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Preface

Partial Differential Equations (PDEs) are crucial in modeling various physical phenom-

ena in many disciplines such as mathematical biology, environmental engineering, fluid

dynamics, and wave propagation in electromagnetics and acoustics. Due to the inherent

complexity of these equations, analytical solutions are often infeasible, necessitating the

use of numerical methods for accurate approximations. A significant challenge in solv-

ing these PDEs is stiffness, which arises from interactions between processes occurring

at multiple spatial and temporal scales. Higher-order accurate methods are essential to

resolve such problems efficiently. It is well known that the explicit methods often suffer

from severe stability constraints when dealing with stiffness, while fully or partially im-

plicit schemes provide better stability but introduce higher computational costs. Thus for

efficient simulations of stiff dynamical systems we need numerical methods that balance

stability, accuracy, and computational efficiency while preserving key physical properties.

Chapter 1 presents an introduction and a brief literature review of such PDEs. In

Chapter 2, a class of unconditionally strong stability preserving (SSP) multi-derivative

methods for the numerical simulation of stiff reaction-diffusion systems is introduced. The

unconditional SSP property ensures that these methods remain stable without restrictive

time-step constraints, making them highly efficient for solving reaction-diffusion problems

in the stiff regime. Unlike traditional implicit methods, the proposed approach does not

require inversion of the coefficient matrix, significantly reducing computational complexity

while maintaining accuracy across a wide range of parameters. The theoretical proof of

the SSP property is established, ensuring the efficiency of the method. The accuracy

of these methods is evaluated using L∞-error analysis, and comparisons with existing

literature demonstrate superior performance, even for larger time steps.
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In Chapter 3, the concept of high-order accurate methods with strong stability proper-

ties is extended for convection-diffusion systems. A novel class of computationally explicit

multiderivative methods has been developed for the numerical solution of convection-

dominated diffusion equations, where the dominance of the convection term poses com-

putational challenges. The proposed methods have been designed to preserve strong sta-

bility, ensuring efficient simulation of convection-dominated diffusion equations without

imposing restrictive time-step constraints. To enhance accuracy, a fourth-order compact

finite difference scheme is employed for spatial discretization.

Chapter 4, deals with an energy-preserving, partially implicit method for the simulation

of undamped acoustic and soliton wave propagation in homogeneous and heterogeneous

mediums. The derived method is second-order accurate in time and preserves the physical

properties of the wave propagation problems. The numerical properties of the methods

are evaluated using Fourier analysis for one- and two-dimensional linear wave equations.

Energy-preserving properties of the fully discrete scheme are validated through theoretical

analysis and numerical experiments. Convergence analysis is also performed to assess the

rate of convergence of the developed scheme.

In Chapter 5, the concept of energy-preserving space-time discretization methods is

extended for damped wave equations. The developed methods are implemented with

a fourth-order compact finite difference scheme for the numerical simulation of damped

linear and nonlinear wave equations. The damped wave equation is an extension of the

classical wave equation that includes a damping term to model energy dissipation over

time. Theoretical convergence analysis is established, and discrete energy errors for the

developed method are computed for wave propagation in the homogeneous and inhomo-

geneous mediums by considering the relative errors. The theoretical convergence rate is

also validated numerically using the discrete L2-norm. The accuracy of the developed

method is validated through various cases of wave and soliton propagation.

Finally, Chapter 6 deals with the summary of the thesis, drawn conclusions based on

our findings, and provided recommendations for future research directions.
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Chapter 1

Introduction

The advancement of scientific computing and mathematical modeling has revolutionized

our ability to understand, simulate, and predict complex physical phenomena. Among

the most powerful mathematical tools for modeling such systems are partial differential

equations (PDEs), which model both temporal and spatial changes in state variables, al-

lowing for a detailed understanding of dynamic processes [1]. In modern contexts, PDEs

serve as essential tools in science and engineering. PDEs are used to model fluid flow,

stress distribution, and thermal conduction in structures and machines to name a few. In

biological systems, PDEs describe the spread of diseases, neural activity, and ecological

interactions. Financial models also rely on PDEs to evaluate derivatives and manage risk,

while in image processing and artificial intelligence, they contribute to edge detection,

noise reduction, and shape modeling. Moreover, the increasing reliance on computational

power has transformed the way PDEs are solved, making numerical approximation and

simulation indispensable where analytical solutions are either too complex or entirely

unattainable. Thus, the importance of PDEs is not merely theoretical but deeply practi-

cal. As they bridge the abstract world of mathematics with the tangible, ever-changing

systems of the real world, enabling us to analyze, predict, and innovate across disci-

plines. Reaction-diffusion systems and wave equations represent two foundational classes

of partial differential equations that model fundamentally different, yet widely occurring,

dynamic phenomena.
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Nature often displays strikingly beautiful and complex patterns, from the stripes on

a zebra and the spots on a leopard to the ripples in sand dunes and the distribution of

vegetation in arid climates. These patterns, while visually fascinating, are not merely

surface-level structures but often emerge due to chemical, biological, or ecological pro-

cesses governed by PDEs. One of the most powerful models used to understand and simu-

late such natural phenomena is the reaction-diffusion model. Reaction-diffusion equations

describe processes in which substances undergo both local chemical reactions and spatial

diffusion, making them crucial for understanding pattern formation in biological systems,

such as animal coat markings, morphogenesis, tumor growth, and ecological interactions.

In contrast, wave equations govern the propagation of disturbances through a medium

and are central to modeling mechanical vibrations, acoustic and electromagnetic waves.

They appear in domains ranging from engineering and geophysics to relativity and quan-

tum mechanics. Together, these equations not only provide insight into natural processes

but also offer a mathematical tool for designing and controlling systems in science and

engineering. This thesis focuses on the development and analysis of finite difference meth-

ods (FDM) for solving different classes of PDEs, especially parabolic and hyperbolic type,

such as stiff reaction-diffusion systems, convection-diffusion equations, and wave equations

with or without damping effects. These systems are inherently complex and pose a variety

of challenges, including stiffness, sharp gradients, and conservation of physical properties

such as mass, momentum, and energy, over long time scales. Developing robust numerical

methods for such equations is essential for the accurate and efficient simulation of govern-

ing systems [2]. Considerable efforts have been made in developing numerical integration

methods for stiff problems [3], and the problem of stiffness has been discussed in details

in [4]. A comprehensive discussion related to stiffness is given in [5].

Stiff dynamics commonly arise in systems of differential equations that involve pro-

cesses occurring at widely different timescales. These systems are characterized by the

coexistence of both rapidly and slowly changing solution components, leading to signifi-

cant numerical challenges when simulating their behavior. Specifically, explicit numerical

methods become inefficient or even unstable because they are constrained to take ex-

tremely small time-steps to maintain stability, even when the overall solution varies slowly
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[6, 7]. In 1966, Robertson described stiffness as a phenomenon where fast and slow re-

actions make forward time integration difficult [4]. Later, in 1991, Lambert [8] explained

that if a numerical method with limited stability needs to take very small time-steps,

despite the solution being smooth, then the system is considered stiff in that region.

Mathematically, stiffness is often related to large negative eigenvalues in the system’s

Jacobian matrix. A high stiffness ratio (that is the difference between the largest and

smallest eigenvalues in magnitude) usually signals a stiff system [8]. Stiff dynamics are

frequently encountered in chemical kinetics, combustion, electrical circuits, and biological

regulatory networks, where fast transients are embedded within slower processes [9].

Stiff systems are especially challenging to simulate because standard explicit methods

require very small time-steps to maintain stability, rendering them inefficient for long-

term integration. The interplay between rapid local reactions and slower spatial diffusion

leads to complex dynamical behavior, making stiff reaction-diffusion systems a critical

subject of study. Combination of reaction and diffusion processes could spontaneously

generate spatial patterns in chemical concentrations, providing a foundational explana-

tion for morphogenesis, the biological process that causes an organism to develop its

shape [10]. Classical work of Alan Turing [10] catalyzed decades of research into pat-

tern formation, leading to the development of numerous reaction-diffusion models such

as the Gray-Scott model [6], the Brusselator model [11], and the Schnakenberg model

[12]. These models help researchers understand how nonlinearity and diffusion interact to

produce spatiotemporal phenomena, including oscillations, traveling waves, and station-

ary patterns. Due to presence of stiffness, more advanced numerical methods are needed

to solve them accurately and efficiently, making them a central focus in computational

studies of pattern formation and nonlinear dynamics [13]. In this thesis, three funda-

mental reaction-diffusion models: the Gray-Scott model, the Brusselator model, and the

Schnakenberg model are considered.

1.1 Reaction-diffusion systems

Reaction-diffusion models play a pivotal role across a wide spectrum of disciplines due
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to their ability to model complex spatiotemporal patterns arising from local interactions

and transport processes. In biology and morphogenesis, these models help explain how

patterns form during the development of organisms, such as animal skin pigmentation,

limb formation, or tissue differentiation. For instance, Turing’s original work was aimed

at understanding the development of fingers and digits in embryos. Turing patterns have

been applied to various phenomena, from explaining the shell markings of aquatic mol-

lusks to offering insights into human settlement patterns and inspiring water filtration

designs. Reaction-diffusion systems have also helped scientists understand the evenly

spaced transverse ridges found on the mammalian palate [14]. The studies have expanded

on highlighting their applicability to various proteins and RNAs in multicellular organ-

isms. In neuroscience modeling brain activity, wave propagation, and pattern formation

in neural circuits, reaction-diffusion systems are used to study processes like epilepsy and

cortical patterning. Recent research has utilized reaction-diffusion models to simulate the

propagation of dynamic concentration patterns in both healthy and damaged brain con-

nectomes, providing insights into neurological disorders [15, 16]. In chemical engineering,

these models are used to simulate reactions in catalytic surfaces and reactors, helping

in the design of efficient chemical processes and materials with self-organizing properties.

The advancements include the development of nanomaterial based smart coatings capable

of real-time monitoring and applications in flexible electronics [17, 18, 19]. In ecology and

environmental science, reaction-diffusion systems are used to model spatial patterns in

ecosystems, such as vegetation clustering, predator-prey dynamics, and species dispersion

in changing environments. The studies have explored the emergence of spatial patterns

in predator-prey models influenced by habitat loss, and incorporating the effects of linear

diffusion to understand ecosystem dynamics [20, 21]. Recent surveys have highlighted

the role of diffusion-based models in visual art creation, emphasizing their potential in

generating intricate and realistic patterns for digital media.

In this thesis, following reaction-diffusion systems are considered.
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1.2 The Gray-Scott model

The Gray-Scott model [22] is a well-established reaction-diffusion system that describes

how two interacting chemical species, typically denoted as X and Y , evolve over time

due to both reaction kinetics and diffusion, helping us to understand self-organization

in nature and materials. It was developed by P. Gray and S. K. Scott [22] in the 1980s

as an extension of earlier autocatalytic reaction models, particularly to study nonlinear

chemical dynamics. Autocatalysis is the process by which a chemical is involved in its

own production [6]. The model is particularly known for its ability to produce a variety

of spatial patterns, such as spots, stripes, and wave-like structures, through relatively

simple equations. The process involves two reactions as described in [22]: the first is the

trimolecular autocatalytic step X + 2Y → 3Y , and the second reaction is Y → P . Since

both reactions are irreversible, P behaves as an inert product. The system is kept out of

equilibrium through a feed term applied to X, while both X and Y are simultaneously

extracted via feed process [23]. The specific reaction-diffusion system that describes the

process is

∂u

∂t
= D1∇2u− uv2 +R1(1− u)

∂v

∂t
= D2∇2v + uv2 − (R1 +R2)v

(1.2.1)

where u and v are concentrations of chemical species X and Y , D1 and D2 are their

respective diffusion coefficients, R1 is the feed rate of X, R2 is the removal (kill) rate of

Y .

