possible jump discontinuities across the diagonal s = t. Moreover, assume that
f € C**20,1]. Under these smoothness assumptions, the methods of approxima-
tions satisfy the error estimates
C 2r+41 S 2r4-2
le =il =00 ), e —enll = 0(0™),
O(h?), r=0, O(h'), r=0,
M _ M —
le—eall, = le =&l =
Oy r>1, O3y, r>1.
The above results have been published in Shukla-Rakshit [81] and are presented in
detail in Chapter 3.
3. In addition to the integral equation of the second kind, we consider the eigenvalue

problem associated with a compact Fredholm integral operator K defined on X =
£2]0,1] or C[0,1]. Let k be a real-valued continuous function on Q = [0,1] x [0, 1],
and let £ : X — X denote the corresponding compact linear integral operator. We
seek A € C\ {0} and 0 # ¢ € X such that

K = M.
Our objective is to construct approximate eigenpairs (A, ¥,) converging to (A, ).

Let 7, : X — X, be a projection (either orthogonal or interpolatory) operator. The

classical projection method replaces I by m,/K, leading to

A one-step refinement defines the iterated eigenvector

1

In the modified projection method, the operator K is replaced by

/ny =1m1,K+ Kn, — 7, K7y,
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leading to the modified eigenvalue problem

o S S

n

Un'lloo =1

with the associated iterated modified eigenvector

B = gkl

Let A be an isolated eigenvalue of K with finite algebraic multiplicity m, and let
E denote the corresponding spectral projection. Let E, and EM be the spectral
projections of 7, and KM respectively, associated with eigenvalues enclosed by a
simple closed contour I' containing A. Denote by A, and j\nM the arithmetic means

of the m eigenvalues of 7,k and K inside T.

The convergence results for the approximation of a simple eigenvalue \ and the
associated spectral subspaces using both orthogonal and interpolatory projection

methods are summarized below.

Orthogonal Projection. Let m, = P, : C[0,1] — X, denote the orthogonal

projection operator.

Smooth kernel case. Assume that the kernel k of the compact Fredholm integral
operator K is smooth, with x € C*2(Q2). Then the approximations of eigenvalues

and associated eigenspaces, measured in the gap metric, satisfy
[n = Etpulloc = O(R*1) 107 = Eylllec = O(R**2) A= XT] = O(h""*2),

[n' =Bl = O(h ), (10" = Bl = O(h* ), A=AY| = O(h*+).
Green’s function kernel case. Assume that x is of Green’s function type, with
piecewise C* regularity on €; and €2y for some integer o > 0, and with possible

jump discontinuities across the diagonal s = ¢t. Then the following convergence

estimates hold:

[tn = Enlloe = O(R ), |05 = Eflloe = O(W7 %), A= AF| = O(h**?),

h’ ? 07 ~ ~
[ = By [loo = 1’ — Bty oo =
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O(h%), r =0,
N
O(h*+5), r>1.

Interpolatory Projection. Let m, = Q, : C[0,1] — A, denote the interpolatory

projection operator.

Smooth kernel case. Suppose that the kernel s of the compact Fredholm integral
operator K is smooth, with x € C*2(Q2). Then the approximations of eigenvalues
and the associated eigenspaces, measured in the gap metric, satisfy the following

convergence rates:
[ = Btnlloe = O(R*1) [l = Eglloe = O(R7*2) A= X = O(R**?),

2! e = O(B) T~ BT oo = O(7H) A=Y = O(n*).

Green’s function kernel case. Assume that x is of Green’s function type, with
piecewise C* regularity on €2; and €2y for an integer @ > 0, and with possible
jump discontinuities across the diagonal s = ¢t. Then the approximations of the

eigenelements satisfy
|t — Etnllco = O(h2r+1) o v — By = O(hQTJrQ) . A= AC] = O(h2r+2) 7

3 _ 4 B
N N 1 =rv N S,
O(h2r+2)7 r Z 1, O(h2r+3), r Z 1’

O(h%), r =0,
A= A =
Oh**3), r>1.

These results follow from the collectively compact convergence of the finite-rank
projection operators and the spectral approximation theory for compact operators
presented in Chapter 4. The corresponding results for Green’s kernels are reported
in Shukla-Rakshit-Rane [82].

Limitations of the Present Work

Although the present thesis establishes higher—order convergence results for collocation,

iterated, and modified projection methods for linear Fredholm, nonlinear Urysohn, and
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associated eigenvalue problems, the analysis is confined to compact integral operators
defined on one-dimensional domains under uniform partitions. The theoretical estimates
rely on suitable smoothness or piecewise smoothness assumptions on the kernels (in-
cluding Green’s function type kernels with controlled jump discontinuities across the di-
agonal), and therefore operators with stronger singularities, weakly singular kernels of
non-integrable type, or problems posed on irregular geometries are not covered. The
approximation spaces considered consist of piecewise polynomials of even degree on uni-
form meshes; adaptive discretizations, non-uniform partitions, spline or wavelet-based
approximation spaces, and higher-dimensional domains have not been investigated. In
the eigenvalue analysis, the projection-based convergence results are derived under the as-
sumption of isolated simple eigenvalues; the treatment of multiple or clustered eigenvalues
are not included here. Future research may focus on extending the proposed projection-
based framework to weakly singular kernels, adaptive discretizations, higher-dimensional

domains, and multiple eigenvalue problems.

Future Scope of Research

The projection-based methods developed in this thesis establish a rigorous continuous
framework for high-order and superconvergent approximations of Fredholm and Urysohn
integral equations and the associated eigenvalue problems. Since practical computation
requires the use of numerical quadrature, a natural and important direction for future
research is the development of fully discrete projection-based methods. Discrete projection
methods are particularly attractive because they can preserve the convergence orders
predicted by the continuous theory while significantly reducing computational complexity.
See Kulkarni-Rakshit [54, 55]. Unlike classical Nystrém methods, which often require very
fine quadrature meshes and large matrix systems, discrete iterated modified projection
methods have the potential to achieve comparable or higher accuracy using substantially

smaller systems. The following research directions are of particular interest:

e Development and analysis of fully discrete modified projection and iterated modified
projection methods, incorporating suitable quadrature rules and preserving the con-
vergence and superconvergence orders of the continuous theory for integral equations
and associated eigenvalue problems, with special emphasis on non-smooth kernels

of Green’s function type using interpolatory projections.

e Extension of projection-based methods to singular and weakly singular integral equa-
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tions. In particular, motivated by the one-dimensional Fredholm and Urysohn inte-
gral equations with smooth and Green’s function type kernels studied in this thesis,
we plan to investigate linear weakly singular integral equations and to develop two-
grid methods based on discrete modified projection operators, combined with product

integration techniques and rigorous error analysis.

Construction of asymptotic series expansions for iterated projection solutions of
operator equations and eigenvalue problems to obtain further acceleration of con-

vergence.

Application of projection-based methods to boundary integral equations arising from
Dirichlet problems for Laplace’s equation on polygonal domains and to integral

equations defined on surfaces.
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