1.3 The Brusselator model

The Brusselator model [24] is a theoretical reaction-diffusion system that describes the

behavior of autocatalytic oscillating chemical reactions far from equilibrium. It was pro-

posed by Ilya Prigogine [24] and his colleagues at the Free University of Brussels as a

simplified system to study oscillatory and pattern-forming reactions [11]. Like the Gray-

Scott model, it helps illustrate how simple nonlinear chemical rules can lead to complex
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dynamic behavior, including stable oscillations, waves, and Turing patterns. The model

is based on an abstract set of reactions [25] which are given as P → X, Q +X → Y +

D (bimolecular reaction), 2X + Y → 3X (autocatalytic trimolecular reaction), X →

E.

Here, P and Q are input (feed) chemicals, andD and E are final products which remain

constant, whereas the two intermediate components (X and Y ) may have concentrations

that change in time. The key autocatalytic step 2X+Y → 3X drives nonlinear feedback.

When extended with diffusion terms, the system is described by the following PDEs, given

as

∂u

∂t
= D1∇2u+R1 + u2v − (R2 + 1)u

∂v

∂t
= D2∇2v − u2v +R2u

(1.3.1)

where u and v are concentrations of intermediate species X and Y , D1 and D2 are their

respective diffusion coefficients, R1 and R2 are the feed parameters. The Brusselator

model is especially useful in studying chemical oscillations, biological rhythms, and pat-

tern formation in morphology, making it a foundational tool in both theoretical chemistry

and mathematical biology.

1.4 The Schnakenberg model

The Schnakenberg model, introduced by Jürgen Schnakenberg in 1979 [12], is a reaction-

diffusion system employed to explore how activator–inhibitor interactions can lead to both

spatial patterns and temporal oscillations. It originates from a simple set of chemical

reactions given as

X ⇌ P

Y → Q

2P +Q → 3P

where X acts as the activator and Y as the inhibitor play key roles in driving complex
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dynamical behavior. The Schnakenberg model captures the essential features of Turing

instability and Hopf bifurcation, making it particularly important for modeling pattern

formation in biological systems, such as eggshell pigmentation, limb development, and

cellular differentiation. Expressed as a reaction-diffusion system, the model is governed

by the system of PDEs, given as

∂u

∂t
= D1∇2u−R1 + u2v − u

∂v

∂t
= D2∇2v − u2v +R2

(1.4.1)

where u and v are concentrations of intermediate species X and Y , D1 and D2 are their

respective diffusion coefficients, R1 and R2 are the feed parameters [26, 27]. The simplicity

of this system allows it to exhibit dynamical phenomena, including stationary Turing

patterns and oscillatory wave-like behaviors, depending on parameter values. Beyond its

biological applications, the Schnakenberg model is widely used as a benchmark test case

for numerical methods, such as finite difference, finite elements, spectral methods, and

Galerkin approximations, especially when extended to fractional or time-delayed variants

[28]. Use of numerical methods help researchers to accurately track the onset of Turing

and Hopf bifurcations, analyze stability, and understand how parameter changes lead to

qualitatively different pattern regimes.

Numerical simulation of time-dependent stiff reaction-diffusion system of PDEs re-

quires efficient and accurate numerical methods. A widely used method for solving

time-dependent PDEs involves initially discretizing the spatial variable, resulting in semi-

discrete system of ordinary differential equations (ODEs). The resultant semi-discrete

system can then be solved using standard time-integration methods. In [29], the authors

developed a general method for higher-order semi-implicit linear multistep methods, an-

alyzing their stability properties under strong stability preserving (SSP) schemes using

a model linear advection-diffusion equation. A set of examples involving convection-

diffusion and nonlinear reaction-diffusion problems was presented in [29]. Solving time-

dependent PDEs naturally raise concerns about stability, and the appropriate assessment

depends on the characteristics of the solution. Linear stability analysis is generally suffi-
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cient for smooth solutions. However, in cases where a solution involving discontinuities,

a more robust stability approach becomes necessary. SSP methods, initially proposed in

[30, 31] and later extended in [32]. In this thesis, we have assumed that the discretized

system of ODEs obtained by applying a forward Euler time integration method of first-

order maintains SSP under a given norm, provided that the time-step satisfies certain

conditions. The main goal here is to develop and investigate time integration methods

that have higher-order accuracy while preserving the SSP property with respect to the

same norm, subject to altered time-step restrictions.

Widely used methods for solving time-dependent PDEs are discussed in [30, 31], as they

maintain the convex functional properties of the forward Euler scheme while providing

higher-order accuracy. Such ODE systems frequently result from discretizing the spatial

terms of partial differential equations, which are often represented in the following form:

ut = H(u) (1.4.2)

Here, the combined reaction and diffusion operators are represented by H. The system

described in Eq. (1.4.2) satisfies a condition of forward Euler stability of the following

form, given as

∥u+∆tH(u)∥ ≤ ∥u∥

for all time-steps ∆t ≤ ∆tFE, where the norm ∥·∥ is a convex functional. Although

the forward Euler method satisfies this stability criterion, its limited accuracy makes it

less desirable in practical computations. Therefore, higher-order schemes that preserve

this condition are preferred. This can be ensured by enforcing a modified restriction on

time-step, provided as ∆t ≤ K∆tFE where K > 0. Such higher-order schemes, which are

developed as convex combinations of forward Euler steps, are called SSP methods and

maintain the same stability structure. The convex combination approach was employed

to develop higher-order explicit Runge-Kutta methods [31] that preserve SSP properties.

Additionally, the convex combination approach also ensures that all intermediate stages

maintain the same stability property. The value of the SSP coefficient K determines
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how much the time-step can be scaled. To alleviate restrictions on time-step from linear

stability requirements, implicit-explicit or implicit schemes are commonly used. How-

ever, achieving the SSP property even with implicit schemes can still impose significant

limitations on the time-step size [33].

The authors in [34, 35] investigated the behavior of multiderivative Runge-Kutta

schemes with SSP properties and showed that such schemes require not only the forward

Euler condition but also an additional constraint, H̄ = dH/dt, on the second derivative.

Initially explicit two-derivative methods with SSP properties were constructed to satisfy

either both the forward Euler and second derivative conditions [34], or the forward Euler

condition in conjunction with a Taylor series-based requirement [35]. As noted in [36, 37],

the development of unconditional SSP schemes led to the introduction of a backward

derivative condition, intended to replace the earlier second derivative and Taylor series

requirements. In [37], the proposed implicit schemes involve numerical inversion of coeffi-

cient matrix, while the implicit-explicit formulations are subject to time-step constraints

due to the explicit handling of the non-stiff terms. In contrast, the present work intro-

duces multiderivative Runge-Kutta methods that avoid the need for coefficient matrix

inversion and satisfy unconditionally SSP properties altogether.

The SSP methods for reaction-diffusion systems has been also extended to the convection-

diffusion equations. The convection-diffusion equation can describe the convection and

diffusion of various physical quantities such as mass, momentum, and energy. Accurate

numerical solutions to the convection-diffusion equations are crucial in computational

fluid dynamics (CFD) for simulating fluid flow and heat transfer problems. Consequently,

developing stable and accurate numerical approximations of convection-diffusion equa-

tions is essential. Over the years, a variety of numerical methods have been developed

for approximating convection-diffusion problems, including finite difference, finite volume,

and finite element methods [38, 39, 40, 41, 42]. The finite difference method is widely

used for solving problems in CFD [43, 44, 45, 46, 47, 48, 49].

Present work focuses on convection-dominated problems, characterized by |D| << |γ|,

which pose significant computational challenges (see [50] for a comprehensive review).

Here, D represents the diffusion coefficient, and γ denotes the convection coefficient. Due
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to the highly hyperbolic nature of these problems, solutions tend to form steep fronts

resembling shocks. Traditional numerical methods, such as central difference methods or

Galerkin methods, often struggle with stability and convergence issues. These methods

lead to non-physical oscillations or excessive numerical dissipation at sharp gradients if

the mesh and time-steps are not sufficiently refined [51, 52]. Therefore, it is important to

develop robust methods that effectively handle these issues. Common approaches, such

as upwinding in finite difference or finite volume methods, as well as SSP methods [53],

are frequently employed to improve stability.

To improve accuracy and stability, authors in [34] analyzed the SSP characteristics of

multiderivative Runge Kutta (RK) methods and revealed that these methods necessitate

an extra requirement on the second derivative, given by H̄ = dH/dt, in addition to the

forward Euler condition. In this work, the additional condition is considered as the sec-

ond derivative condition. While implicit methods are computationally expensive, they

introduce complexities in implementation and require matrix inversions. Implicit-explicit

(IMEX) methods are limited by time-step restrictions due to explicit treatment of con-

vection or diffusion terms, whereas the proposed computationally explicit multiderivative

Runge Kutta (CEMRK) methods, which are SSP without time-step restriction, eliminate

the need for coefficient matrix inversion.

For spatial discretization, we have used compact finite difference methods [54], as tra-

ditional finite difference methods, often fail to provide accurate solutions for convection-

dominated problems. Compact finite difference schemes, particularly higher-order com-

pact methods, offer a computationally efficient alternative to discretization techniques like

central and upwind schemes, especially for convection-dominated flows. Unlike standard

higher-order methods that rely on wide stencils and lead to increased computational cost,

compact schemes achieve higher accuracy using only neighboring grid points, enabling

accurate solutions. The foundational work by Lax and Wendroff [55, 56] and authors in

[57] initiated the development of compact schemes, with further extensions by authors in

[58, 54, 59] for both incompressible and compressible Navier–Stokes equations. In this

study, a fourth-order compact scheme is used to accurately approximate spatial deriva-

tives.
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1.5 Linear and non-linear hyperbolic systems: Wave

equations

Wave equations, especially acoustic waves, damped waves, and solitons serve as fundamen-

tal tools in modeling a vast array of real-world phenomena. Acoustic waves are pressure

disturbances that travel through gases, liquids, and solids. They provide the basis for

technologies like architectural acoustics where room designs rely on accurate simulations

of sound propagation and medical ultrasonography, where focused wave models reveal

internal body structures.

Damped wave equations describe systems in which wave energy dissipates over time

due to mechanisms like friction, material resistance, or absorption, play a critical role

in modeling how wave amplitude decreases over time. These models are indispensable

for vibration analysis in mechanical structures, where damping mechanisms prevent res-

onant failures. They also describe stress wave attenuation during pile-driving operations

in geotechnical engineering, and simulate water-wave dissipation in coastal areas. Math-

ematically, damping in wave equations introduces stable numerical behavior and energy

decay during simulations. Recent methods that preserve energy dissipation properties

have been applied to attenuating acoustic waves via conformal symplectic integrators,

ensuring accurate phase and amplitude behavior in simulations.

Solitons are waveforms that maintain their shape and energy through a balance of non-

linearity and dispersion. These are foundational to high-speed optical communications,

where temporal solitons enable error-free data transmission over thousands of kilometers

and soliton lasers used in ultrafast sensing and metrology. Soliton theory also plays a role

in plasmonic waveguides, quantum optics, and biological nerve signal modeling, provid-

ing an approach for understanding stability and information transfer in complex systems.

Wave models form an essential tool for tackling real-world challenges from improving

sound quality and structural resilience to advancing communication systems and biolog-

ical understanding. Their importance lies in accurately capturing wave behavior under

diverse conditions and enabling the development of reliable, high-performance numerical

solvers [60, 61].
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Nonlinear wave equations such as sine-Gordon, Klein-Gordon, Korteweg-de Vries and

the nonlinear Schrödinger equation are fundamental in describing complex wave phenom-

ena where nonlinearity and dispersion not only coexist, but interact to create solitons and

kinks. In this thesis, following models are considered.

1.6 The sine-Gordon equation

The sine-Gordon equation is the prototypical nonlinear PDE which has applications in

modeling Josephson junctions in superconducting electronics, crystal dislocation dynam-

ics, and nonlinear excitations in biological systems like DNA and neural structures [62].

In particular, the Josephson junction model [63], which consists of two layers of super-

conducting material separated by an isolating barrier [64]. In superconductivity, the

sine-Gordon equation models the phase dynamics of fluxons in long Josephson junctions,

crucial for superconducting electronics, often under applied currents or magnetic fields

in its perturbed form. In condensed matter physics, it describes dislocations in crystals,

domain walls in magnetic materials, and localized excitations in lattice systems. Notable

applications extend to DNA and protein folding dynamics, neural signal modeling, and

elastic excitations in microtubules, reflecting its adaptability to systems with nonlinear

wave phenomena.

The two-dimensional damped sine-Gordon equation [65] with Josephson junction is

given as

∂2u

∂t2
+ a

∂u

∂t
− c2(x, y)

(
∂2u

∂x2
+
∂2u

∂y2

)
= F (x, y) sinu, a ≥ 0, (1.6.1)

where a represents the coefficient of damping, which is considered to be a non-negative

real number, c(x, y) denotes the phase speed, and F (x, y) stands for the Josephson density

of the current. Due to its nonlinearity and the presence of damping, numerical schemes

to simulate this model accurately are discussed in [64, 65].
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1.7 The Klein-Gordon equation

The Klein-Gordon equation is a fundamental relativistic wave equation originally formu-

lated to describe scalar or pseudoscalar particles in quantum field theory. It represents

the quantum version of the relativistic energy-momentum relation and is particularly

applicable to spin-0 particles such as mesons. The Klein-Gordon equation [66] is given as

∂2u

∂t2
− c2(x, y)

(
∂2u

∂x2
+
∂2u

∂y2

)
+ u+ u3 = 0 (1.7.1)

where c(x, y) is the phase speed. The equation serves as a stepping stone to more complex

models in quantum field theory and underpins the behavior of scalar fields in both flat

and curved space times. While the original formulation is linear, the nonlinear Klein-

Gordon equation, including terms such as λu3, is used extensively in condensed matter

physics, nonlinear optics, and cosmology to study soliton interactions, phase transitions,

and defect dynamics in scalar field theories [67]. Numerical simulation of the damped

Klein-Gordon systems has led to the development of robust methods, including finite

difference time domain, spectral, and energy-conserving schemes [68]. Such studies often

investigated the long-time behavior of solutions, stability of solitary waves, and energy

dissipation in nonlinear media. These attributes underline the Klein-Gordon equation’s

significance not only in theoretical physics but also in applied mathematics requiring wave

modeling under relativistic or nonlinear constraints.

1.8 The corner-edge model

The corner-edge model [69] refers to a class of nonlinear wave systems that describe

how waves behave in domains with geometrical singularities, such as sharp corners or

edges. These kind of models are especially relevant in situations where standard wave

propagation is altered due to complex boundary interactions. Physically, they appear

in fields like optics, acoustics, and quantum fluids, particularly when waves or solitons

interact with corners of a medium or a confined geometry. Examples include nonlinear

waveguides with sharp bends, polygonal traps in Bose-Einstein condensates, or diffraction

of sound waves near architectural features.
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Mathematically, such models are often governed by nonlinear partial differential equa-

tions like the nonlinear Schrödinger, sine-Gordon, or Klein-Gordon equations, but are

frequently studied in angular or cornered domains. The presence of corners modifies the

solution behavior significantly, sometimes giving rise to trapped or scattered soliton-like

structures. A typical approach to studying these models is through boundary-adapted co-

ordinates or employing numerical methods that respect the geometric singularity. When

posed on a domain with a corner, the solution’s behavior at the corner is influenced not

only by nonlinearity but also by the angular geometry. Simulating these systems requires

special attention to the boundary conditions and possibly singular behavior near the ver-

tex of the corner. Applications of such models include corner-soliton localization, wave

scattering, and energy concentration phenomena in confined nonlinear media.

The undamped wave equation in two dimensions is given as

∂2u

∂t2
= c2(x, y)

(
∂2u

∂x2
+
∂2u

∂x2

)
+ f(u) (1.8.1)

where c(x, y) denotes the phase speed and f(u) represents a source or forcing term, which

may be linear or nonlinear depending on the application. Numerical computations of

acoustic wave propagation in two-dimensional heterogeneous media has been extensively

investigated in [70, 71, 72, 73]. For systems governed by second-order time derivatives,

it is a common strategy to reformulate them into equivalent first-order ODE systems,

which are then advanced in time using methods such as Runge-Kutta or linear multistep

schemes [74]. Nevertheless, classical Runge-Kutta-Nyström (RKN) methods offer a more

direct approach for integrating second-order time derivatives by handling second-order

systems without the need for such transformation. Various modifications and exten-

sions of the RKN methods have been studied in [75, 76]. Stable numerical schemes for

time-dependent diffusion problems have also been proposed by the authors in [77], who

introduced a technique combining the hopscotch spatial arrangement with leapfrog-type

temporal integration. Further developments involving odd-even hopscotch strategies can

be found in [78, 79]. For spatial discretization, compact schemes are often preferred, as

they provide higher accuracy using smaller stencils and better accommodate boundary

conditions [54, 80, 81, 82, 83].
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Energy preserving average vector field (AVF) methods have been effectively employed

for solving Hamiltonian PDEs, as reported in [84, 85, 86, 87]. In [88], a compact higher-

order finite difference scheme that conserves energy was proposed, achieving fourth-order

spatial accuracy and second-order temporal accuracy for two-dimensional hyperbolic frac-

tional systems. Additionally, the authors in [89] explored numerical simulations for the

fractional Klein-Gordon-Zakharov equations from plasma physics, employing a second-

order energy-preserving scheme. To solve such dynamical systems and to provide accu-

rately solution it is required physical properties such as mass, momentum, and energy of

the system to be satisfied as well.

In this study, we have developed an energy preserving partially implicit method for

undamped acoustic and soliton wave equations in homogeneous and heterogeneous medi-

ums, for which energy of the system will be conserved. Next, we have extended this idea

of partially implicit methods which satisfies physical properties also for damped wave

equations which is the extension of the classical wave equation. In case of damping, the

total energy of the system decay with respect to time due to damping in the systems. So

we have developed energy dissipation preserving method to study the stability properties

and to simulate damped wave equation next.

The present work focuses on the development and analysis of space-time discretizing

methods for solving linear and nonlinear homogeneous and inhomogeneous damped wave

equations. The damped wave equation is given as

∂2u

∂t2
+ a

∂u

∂t
= c2(x, y)

(
∂2u

∂x2
+
∂2u

∂x2

)
+ f(u) (1.8.2)

where a is the damping coefficient and f(u) is the forcing term. Numerical solutions of

the nonlinear sine-Gordon and Klein-Gordon wave equations are discussed in [90, 91, 92,

93]. Simulation and analysis of the wave propagation with variable coefficients, such as

non-constant permittivity or refractive index, are discussed in [94, 95, 96, 97, 98, 99].

Numerical simulation of the wave equations with variable coefficients are discussed in

[100, 101, 102, 103, 104]. Higher-order AVF compact schemes for the solution of nonlin-

ear wave equations are given in [105, 106, 66]. Numerical simulations of models admitting

solitons, such as sine-Gordon and Klein-Gordon models are discussed in [63, 93]. Implicit
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approaches for solving PDEs are computationally expensive, as they require matrix inver-

sions. The primary goal here is to establish and evaluate an energy dissipation-preserving

method with enhanced stability, ensuring that computational costs are in line with those

of explicit schemes for solving damped wave equations.

1.9 Thesis Outlines

The present thesis is structured as follows:

1. Chapter 2 focuses on the development of strong stability preserving multideriva-

tive time integration methods for stiff reaction-diffusion systems. The proposed

schemes are constructed to handle stiffness efficiently while ensuring numerical sta-

bility. The first-order multiderivative Runge-Kutta time-marching method is derived

and tested on a range of nonlinear reaction-diffusion models, including the Gray-

Scott, Schnakenberg, and the Brusselator models with or without cross-diffusion.

Numerical experiments are used to validate the accuracy and stability of the meth-

ods, with error analysis based on maximum norm and comparison with established

schemes. Stability analysis is performed to asses the numerical properties of the

developed method.

2. Chapter 3 extends the multiderivative schemes to convection-diffusion problems.

The emphasis is on designing computationally explicit schemes that retain SSP

properties in the presence of sharp gradients and dominant convection effects. The

developed computationally explicit multiderivative Runge-Kutta (CEMRK) method

is used for time-integration, which provides second-order accuracy in time. Stability

characteristics are also studied using Fourier analysis. The proposed schemes are

applied to a series of convection-diffusion problems with a different combination of

convection and diffusion coefficients. The methods demonstrate both robustness

and improved accuracy in capturing essential features of the solution.

3. In Chapter 4, we have introduced a fully discrete, partially implicit energy-preserving

scheme for undamped wave propagation in different media. For time discretization,
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the proposed energy and dispersion relation preserving (EDRP) method is applied.

The methods are tailored for both homogeneous and heterogeneous mediums and

are analyzed for their dispersion-preserving properties. Fourier stability analysis is

performed to asses the numerical properties of the developed method. For spatial

discretization, we have used fourth-order compact scheme for the better accuracy in

spatial direction. Theoretical convergence analysis and energy analysis is performed

and also validated numerically. Numerical test cases include the sine-Gordon and

Klein-Gordon equations, where soliton dynamics and acoustic wave propagation

are accurately captured. The ability of the method to conserve energy over long

simulation times is confirmed through various test cases.

4. Chapter 5 extends the energy-preserving approach to handle damped wave equations

which is an extension of classical wave equation, where energy dissipation plays a

critical role. A space-time discretization strategy is developed to retain dispersion

accuracy while capturing the decay in wave energy due to damping. The formulated

energy-dispersion preserving methods (EDPM) are partially implicit in nature and

provide first- and second-order accuracy in time. Fourier analysis is used to assess

the stability properties, and numerical simulations for both linear and nonlinear

damped wave equations are presented.

5. Chapter 6 presents an overall summary of the key findings from the previous chap-

ters and offers concluding remarks. It also outlines several directions for future

research, including the extension of the proposed methods to three-dimensional and

unbounded domains, adaptive meshing, and integration with machine learning mod-

els. These recommendations aim to broaden the applicability and performance of

the developed numerical schemes in scientific and engineering applications.

All figures and tables are arranged chapter-wise and appear sequentially based on their

first mention within the text.
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Chapter 2

Multiderivative strong stability

preserving methods for stiff

reaction-diffusion systems
1

In this chapter, strong stability preserving (SSP) multiderivative Runge-Kutta methods

are developed to solve stiff reaction-diffusion systems introduced in Chapter 1. Spatial

discretization of the governing PDEs results in a system of ODEs of the form as given in

Eq. (1.4.2). Originally, the SSP methods are developed by the authors in [30, 31] and

further extended in [32]. SSP methods are based on the principle that the obtained ODE

system, after time discretization by applying a first-order Euler scheme, maintains strong

stability properties under a given norm.

The SSP methods described in [30, 31] retain the convex functional characteristics of

the forward Euler method and are able to produce higher-order accurate solutions. Gen-

erally, the system in Eq. (1.4.2) satisfy two conditions, the first is forward Euler condition

and second is backward derivative conditions [37]. This chapter focuses on formulating

two-derivative Runge-Kutta methods that are unconditionally SSP and computationally

explicit. Moreover, as the developed methods satisfy the SSP condition, they also main-

tain positivity property.

1This work has been published in theMathematics and Computers in Simulation, 225, (2024), 267–282.
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While the methods proposed in [37] require numerical inversion of the coefficient matrix

due to their implicit nature, and impose time-step restrictions in their implicit-explicit

(IMEX) variants due to the explicit handling of non-stiff components. The developed

methods do not require numerical inversion of the coefficient matrix. In this work, we have

developed a class of multiderivative Runge-Kutta methods that are both computationally

explicit and satisfy unconditionally SSP property. The structure of the Chapter 2 is

as follows. Section 2.1 outlines the formulation of the proposed two-derivative Runge-

Kutta methods and demonstrates that the developed methods satisfy the SSP condition

without time-step restriction. A linear stability using Fourier analysis is also presented

in Section 2.2. Finally, Section 2.3, a series of numerical simulations were conducted on

several reaction-diffusion systems, such as the Brusselator model with and without cross-

diffusion, the Gray-Scott model, and the Schnakenberg system to validate the accuracy

of the developed methods.

2.1 Formulation of SSP methods

The following section presents the development of multiderivative Runge-Kutta meth-

ods that are computationally explicit and possess strong stability properties for solving

reaction-diffusion systems, given as

∂u

∂t
= F(u) + G(u), x ∈ Ω, t > 0 (2.1.1)

u|t=0 = f1(x), x ∈ Ω (2.1.2)

u|x∈∂Ω = f2(t), t > 0 (2.1.3)

Here, the diffusion operator is denoted by F , and the stiff reaction operator is represented

by G. The initial and boundary conditions are specified by the functions f1 and f2, re-

spectively, where the boundary of the spatial domain Ω ⊂ Rn (with n = 1 or 2) is denoted

as ∂Ω. The methods in [37] are differ from those we proposed, as the SSP multiderivative

schemes developed here apply an implicit strategy to the terms F , G, and Ġ. Despite this

implicit treatment, the methods are formulated to be computationally explicit, thus avoid

the requirement for coefficient matrices inversion. In an s-stage multiderivative Runge-
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Kutta method, the intermediate stage solutions u∗, are computed through an implicit

relation involving the unknown u, as highlighted in [107], and are defined as

u(1) = un

u
∗(i)
1 = ∆t

i−1∑
j=1

aijF(u(j))−∆tâiiu
∗(i)
1

u
∗(i)
2 = ∆t

i−1∑
j=1

bijG(u(j))−∆tb̂iiu
∗(i)
2

u
∗(i)
3 = ∆t2

i−1∑
j=1

cijĠ(u(j))−∆tĉiiu
∗(i)
3

u(i) = un + u
∗(i)
1 + u

∗(i)
2 + u

∗(i)
3 , i = 2, 3, ..., s+ 1

un+1 = u(s+1) (2.1.4)

where Ġ = dG
dt
. Here, the method’s coefficients aij, bij, cij are defined as in the Butcher

tableau (see [107]). The terms âii, b̂ii, and ĉii are considered as the free-parameters [108].

When the condition un+1 = u(s+1) holds true, a method is referred to as globally stiffly

accurate (GSA) [109]. In matrix form, Eq. (2.1.4) can be expressed as

u = eun +∆tÂF(u) + ∆tB̂G(u) + ∆t2ĈĠ(u) (2.1.5)

here u = [u(1), u(2), ..., u(s+1)]T , e = [1, 1, 1, ..., 1]T , F(u) = [F(u(1)),F(u(2)), ...,F(u(s+1))]T ,

G(u) = [G(u(1)),G(u(2)), ...,G(u(s+1))]T , and Ġ(u) = [Ġ(u(1)), Ġ(u(2)), ..., Ġ(u(s+1))]T . De-

noting aii = ∆tâii, bii = ∆tb̂ii, and cii = ∆tĉii, (s+1)×(s+1) matrices Â, B̂, Ĉ are given as

Â = diag
(
0, 1

1+a22
, 1
1+a33

, ..., 1
1+a(s+1)(s+1)

)
A, B̂ = diag

(
0, 1

1+b22
, 1
1+b33

, ..., 1
1+b(s+1)(s+1)

)
B,

and Ĉ = diag
(
0, 1

1+c22
, 1
1+c33

, ..., 1
1+c(s+1)(s+1)

)
C, where

A =



0 0 0 ... 0

a21 0 0 ... 0

a31 a32 0 ... 0
...

...
. . . . . .

...

a(s+1)1 a(s+1)2 ... a(s+1)s 0


, B =



0 0 0 ... 0

b21 0 0 ... 0

b31 b32 0 ... 0
...

...
. . . . . .

...

b(s+1)1 b(s+1)2 ... b(s+1)s 0


,
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C =



0 0 0 ... 0

c21 0 0 ... 0

c31 c32 0 ... 0
...

...
. . . . . .

...

c(s+1)1 c(s+1)2 ... c(s+1)s 0


In the case of single-stage method (s = 1), Eq. (2.1.4) takes the form

u(1) = un

u(2) = un +
∆t

(1 + a22)
a21F(u(1)) +

∆t

(1 + b22)
b21G(u(1)) +

∆t2

(1 + c22)
c21Ġ(u(1))

un+1 = u(2) (2.1.6)

Here single-stage method’s coefficients are denoted as a21, b21, c21 with (a21 = 1.0, b21 =

1.0, c21 = −1.0), and a22, b22, and c22 are the free-parameters. Next, in subsection 2.1.1,

consistency analysis is performed which confirms that the scheme presented in Eq. (2.1.6)

is first-order accurate. Furthermore, it has been established in subsection 2.1.2 that the

proposed schemes retain SSP properties without time-step limitations and, as a result,

preserve positivity.

2.1.1 Consistency analysis

To determine the order of accuracy of the developed method, we performed consistency

analysis. For this, we considered Eq. (2.1.1) given as

ut = F(u) + G(u)

Eq. (2.1.6) can be expressed as follows

un+1 − un

∆t
=

1

(1 + ∆tâ22)
F(un) +

1

(1 + ∆tb̂22)
G(un)− ∆t

(1 + ∆tĉ22)
Ġ(un) (2.1.7)

Now, proceeding with a Taylor series expansion leads to

un+1 = un +∆tunt +
∆t2

2!
untt +O(∆t3) (2.1.8)
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Substituting Eq. (2.1.8) into Eq. (2.1.7), the local truncation error Tn is given as

Tn =
1

∆t

{(
un +∆tunt +

∆t2

2!
untt +O(∆t3)

)
− un

}
− (1 + ∆tâ22)

−1F(un)r

− (1 + ∆tb̂22)
−1
G(un) + ∆t(1 + ∆tĉ22)

−1Ġ(un)

= (ut −F(u)− G(u))n +O(∆t)

(2.1.9)

Using ut −F(u)− G(u) = 0, we have

Tn = O(∆t)

It follows that this method is accurate to first order.

2.1.2 Multiderivative SSP Runge-Kutta methods

To establish the SSP property of the proposed multiderivative Runge-Kutta methods, we

assume that the operators F , G and Ġ maintain specific nonlinear stability properties

with respect to a convex functional ∥.∥. For this, it is require that the operators F and

G given in Eq. (2.1.1) satisfy the forward Euler condition, expressed as

∥u+∆tF(u)∥ ≤ ∥u∥ ∀ ∆t ≤ k′1∆tFE (2.1.10)

∥u+∆tG(u)∥ ≤ ∥u∥ ∀ ∆t ≤ k′2∆tFE (2.1.11)

for some ∆tFE > 0, k′1 > 0 and k′2 > 0. Furthermore, the backward derivative condition

for Ġ, as outlined in [37], is expressed as∥∥∥u−∆t2Ġ(u)
∥∥∥ ≤ ∥u∥ ∀ ∆t2 ≤ k′3∆t

2
FE (2.1.12)

for some k′3 > 0. The following result establishes the SSP property of the proposed

multiderivative Runge–Kutta method.

Theorem 2.1.1. Assume that the operators F and G satisfy the forward Euler conditions

given in Ineqs. (2.1.10)-(2.1.11), and Ġ satisfy the backward derivative condition given in

Ineq. (2.1.12) with respect to some convex functional ∥.∥. Moreover, if the method given

in Eq. (2.1.5) satisfies the following componentwise conditions

A ≥ 0, B ≥ 0, C ≤ 0, (2.1.13)
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then the given method preserves the strong stability property∥∥un+1
∥∥ ≤ ∥un∥ (2.1.14)

under the time-step condition ∆t ≤ J ′
s∆tFE and ∆t2 ≤ K ′

s∆t
2
FE, where J

′
s > 0, K ′

s > 0.

Proof. Eq. (2.1.4) defines the ith stage of the developed s-stage, can be expressed as

u(i) = un +
∆t

(1 + aii)

i−1∑
j=1

aijF(u(j)) +
∆t

(1 + bii)

i−1∑
j=1

bijG(u(j)) +
∆t2

(1 + cii)

i−1∑
j=1

cijĠ(u(j))

(2.1.15)

In the case of a single-stage method (s = 1), the expression becomes

u(1) = un

u(2) = un +
∆t

(1 + a22)
a21F(u(1)) +

∆t

(1 + b22)
b21G(u(1)) +

∆t2

(1 + c22)
c21Ġ(u(1))

un+1 = u(2) (2.1.16)

Assuming (1 + a22) > 0, (1 + b22) > 0, (1 + c22) > 0 and taking the norm on both sides,

we have∥∥u(2)∥∥ =

∥∥∥∥un + ∆t

(1 + a22)
a21F(un) +

∆t

(1 + b22)
b21G(un) +

∆t2

(1 + c22)
c21Ġ(un)

∥∥∥∥∥∥u(2)∥∥ ≤
∥∥∥∥α1u

n +∆t

{
a21

(1 + a22)
F(un) +

b21
(1 + b22)

G(un)
}∥∥∥∥

+

∥∥∥∥(1− α1)u
n −∆t2

|c21|
(1 + c22)

Ġ(un)
∥∥∥∥

where 0 ≤ α1 ≤ 1, therefore∥∥u(2)∥∥ ≤ α1

∥∥∥∥β11un +∆t
a21

α1(1 + a22)
F(un) + (1− β11)u

n +∆t
b21

α1(1 + b22)
G(un)

∥∥∥∥
+(1− α1)

∥∥∥∥un −∆t2
|c21|

(1− α1)(1 + c22)
Ġ(un)

∥∥∥∥
where 0 ≤ β11 ≤ 1. Using the condition given in Ineq. (2.1.12), we have∥∥u(2)∥∥ ≤ α1β11

∥∥∥∥un +∆t
a21

β11α1(1 + a22)
F(un)

∥∥∥∥
+α1(1− β11)

∥∥∥∥un +∆t
b21

α1(1− β11)(1 + b22)
G(un)

∥∥∥∥+ (1− α1)∥un∥
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Using conditions given in Ineqs. (2.1.10) and (2.1.11), we have

∥∥u(2)∥∥ ≤ α1 {β11∥un∥+ (1− β11)∥un∥}+ (1− α1)∥un∥

for all ∆t ≤ k′1β11α1(1 + a22)

a21
∆tFE, ∆t ≤ k′2α1(1− β11)(1 + b22)

b21
∆tFE and

∆t2 ≤ k′3(1− α1)(1 + c22)

|c21|
∆t2FE. Therefore, we have

∥∥u(2)∥∥ ≤ ∥un∥ (2.1.17)

for all ∆t ≤ J1∆tFE and ∆t2 ≤ K1∆t
2
FE, where

J1 = min
{

k′1β11α1(1+a22)

a21
,
k′2α1(1−β11)(1+b22)

b21

}
and K1 =

{
k′3(1−α1)(1+c22)

|c21|

}
. As α1, β11, a22,

b22 and c22 are the free-parameters, thus Ineq. (2.1.17) hold for any ∆t.

Next, assume that for the ith stage of s-stage method, (i− 1) stages satisfy
∥∥u(i)∥∥ ≤ ∥un∥

for all ∆t ≤ J ′
s−1∆tFE and ∆t2 ≤ K ′

s−1∆t
2
FE, where J

′
s−1 > 0, K ′

s−1 > 0 and J ′
s−1 =

min{J1, J2, ..., Jp}, Jp = min
{
Γa
βij
,Γa

αβij
,Γb

βij
,Γb

αβij

}
, K ′

s−1 = min{K1, K2, ..., Kp}, Kp =

min
{
Ωc

ij,Ω
c
αij

}
, Γa

βij
=

k′1βpq(1+aii)(1+ai−1i−1)

aij(1+ai−1i−1)−ai−1j(1+aii)
, Γb

βij
=

k′2(1−βpq)(1+bii)(1+bi−1i−1)

bij(1+bi−1i−1)−bi−1j(1+bii)
, Ωc

ij =

k′3(1+cii)(1+ci−1i−1)

|ci−1j |(1+cii)−|cij |(1+ci−1i−1)
, when j < i − 1, q < p, and Γa

αβij
=

k′1βpqαp(1+aii)

aij
, Γb

αβij
=

k′2(1−βpq)αp(1+bii)

bij
, Ωc

αij
=

k′3(1−αp)(1+cii)

|cij | , when j = i− 1, q = p. Where p ∈ {1, 2, . . . , s− 1},

q = 1, 2, . . . , p, i = 2, ..., s, j = 1, ..., i− 1.

To conclude, now focus on the last stage (i = s + 1), which depends on all prior (i − 1)

stages

u(i−1) = un +
∆t

(1 + ai−1i−1)

i−2∑
j=1

ai−1jF(u(j)) +
∆t

(1 + bi−1i−1)

i−2∑
j=1

bi−1jG(u(j))

− ∆t2

(1 + ci−1i−1)

i−2∑
j=1

|ci−1j|Ġ(u(j)) (2.1.18)

u(i) = un +
∆t

(1 + aii)

i−1∑
j=1

aijF(u(j)) +
∆t

(1 + bii)

i−1∑
j=1

bijG(u(j))

− ∆t2

(1 + cii)

i−1∑
j=1

|cij|Ġ(u(j)) (2.1.19)

25



u(i) = un +
∆t

(1 + aii)

(
i−2∑
j=1

aijF(u(j)) + aii−1F(u(i−1))

)

+
∆t

(1 + bii)

(
i−2∑
j=1

bijG(u(j)) + bii−1G(u(i−1))

)

− ∆t2

(1 + cii)

(
i−2∑
j=1

|cij|Ġ(u(j)) + |cii−1|Ġ(u(i−1))

)
(2.1.20)

From Eqs. (2.1.18) and (2.1.20), we obtain

u(i) =

{
u(i−1) − ∆t

(1 + ai−1i−1)

i−2∑
j=1

ai−1jF(u(j))− ∆t

(1 + bi−1i−1)

i−2∑
j=1

bi−1jG(u(j))

+
∆t2

(1 + ci−1i−1)

i−2∑
j=1

|ci−1j|Ġ(u(j))

}

+
∆t

(1 + aii)

i−2∑
j=1

aijF(u(j)) +
∆t

(1 + aii)
aii−1F(u(i−1))

+
∆t

(1 + bii)

i−2∑
j=1

bijG(u(j)) +
∆t

(1 + bii)
bii−1G(u(i−1))

− ∆t2

(1 + cii)

i−2∑
j=1

|cij|Ġ(u(j))−
∆t2

(1 + cii)
|cii−1|Ġ(u(i−1))

∥∥u(i)∥∥ ≤

∥∥∥∥∥βss−1u
(j) +∆t

i−2∑
j=1

(
aij

(1 + aii)
− ai−1j

(1 + ai−1i−1)

)
F(u(j))

∥∥∥∥∥
+

∥∥∥∥∥(1− βss−1)u
(j) +∆t

i−2∑
j=1

(
bij

(1 + bii)
− bi−1j

(1 + bi−1i−1)

)
G(u(j))

∥∥∥∥∥
+

∥∥∥∥∥−
(
u(j) −∆t2

i−2∑
j=1

(
|ci−1j|

(1 + ci−1i−1)
− |cij|

(1 + cii)

)
Ġ(u(j))

)∥∥∥∥∥
+

∥∥∥∥αsu
(i−1) +∆t

aii−1

(1 + aii)
F(u(i−1)) + ∆t

bii−1

(1 + bii)
G(u(i−1))

∥∥∥∥
+

∥∥∥∥(1− αs)u
(i−1) −∆t2

|cii−1|
(1 + cii)

Ġ(u(i−1))

∥∥∥∥
∥∥u(i)∥∥ ≤ βss−1

∥∥∥∥∥u(j) +∆t
i−2∑
j=1

(
aij

βss−1(1 + aii)
− ai−1j

βss−1(1 + ai−1i−1)

)
F(u(j))

∥∥∥∥∥
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+(1− βss−1)

∥∥∥∥∥u(j) +∆t
i−2∑
j=1

(
bij

(1− βss−1)(1 + bii)
− bi−1j

(1− βss−1)(1 + bi−1i−1)

)
G(u(j))

∥∥∥∥∥
+

∥∥∥∥∥−
(
u(j) −∆t2

i−2∑
j=1

(
|ci−1j|

(1 + ci−1i−1)
− |cij|

(1 + cii)

)
Ġ(u(j))

)∥∥∥∥∥
+αsβss

∥∥∥∥u(i−1) +∆t
aii−1

βssαs(1 + aii)
F(u(i−1))

∥∥∥∥
+αs(1− βss)

∥∥∥∥u(i−1) +∆t
bii−1

(1− βss)αs(1 + bii)
G(u(i−1))

∥∥∥∥
+(1− αs)

∥∥∥∥u(i−1) −∆t2
|cii−1|

(1− αs)(1 + cii)
Ġ(u(i−1))

∥∥∥∥
where 0 ≤ αs ≤ 1, 0 ≤ βss−1 ≤ 1, 0 ≤ βss ≤ 1.

Taking into account that
∥∥u(i)∥∥ ≤ ∥un∥ holds for earlier (i− 1) stages, together with the

conditions in Ineqs. (2.1.10) - (2.1.12), we conclude

∥∥u(i)∥∥ ≤ βss−1∥un∥+ (1− βss−1)∥un∥+ ∥un∥+ αss(βss∥un∥+ (1− βss)∥un∥)

+ (1− αs)∥un∥

which provides,
∥∥u(i)∥∥ ≤ ∥un∥ for all ∆t ≤ J ′

s∆tFE and ∆t2 ≤ K ′
s∆t

2
FE, where J

′
s >

0, K ′
s > 0 and J ′

s = min{J1, J2, . . . , Jp}, K ′
s = min{K1, K2, . . . , Kp}, p ∈ {1, 2, . . . , s}.

This completes the proof.

Remark: As methods that preserve strong stability also preserve positivity, the presented

multiderivative Runge-Kutta SSP methods will inherit this property.

2.2 Fourier stability analysis

To perform the Fourier analysis, we consider a two-dimensional (2D) linear reaction-

diffusion equation subject to periodic boundary conditions, expressed as

∂u

∂t
= D

(
∂2u

∂x2
+
∂2u

∂y2

)
−Ru, (x, y) ∈ [0, π]2, t > 0

u|t=0 = g(x, y), (x, y) ∈ [0, π]2
(2.2.1)
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where the diffusion and reaction coefficients are represented by D and R, respectively.

Using the Fourier transform, the unknown u can be expressed as

u(x, y, t) =

∫ ∞

−∞

∫ ∞

−∞
û(kx, ky, t)e

i(kxx+kyy)dkxdky

where û is the Fourier transform of u, and kx, ky are the wavenumbers in x and y directions,

respectively. Using Fourier transform, Eq. (2.2.1) can be expressed as

∂û

∂t
= −[D(k2x + k2y) +R]û

û|t=0 = ĝ(kx, ky)

(2.2.2)

By applying discrete Fourier transform, the unknown u and its spatial derivatives can be

expressed as [110]

u(x, y, t)|N =

∫ k∗x

−k∗x

∫ k∗y

−k∗y

ǔ(kx, ky, t)e
i(kxx+kyy)dkxdky

uzz(x, y, t)|N =

∫ k∗x

−k∗x

∫ k∗y

−k∗y

−k2zmd
ǔ(kx, ky, t)e

i(kxx+kyy)dkxdky

(2.2.3)

where z = x, y, k2zmd
is the modified wavenumber, and k∗x = π/∆x and k∗y = π/∆y. By

applying discrete Fourier transform as in Eq. (2.2.3), semi-discrete system is given as

∂ǔn

∂t
= −[D(k2xmd

+ k2ymd
) +R]ǔn

ǔ|t=0 = ǧ(kx, ky)

(2.2.4)

where n is the time level. For the second-order centered difference (CD2) scheme, the

modified wavenumber is obtained as, k2zmd
= −2(cos(kz∆z)−1)

∆z2
. Using Eq. (2.2.4), the am-

plification factor (λN = ǔn+1

ǔn ) [110, 83] for the developed method with CD2 for spatial

discretization scheme is expressed as

λN = 1− Ro

(1 + b̂22Ro)
− R2

o

(1 + ĉ22Ro)
+2(cos kxh+cos kyh−2)

[
Fo

(1 + â22Fo)
+

RoFo

(1 + ĉ22Ro)

]
Here Fo = D∆t/h2 express the grid Fourier (diffusion) number and Ro = R∆t the reaction

number [111], where uniform spatial step-size is denoted by h = ∆x = ∆y. The stability

criterion is defined as |λN | ≤ 1. Since |λN | depends on certain free parameters, any
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unstable regions (where (|λN | > 1)) for specified diffusion and reaction numbers can be

excluded by appropriately selecting the parameters â22, b̂22, and ĉ22. This is achieved by

minimizing the L2 norm of the amplification error
(∣∣|λN | − 1

∣∣) [83].

2.3 Simulations of reaction-diffusion systems

Numerical simulations are conducted for a range of test problems in both one and two

spatial dimensions, and the results are compared with those obtained using established

reference methods. The numerical computations are performed on a PC that is equipped

with six Intel cores (i5-10500 CPU @ 3.10GHz, x86 64) having 16GB of memory. More-

over, all simulations are performed using Fortran 90 (serial) codes with gfortran compiler

(7.4.0). For spatial discretization, a second-order centered difference scheme is employed

to approximate the Laplacian operator.

2.3.1 Linear reaction-diffusion system

To begin, we assess the performance of the proposed method on a one-dimensional

reaction-diffusion system for which analytical solutions are available [112]. The governing

equations are given as

∂u

∂t
= D

∂2u

∂x2
−R1u+ v, x ∈ [0, π/2], t ∈ [0, T ],

∂v

∂t
= D

∂2v

∂x2
−R2v, x ∈ [0, π/2], t ∈ [0, T ]

(2.3.1)

where R1, R2 represent the rates of reaction, and D denotes the diffusion coefficient.

Boundary conditions are specified as

∂u

∂x
(0, t) =

∂v

∂x
(0, t) = 0, u(π/2, t) = v(π/2, t) = 0 (2.3.2)

The exact solution of the system in Eqs. (2.3.1)-(2.3.2) is given as

u(x, t) =
(
e−(R1+D)t + e−(R2+D)t

)
cos(x),

v(x, t) = (R1 −R2)e
−(R2+D)t cos(x)

(2.3.3)
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Initial conditions for solutions u and v are taken from the analytical solution. For discretiz-

ing in spatial direction, a second-order central difference scheme is employed, incorporat-

ing a consistent treatment of the homogeneous Neumann (no-flux) boundary condition at

the left boundary (x = 0) and zero Dirichlet boundary condition at the right (x = π/2)

boundary. In all numerical simulations, the spatial mesh is chosen to be sufficiently fine

such that temporal errors dominate. All computations are carried out up to the final

time T = 1, using 512 uniform spaced mesh points in the spatial domain, as in [112].

Furthermore, the proposed methods are tested under various conditions for the system

(2.3.1–2.3.2) and compared with existing approaches to assess the performance.

2.3.1.1 Reaction-dominated systems with or without stiff reactions

To begin, we consider a reaction-dominated system with coefficients (R1, R2, D) = (2, 1,

0.001), as outlined in [112]. In this case, numerical errors are primarily caused by approx-

imation from the treatment of the reaction term. The performance of constructed scheme

is compared with the explicit third-order total variation diminishing (TVD) Runge-Kutta

(RK3) [32]. Table 2.1 summarizes the results in terms of the L∞-error norm and CPU

execution time.

From Table 2.1 it is evident that the present scheme allows a much larger time-step (8

times) as compared to the RK3-CD2 method. It is also evident from Table 2.1 that the

errors for the present method are almost of the same order of magnitude as for CN-MG-

CD2 and IIF2-CD2 methods [112] (Table 3.2, p. 521). Furthermore, since both CN-

MG-CD2 and IIF2-CD2 methods are implicit in nature, they demonstrate convergence

rates consistent with their theoretical orders, as reported in Table 3.2, [112]. Next, we

investigate the case involving stiff reactions in a reaction-dominated regime, defined by

the coefficients (R1, R2, D) = (100, 1, 0.001) [112]. Table 2.2 compares the performance of

the proposed scheme with that of the RK3-CD2 method [32], based on both the L∞-error

and CPU time. Consistent with observations for the reaction-dominated case without

stiff reaction (see Table 2.1), the results in Table 2.2 indicate that the present scheme

permits a significantly larger time-step (up to eight times) greater than the RK3-CD2

method. Moreover, the errors obtained by the proposed method are found to be of similar

30



Table 2.1: Numerical results comparing L∞-error and CPU time (in seconds) for indi-

cated methods applied to a reaction-dominated case without stiff reaction: (R1, R2, D) =

(2, 1, 0.001). For the constructed scheme, the values assigned to the free parameters are

a22 = 3.0582, b22 = −5.9000 × 10−4, c22 = 1.0064. NC represents that the method does

not converge.

Present Method - CD2 RK3 - CD2

∆t L∞ − error ERC CPU time L∞ − error ERC CPU time

4.00× 10−2 3.38× 10−4 − 0.0015 − − NC

2.00× 10−2 6.40× 10−5 2.4009 0.0027 − − NC

1.00× 10−2 8.24× 10−6 2.9573 0.0034 − − NC

5.00× 10−3 8.41× 10−7 3.2925 0.0070 1.29× 10−8 − 0.0100

2.50× 10−3 6.49× 10−7 0.3739 0.0136 1.26× 10−9 3.3559 0.0200

1.25× 10−3 4.31× 10−7 0.5905 0.0272 1.88× 10−10 2.7446 0.0400

magnitude to those reported for CN-MG-CD2 and IIF2-CD2 methods in [112] (Table 3.3,

p. 522). As in the reaction-dominated case without stiff reaction, both CN-MG-CD2 and

IIF2-CD2 exhibit convergence rates consistent with their theoretical accuracy for the stiff

reactions in reaction-dominated case as well (Table 3.3, [112]).

From Tables 2.1 and 2.2, we observe that the expected theoretical order of convergence

is not achieved for the tested methods when the diffusion coefficient is D = 0.001. This

behavior arises because the numerical errors are primarily dominated by the diffusion

process, rather than the numerical accuracy of the time integration scheme. As a result,

further reduction in the time-step does not lead to significant improvements in accuracy,

leading to error stagnation. The diffusion term tends to smooth the solution, making

it difficult for the numerical methods to capture sharp spatial features. Consequently,

the dominant source of error is associated with diffusion-induced smoothing rather than

the numerical method itself. Therefore, due to the dominant error arises from diffusion-

induced smoothing, the stagnation of error is observed with smaller time-steps.

Next, to highlight the influence of reaction parameters (R1, R2) on the approximated

solutions, Tables 2.1 and 2.2 compare the obtained results, both corresponding to the same
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Table 2.2: Numerical results comparing L∞-error and CPU time (in seconds) for in-

dicated methods applied to a reaction-dominated case with stiffness: (R1, R2, D) =

(100, 1, 0.001). For the constructed scheme, the values assigned to the free parameters are

a22 = 2.5800, b22 = 1.1200× 10−3, c22 = 6.3690. NC represents that the method does not

converge.

Present Method - CD2 RK3 - CD2

∆t L∞ − error ERC CPU time L∞ − error ERC CPU time

4.00× 10−2 1.86× 10−2 − 0.0017 − − NC

2.00× 10−2 2.02× 10−3 3.2028 0.0030 − − NC

1.00× 10−2 6.66× 10−4 1.6008 0.0035 − − NC

5.00× 10−3 6.57× 10−6 6.6635 0.0091 1.96× 10−1 − 0.0100

2.50× 10−3 3.42× 10−4 −5.7019 0.0178 4.75× 10−11 31.9422 0.0200

1.25× 10−3 5.09× 10−4 −0.5737 0.0310 2.58× 10−10 −2.4414 0.0400

diffusion coefficient (D = 0.001). From these tables, it is evident that when the diffusion

parameter is fixed, the reaction-dominated case without stiff reaction (involving smaller

values of reaction parameters) leads to more consistent convergence rates. In contrast,

in the stiff reaction case (where the reaction parameters are large), the convergence rates

tend to fluctuate more significantly due to the formation of steep gradients. Moreover,

in the case where diffusion coefficient is further reduced and the reaction parameters

remain small (as in reaction dominated case without stiff reaction), such as if we choose

(R1, R2, D) = (2, 1, 0.0001), the computed convergence rates for both numerical methods

agree well with their theoretical order of convergence, as displayed in Table 2.3.

2.3.1.2 Diffusion-dominated case

Next, we analyze the performance of the proposed method for a diffusion-dominated

case defined by (R1, R2, D) = (0.1, 0.01, 1) [112]. Table 2.4 compares the numerical L∞

error and CPU time obtained applying the proposed scheme and the RK3-CD2 method.

It is evident from the Table 2.4 that the proposed method remains effective even with

significantly larger time-steps, whereas the RK3-CD2 method fails for ∆t > 5 × 10−6.
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Table 2.3: Numerical results comparing L∞-error and CPU time (in seconds) for indicated

methods applied to a reaction-dominated case with reduced diffusion: (R1, R2, D) =

(2, 1, 0.0001). For the constructed scheme, the values assigned to the free parameters are

a22 = 7.5000, b22 = −1.0000× 10−4, c22 = 8.0000× 10−1.

Present method - CD2 RK3 - CD2

∆t L∞ − error ERC CPU time L∞ − error ERC CPU time

4.00× 10−2 2.55× 10−3 − 0.0017 7.17× 10−6 − 0.0030

2.00× 10−2 1.12× 10−3 1.1869 0.0030 8.70× 10−7 3.0430 0.0049

1.00× 10−2 5.18× 10−4 1.1125 0.0035 1.07× 10−7 3.0219 0.0071

5.00× 10−3 2.41× 10−4 1.1039 0.0070 1.33× 10−8 3.0145 0.0114

2.50× 10−3 1.09× 10−4 1.1447 0.0140 1.62× 10−9 3.0358 0.0201

Furthermore, comparing Table 2.4 with Table 3.1 (p. 520) in [112] shows that CN-MG-

CD2 and IIF2-CD2 schemes achieve lower errors than the present method. This improved

accuracy of IIF2 is because of its exact treatment of linear diffusion terms, which enables

it to provide more accurate results at relatively larger time-steps in diffusion-dominated

case (Table 3.1, [112]).

Table 2.4 corresponds to the diffusion-dominated case characterized by the parameter set

(R1, R2, D) = (0.1, 0.01, 1), where the diffusion coefficient is significantly larger than the

reaction parameters. Due to the smoothing nature of diffusion, the numerical method

faces difficulty in resolving sharp gradients over time, even when temporal accuracy is

maintained. Consequently, the observed numerical error arises primarily from diffusion-

induced smoothing rather than the numerical method itself. Since the solution evolves

slowly due to the dominant diffusion effect, this leads to stagnation in error reduction

with respect to time-step refinement, as reflected in Table 2.4.

2.3.2 The Brusselator model

This section focuses on the two-dimensional reaction-diffusion Brusselator model [24] dis-

cussed in Chapter 1. Detailed discussion about its suitability for a hypothetical tri-
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Table 2.4: Numerical results comparing L∞-error and CPU time (in seconds) for indicated

methods applied to a diffusion-dominated case: (R1, R2, D) = (0.1, 0.01, 1). For the

constructed scheme, the values assigned to the free parameters are a22 = 1.1411 × 104,

b22 = −9.7437×10−1, c22 = 3.0000×102. NC indicates that the method does not converge.

Present method - CD2 RK3 - CD2

∆t L∞ − error CPU time L∞ − error CPU time

4.00× 10−2 7.91× 10−3 0.0029 − NC

2.00× 10−2 4.03× 10−3 0.0017 − NC

1.00× 10−2 2.03× 10−3 0.0034 − NC

5.00× 10−3 1.02× 10−3 0.0069 − NC

5.00× 10−6 9.04× 10−7 6.6439 5.4677× 10−7 8.0187

2.50× 10−6 3.91× 10−7 13.2687 5.4676× 10−7 16.0880

1.25× 10−6 3.55× 10−7 26.5305 5.4673× 10−7 32.0087

6.25× 10−7 2.38× 10−7 53.0294 5.4669× 10−7 64.1695

molecular reaction is given in [25]. Numerical simulation of this model poses significant

challenges due to higher dimensionality, stiffness of both reaction and diffusion terms, and

the nonlinear nature of the reaction term. The Brusselator model [113] in two dimensions

is given in Eq. (1.3.1) in spatial domain Ω with the boundary conditions as follows

∂u

∂n
=
∂v

∂n
= 0, (x, y) ∈ ∂Ω, t ∈ [0, T ] (2.3.4)

considering the following initial conditions

u(x, y, t)|t=0 = 0.5 + y, v(x, y, t)|t=0 = 1 + 5x (2.3.5)

Here n represents the outward normal unit vector. For numerical simulations, we have

chosen the following parameters R1 = 3.4, R2 = 1, D1 = D2 = 0.002 as given in [113, 114].

The spatial computational domain is defined as Ω = [0, 1]2. We specified the values of the

method’s free-parameters as a22 = 3.9000 × 102, b22 = 9.9950 × 103, c22 = 9.9900 × 103.

Simulations are performed using fixed uniform spatial mesh-width h = 0.0125, while
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Table 2.5: Numerical results comparing L∞-error and CPU time (in seconds) for indicated

methods applied to Eq. (1.3.1) with initial conditions provided in Eq. (2.3.5). For the

constructed scheme, the values assigned to the free parameters are a22 = 3.9000 × 102,

b22 = 9.9950× 103, c22 = 9.9900× 103. NC indicates that the method does not converge.

Present method - CD2 RK3 - CD2

∆t L∞ − error ERC CPU time L∞ − error ERC CPU time

1.0000× 10−1 1.65× 10−3 − 0.0231 − − NC

5.0000× 10−2 8.23× 10−4 1.0059 0.0319 − − NC

2.5000× 10−2 4.08× 10−4 1.0103 0.0341 − − NC

1.2500× 10−2 2.01× 10−4 1.0199 0.0678 1.07× 10−4 − 0.1169

6.2500× 10−3 9.79× 10−5 1.0402 0.1499 1.35× 10−5 2.9835 0.2431

3.1250× 10−3 4.62× 10−5 1.0837 0.2835 1.70× 10−6 2.9933 0.4738

1.5625× 10−3 2.03× 10−5 1.1835 0.5354 2.11× 10−7 3.0083 0.9148

7.8125× 10−4 7.41× 10−6 1.4564 1.0687 2.46× 10−8 3.1008 1.8174

varying ∆t to compute the L∞-error and estimated rate of convergence (ERC). The ERC

is computed as log
(
E∆t/E∆t/2

)
/ log(2) for the final time T = 2.

Table 2.5 compares the numerical results obtained using the proposed method and the

RK3 scheme in terms of maixmum norm L∞-error, ERC, and CPU time (in seconds).

The data presented in Table 2.5 clearly demonstrate that the proposed method supports

significantly larger time-steps than the RK3-CD2 method, while both approaches exhibit

their expected theoretical convergence rates.

Moreover, Table 2.5 shows that for a relatively higher error tolerance (say 1.0×10−3), the

proposed method requires less CPU time than the RK3-CD2 scheme. However, at a lower

error tolerance (say 1.0× 10−5), RK3-CD2 outperforms the proposed method in terms of

computational efficiency. This behavior can be attributed to the higher-order accuracy of

RK3-CD2, when stable (i.e. when it converges, ∆t ≤ 1.25×10−2), its error decreases more

rapidly with time-step refinement. Additionally, Section 8.2 of [113] presents simulations

of this system using a second-order exponential time-differencing (ETD) method combined

with CD2 scheme for spatial discretization and the same model parameters. Comparing
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Table 2.5 with Table 3 in [113] (p. 12) reveals that the proposed method achieves lower

error and requires less CPU time than the ETD approach.

2.3.3 The Gray-Scott model

Reaction-diffusion systems are fundamental tools for modeling the dynamics of chemical

species and are known for their ability to generate a wide range of natural-like patterns.

A widely studied example of such a system is the Gray–Scott model [22], which has been

extensively applied for pattern formation studies. Experimental investigations involving

stationary lamellar structures arising from the Gray–Scott dynamics in the ferrocyanide-

iodate-sulphite reaction are reported in [23]. Furthermore, numerical simulations of the

Gray–Scott system using a high-order compact discretization technique, which reformu-

lates the problem as a pure diffusion equation, can be found in [115]. Motivated by

these experimental findings [23], the present work conducts numerical simulations of the

Gray–Scott system to explore stationary lamellar patterns. The Nonlinear Gray–Scott re-

action–diffusion (GSRD) system is defined by Eq. (1.2.1) over the two-dimensional spatial

domain (x, y) ∈ Ω and time interval t ∈ [0, T ].

The details have been presented in earlier findings discussed by Zegeling and Kok [25].

Additionally, we have specified the initial conditions for the system by utilizing two block

functions within the domain Ω = [0, 1]2, as

u(x, y, t)|t=0 =

0.5, 0.3 ≤ x, y ≤ 0.7

1, otherwise

v(x, y, t)|t=0 =

0.25, 0.3 ≤ x, y ≤ 0.7

0, otherwise

(2.3.6)

To numerically solve the GSRD system, we have discretized the domain using a uniform

grid of 51 × 51 points in spatial directions, with Dirichlet boundary conditions imposed

along the boundaries. The free-parameters of the chosen numerical method have been

set to a22 = 4.0000 × 10−2, b22 = −2.6000 × 10−1, and c22 = 1.0000, with a time-
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Figure 2.1(a): The spatiotemporal evolution of the solution component u of the sys-

tem (1.2.1) is illustrated at indicated instants with initial data given in (2.3.6) and the

method’s free-parameters a22 = 4.0000 × 10−2, b22 = −2.6000 × 10−1, and c22 = 1.0000,

while the model parameters D1, D2, R1 and R2 are set to 8× 10−5, 4× 10−5, 0.024, and

0.06, respectively.

step of ∆t = 1.0. Moreover, the coefficients for simulation have been chosen as D1 =

8 × 10−5, D2 = 4 × 10−5, R1 = 0.024, R2 = 0.06. Figures 2.1(a)-2.1(b) display the

spatiotemporal evolution of the concentration profiles u and v, respectively, at selected

instants (t = 0, 50, 100, 200, 400, 500) up to T = 500. The simulation begins with an

initial block function, which evolves into patterns characterized by four and eight distinct

spots in two dimensions corresponding to the first and second concentration components,

respectively. These results reveal the dynamic behavior of u and v over time. The

generated spatiotemporal patterns closely align with those reported in [25], validating

that the current approach is able to accurately reproduce the behavior of the GSRD

system.
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Figure 2.1(b): The spatiotemporal evolution of the solution component v of the system

(1.2.1) is illustrated at indicated instants using initial data given in (2.3.6). The simulation

was performed with the model parameters D1 = 8 × 10−5, D2 = 4 × 10−5, R1 = 0.024,

R2 = 0.06, and method’s free-parameters a22 = 4.0000 × 10−2, b22 = −2.6000 × 10−1,

c22 = 1.0000.

2.3.4 The Brusselator model with cross-diffusion

2.3.4.1 Spotted patterns on a square

In this section, we focus on the inhomogeneous Brusselator model with cross-diffusion

[116, 117] in two dimensions for spotted patterns in the domain (x, y) ∈ Ω and time

t ∈ [0, T ], is given as

∂u

∂t
= ∆(D11u+D12v) + u2v − (1 +R2)u+R1,

∂v

∂t
= ∆(D21u+D22v)− u2v +R2u,

∂u

∂n
=
∂v

∂n
= 0, (x, y) ∈ ∂Ω

(2.3.7)
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considering the following initial conditions

u(x, y, t)|t=0 = 5.8 +
1

3
rand(), v(x, y, t)|t=0 = 0.13 +

1

10
rand() (2.3.8)

where rand() is a random number generating library function which returns a real num-

ber between 0 and 1. To perform numerical simulations, we have used the following

parameters: R1 = 6, R2 = 1, D11 = 0.4, D22 = 2, D21 = 0.02, D12 = 24. The spatial

computational domain Ω = [0, 20]2 have partitioned using a grid consisting of 61 × 61

points, and the time-step size is ∆t = 0.001. In addition, we have chosen the values of the

method’s free-parameters as a22 = −5.0000 × 10−1, b22 = −6.0000 × 10−2, c22 = 3.0000.

The solutions computed for the concentration u and concentration v at different time

levels (t = 1, 10, 25) up to T = 25 are illustrated in Figure 2.2. We have observed that

the computed results are consistent with the numerical findings of [117].

2.3.4.2 Mixed patterns on a square

In order to investigate the mixed patterns that emerge on a square, we use a two-

dimensional inhomogeneous Brusselator model with cross-diffusion [116, 117] in the spatial

domain (x, y) ∈ Ω and time t ∈ [0, T ], given in Eq. (2.3.7). The boundary conditions for

this case are provided in Eq. (2.3.7) and the initial conditions are considered as in Eq.

(2.3.8).

Numerical simulations are performed using a two-dimensional Brusselator model with

cross-diffusion, with the aim of observing mixed patterns on a square. In order to perform

the simulations over the spatial computational domain Ω = [0, 20]2, we partitioned the

domain using a grid consisting of 121 × 121 points with a time-step of ∆t = 0.001. In

the case of mixed pattern, we set the parameters to R1 = 6, R2 = 1, D11 = 0.4, D22 = 2,

D21 = 0.02, and D12 = 22.2665. Additionally, we selected the method’s free-parameters

to be a22 = 5.0000, b22 = 2.0000, c22 = 1.0000. Figure 2.3 displays the computed results

for u and v at different instants (t = 1, 10, 25) with T = 20. The results obtained in this

study are consistent with the numerical findings reported in [117].
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Figure 2.2: The solution profiles for approximated u (at the top) and v (at the bottom)

of the system (2.3.7) are illustrated at varying final time, using initial data given in

(2.3.8) with method’s free-parameters as a22 = −5.0000 × 10−1, b22 = −6.0000 × 10−2,

c22 = 3.0000.

2.3.5 The Schnakenberg model

The Schnakenberg system, introduced in 1979 [12], serves as a crucial mathematical model

for describing autocatalytic chemical reactions capable of exhibiting oscillatory dynamics.

It has been widely employed to study the emergence of spatiotemporal patterns in var-

ious reaction–diffusion systems [26]. The underlying reaction mechanism involves three

molecules: two chemical products P and Q, and two chemical sources X and Y . This

mechanism is mathematically formulated as shown in Eq. (1.4.1).

By applying the mass conservation principle, a set of nonlinear equations describing the

concentration u of chemical product P and concentration v of chemical product Q can

be obtained. The Schnakenberg system in dimensionless form over the domain x ∈ Ω =
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Figure 2.3: The solution profiles for approximated u (at the top) and v (at the bottom)

of the system (2.3.7) are illustrated at varying final time, using initial data given in (2.3.8)

with method’s free-parameters as a22 = 5.0000, b22 = 2.0000, c22 = 1.0000.

[0, 3π] and time t ∈ [0, T ] is given as in Eq. (1.4.1) with the boundary conditions

∂u

∂x
(0, t) =

∂u

∂x
(3π, t) = 0, t ∈ [0, T ],

∂v

∂x
(0, t) =

∂v

∂x
(3π, t) = 0, t ∈ [0, T ]

(2.3.9)

considering the following initial conditions

(i)

u(x, t)|t=0 = 0.8 + 0.1 cos(x)

v(x, t)t=0 = 1.03 + 0.1 cos(x)

(ii)

u(x, t)t=0 = 0.3 + 0.001 sin(3x)

v(x, t)t=0 = 1.778 + 0.001 cos(2x)

(2.3.10)

For numerical simulations with initial condition (i), we have taken the following param-

eters: R1 = 0.14, R2 = 0.66, D1 = 0.2, D2 = 0.1, and the values of method’s free-

parameters are chosen as a22 = 7.0000× 10−3, b22 = 1.0000× 10−3, c22 = 1.0000× 10−2.

For initial conditions (ii), we have chosen R1 = 0.14, R2 = 0.16, D1 = 0.01, D2 = 1.0 with

the values of method’s free-parameters chosen as a22 = 5.0000×10−1, b22 = 1.0000×10−3,
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Figure 2.4(a): Surface plot of spatiotemporal evolution of the traveling wave for the

solution profile u of the Schnakenberg model (1.4.1) is presented. The simulation is

performed with parameters D1 = 0.2, D2 = 0.1, R1 = 0.14, R2 = 0.66, and method’s

free-parameters a22 = 7.0000× 10−3, b22 = 1.0000× 10−3, c22 = 1.0000× 10−2.

c22 = 1.0000× 10−2. With a time-step size of ∆t = 0.001, numerical simulations are run

over the domain Ω = [0, 3π] with 151 grid points.

Numerical simulations of one-dimensional Schnakenberg model is performed and the

findings are presented in Figures 2.4(a) - 2.4(f) up to time T = 200. These results reveal

that the system’s behavior is highly dependent on the choice of initial conditions and

parameters of the model. In particular, the system converges to a spatially homogeneous

periodic orbit with the first initial condition. The solution, however, exhibits a spatially

periodic spatiotemporal pattern with a wavelength of π for the second initial condition.

To further investigate how these patterns behave physically, we have generated space-time
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Figure 2.4(b): Surface plot of spatiotemporal evolution of the traveling wave for the

solution profile v of the Schnakenberg model (1.4.1) is presented. The simulation is

performed with parameters D1 = 0.2, D2 = 0.1, R1 = 0.14, R2 = 0.66, and method’s

free-parameters a22 = 7.0000× 10−3, b22 = 1.0000× 10−3, c22 = 1.0000× 10−2.

plots displayed in Figures 2.4(a) - 2.4(b). The plots illustrate that the spatiotemporal

patterns produced by the numerical simulations using the proposed method closely re-

semble those reported in [118]. Moreover, Figures 2.4(c), 2.4(d) (as well as 2.4(e), 2.4(f))

clearly show that the evolution of these patterns is highly sensitive to both the initial

conditions and the selected model parameters.
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Figure 2.4(c): Traveling wave evolution of the solution profile u for the Schnakenberg

model (1.4.1) is illustrated at indicated instants. The simulation uses initial data (i) given

in (2.3.10) with the model parameters D1 = 0.2, D2 = 0.1, R1 = 0.14, R2 = 0.66, and

method’s free-parameters a22 = 7.0000× 10−3, b22 = 1.0000× 10−3, c22 = 1.0000× 10−2.

Figure 2.4(d): Traveling wave evolution of the solution profile v for the Schnakenberg

model (1.4.1) is illustrated at indicated instants. The simulation uses initial data (i) given

in (2.3.10) with the model parameters D1 = 0.2, D2 = 0.1, R1 = 0.14, R2 = 0.66, and

method’s free-parameters a22 = 7.0000× 10−3, b22 = 1.0000× 10−3, c22 = 1.0000× 10−2.

44



Figure 2.4(e): Traveling wave evolution of the solution profile u for the Schnakenberg

model (1.4.1) is illustrated at indicated instants. The simulation uses using initial data

(ii) given in (2.3.10) with D1 = 0.01, D2 = 1.0, R1 = 0.14, R2 = 0.16, and with method’s

free-parameters a22 = 5.0000× 10−1, b22 = 1.0000× 10−3, c22 = 1.0000× 10−2.

Figure 2.4(f): Traveling wave evolution of the solution profile v for the Schnakenberg

model (1.4.1) is illustrated at indicated instants. The simulation uses initial data (ii)

given in (2.3.10) with D1 = 0.01, D2 = 1.0, R1 = 0.14, R2 = 0.16, and with method’s

free-parameters a22 = 5.0000× 10−1, b22 = 1.0000× 10−3, c22 = 1.0000× 10−2.
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Chapter 3

Multiderivative strong stability

preserving methods for stiff

convection-diffusion problems
1

Effectively modeling the interaction between convective and diffusive processes remains a

fundamental and complex task in the numerical approximation of PDEs. The convection-

diffusion equation draws continuous research interest, both for its theoretical importance

and its broad applications, particularly in atmospheric sciences for weather prediction. In

fluid dynamics, convection-diffusion equation describes the fluid flow and heat transfer.

These systems describe the convection and diffusion of various physical quantities such as

mass, momentum, and energy. Obtaining an accurate solution to the convection-diffusion

equation requires the development of stable numerical approximations. Over the years,

a wide range of numerical techniques have been developed for approximating convection-

diffusion problems, including finite difference, finite volume, and finite element methods

[38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49].

The SSP methods, originally developed in [30, 31, 32], are constructed to retain the

stability properties of the forward Euler scheme while enabling higher-order temporal ac-

curacy. Authors in [29] used semi-implicit multistep schemes to solve convection-diffusion

1This work is under review, 2025.
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equations.

To solve time-dependent PDEs, a common strategy is to first discretizing the deriva-

tives in the spatial directions, resulting in a semi-discrete formulation. This transforms

time-dependent PDEs into a system of ODEs. Finally, the resultant system of ODEs,

when integrated using a first-order forward Euler scheme, show strong stability with re-

spect to a particular norm. The focus then shifts to investigate the potential stability

under different time-step constraints. The schemes proposed in [30, 31] preserve the con-

vex functional properties of the forward Euler scheme while delivering high-order accuracy.

The semi-discrete system can be expressed as

vt = F(v) (3.0.1)

where F includes both diffusion and convection operators. The system described in

Eq. (3.0.1) satisfies the stability criterion of the forward Euler scheme, expressed as,

||v + ∆tF(v)|| ≤ ||v|| ∀ ∆t ≤ ∆tFE, where ||.|| represents a convex functional. Implicit

and semi-implicit methods are commonly used to reduce time-step constraints for sta-

bility. However, implicit methods generally contend with stringent time-step limitations

to preserve the SSP properties [33]. In computations, a higher-order method that main-

tains the forward Euler condition is sought, and stability is maintained by modifying the

time-step constraint to ∆t ≤ K∆tFE with K > 0, where K is the SSP coefficient.

The authors in [34] analyzed the SSP properties of the multi-derivative Runge-Kutta

methods and revealed that these methods necessitate an extra requirement on the second

derivative, given by F̄ = dF
dt
, in addition to the forward Euler condition to improve accu-

racy and stability. In this chapter, the second-order time derivative of the convection term

is considered, and the additional condition is imposed as a second derivative condition. In

this thesis, explicit two-derivative SSP Runge–Kutta schemes is developed, which is able

to achieve improved stability and efficiency while ensuring the preservation of positivity.

These methods are described in Section 3.1. It is also demonstrated that the developed

method satisfy unconditional SSP conditions.

Conventional finite-difference schemes often fail to capture the behavior of convection-

dominated flows unless the grid is sufficiently fine, resulting in increased computational
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cost. To address this, we adopt compact finite difference schemes [54] for spatial discretiza-

tion, which offer high accuracy with reduced stencil width and storage requirements.

Although implicit methods relax time-step constraints, they introduce complexity due

to matrix inversion. Implicit-explicit schemes mitigate this, but still often suffer from step-

size limitations due to the explicit treatment of certain terms. The proposed CEMRK

methods eliminate this drawback by being fully explicit and avoiding matrix inversion

while maintaining unconditional SSP properties.

The remainder of the chapter is structured as follows: Section 3.1 presents the deriva-

tion of the proposed computationally explicit two-derivative Runge–Kutta schemes and

verifies their SSP characteristics. Section 3.3 provides a linear Fourier stability analysis.

Section 3.4 reports numerical simulations for one- and two-dimensional problems.

3.1 Formulation

The following section discusses the development of CEMRK schemes for convection-

dominated diffusion equations. The convection-diffusion equation is given as

∂v

∂t
= D

∂2v

∂x2
− γ

∂v

∂x
= F1(v) + F2(v), x ∈ Ω, t > 0 (3.1.1)

v|t=0 = g1(x), x ∈ Ω (3.1.2)

v|x∈∂Ω = g2(t), t > 0 (3.1.3)

where F1 denotes the diffusion operator and F2 the convection operator. The terms g1

and g2 correspond to the initial and boundary conditions, respectively. The boundary

of the domain Ω ∈ Rd, where d = 1, 2, is represented by ∂Ω. The SSP methods based

on multiderivatives presented here are different from those proposed in [34] due to the

implicit handling of F1, F2, and G(= ∂F2

∂t
). Furthermore, the proposed methods are

computationally explicit, which eliminates the requirement for matrix inversion in the

numerical process. As outlined in [107], the intermediate values v∗ at each stage in an s-

stage CEMRK scheme for the unknown variable v are computed implicitly in the following

manner

49



v(1) = vn

v
∗(i)
1 = ∆t

i−1∑
j=1

aijF1(v
(j))−∆taiiDv

∗(i)
1

v
∗(i)
2 = ∆t

i−1∑
j=1

bijF2(v
(j))−∆tbiiγv

∗(i)
2

v
∗(i)
3 = ∆t2

i−1∑
j=1

cijG(v(j))−∆tciiγv
∗(i)
3

v(i) = vn + v
∗(i)
1 + v

∗(i)
2 + v

∗(i)
3 , i = 2, 3, ..., s+ 1

vn+1 = v(s+1) (3.1.4)

where aij, bij and cij denote the method’s coefficients derived using the Butcher tableau

[107]. The free parameters in this case are aii, bii and cii. A scheme is considered globally

stiffly accurate if vn+1 = v(s+1) [109]. A matrix representation of Eq. (3.1.4) is expressed

as

v = evn +∆tPF1(v) + ∆tQF2(v) + ∆t2RG(v) (3.1.5)

where v = [v(1), v(2), ..., v(s+1)]T , e = [1, 1, 1, ..., 1]T , F1(v) = [F1(v
(1)),F1(v

(2)), ...,F1(v
(s+1))]T ,

F2(v) = [F2(v
(1)),F2(v

(2)), ...,F2(v
(s+1))]T , G(v) = [G(v(1)),G(v(2)), ...,G(v(s+1))]T .

Representing âii = ∆tDaii, b̂ii = ∆tγbii, and ĉii = ∆tγcii, (s + 1) × (s + 1) matrices P ,

Q, and R are given as P = diag
(
0, 1

1+â22
, 1
1+â33

, ..., 1
1+â(s+1)(s+1)

)
P̂ ,

Q = diag
(
0, 1

1+b̂22
, 1

1+b̂33
, ..., 1

1+b̂(s+1)(s+1)

)
Q̂, andR = diag

(
0, 1

1+ĉ22
, 1
1+ĉ33

, ..., 1
1+ĉ(s+1)(s+1)

)
R̂,

where

P̂ =



0 0 0 ... 0

a21 0 0 ... 0

a31 a32 0 ... 0
...

...
. . . . . .

...

a(s+1)1 a(s+1)2 ... a(s+1)s 0


, Q̂ =



0 0 0 ... 0

b21 0 0 ... 0

b31 b32 0 ... 0
...

...
. . . . . .

...

b(s+1)1 b(s+1)2 ... b(s+1)s 0


,
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R̂ =



0 0 0 ... 0

c21 0 0 ... 0

c31 c32 0 ... 0
...

...
. . . . . .

...

c(s+1)1 c(s+1)2 ... c(s+1)s 0



The single-stage (s = 1) CEMRK1 method can be expressed as

v(1) = vn

v(2) = vn +
∆t

(1 + â22)
a21F1(v

(1)) +
∆t

(1 + b̂22)
b21F2(v

(1)) +
∆t2

(1 + ĉ22)
c21G(v(1))

vn+1 = v(2) (3.1.6)

Two-stage (s = 2) CEMRK2 method is expressed as

v(1) = vn

v(2) = vn +
∆t

(1 + â22)
a21F1(v

(1)) +
∆t

(1 + b̂22)
b21F2(v

(1)) +
∆t2

(1 + ĉ22)
c21G(v(1))

v(3) = vn +
∆t

(1 + â33)

[
a31F1(v

(1)) + a32F1(v
(2))
]
+

∆t

(1 + b̂33)

[
b31F2(v

(1))

+ b32F2(v
(2))
]
+

∆t2

(1 + ĉ33)

[
c31G(v(1)) + c32G(v(2))

]
vn+1 = v(3) (3.1.7)

where a21, b21 and c21 represent the coefficients of the single-stage method (a21 = 1.0,

b21 = 1.0, c21 = 0.5), and the free parameters are denoted as â22, b̂22 and ĉ22. Section

3.2 provides consistency analysis, which validates the first-order accuracy of the method

given in Eq. (3.1.6). For two-stage method a21, a31, a32, b21, b31, b32, and c21, c31, c32 are

the coefficients of the method and â22, â33, b̂22, b̂33, and ĉ22, ĉ33 are the free parameters.

Next, it is discussed that the present methods are SSP and also capable of maintaining

the positivity property.
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3.2 Consistency analysis

To analyze consistency, Eq. (3.1.1) is used and stated as

vt = F1(v) + F2(v)

The method described in Eq. (3.1.6) can be rewritten as

vn+1 − vn

∆t
=

1

(1 + ∆tDa22)
F1(v

n) +
1

(1 + ∆tγb22)
F2(v

n) +
∆t

(1 + ∆tγc22)
G(vn) (3.2.1)

Applying the Taylor expansion, we obtain

vn+1 = vn +∆tvnt +
∆t2

2!
vntt +O(∆t3) (3.2.2)

The local truncation error, Tn, is determined by using Eq. (3.2.2) within Eq. (3.2.1), and

is expressed as

Tn =
1

∆t

{(
vn +∆tvnt +

∆t2

2!
vntt +O(∆t3)

)
− vn

}
− (1 + ∆tDa22)

−1F1(v
n)

−(1 + ∆tγb22)
−1F2(v

n)−∆t(1 + ∆tγc22)
−1G(vn)

= (vt −F1(v)−F2(v))
n +O(∆t) (3.2.3)

By using vt −F1(v)−F2(v) = 0, we have

Tn = O(∆t)

Therefore, the current first-stage CEMRK1 method achieves first-order accuracy.

3.2.1 Multiderivative Runge-Kutta methods with strong stabil-

ity properties

For illustrating the strong stability preserving properties of the proposed CEMRK meth-

ods, we assume the given operators F1, F2, and G possess particular nonlinear stability

characteristics related to a convex functional ∥.∥. In particular, it is presumed the given

52



operators F1 and F2, as defined in Eq. (3.1.1), comply with the stability criterion of the

forward Euler scheme, expressed as

∥v +∆tF1(v)∥ ≤ ∥v∥ ∀ ∆t ≤ k′1∆tFE (3.2.4)

∥v +∆tF2(v)∥ ≤ ∥v∥ ∀ ∆t ≤ k′2∆tFE (3.2.5)

for some ∆tFE > 0, k′1, k
′
2 > 0. Furthermore, G fulfills the second derivative condition,

outlined in [34], specified by

∥∥v +∆t2G(v)
∥∥ ≤ ∥v∥ ∀ ∆t ≤ k′3∆tFE (3.2.6)

for some k′3 > 0. The following result demonstrates that the proposed CEMRK scheme

maintains the SSP property.

Theorem 3.2.1. Let the operators F1 and F2 fulfill the stability criteria of the forward

Euler scheme specified in Ineqs. (3.2.4)-(3.2.5), and let G satisfies the second derivative

condition defined in Ineq. (3.2.6) about a convex functional ∥.∥. Furthermore, suppose the

coefficient matrices P̂ , Q̂, R̂ in Eq. (3.1.5) satisfy the component-wise conditions, given

as

P̂ ≥ 0, Q̂ ≥ 0, R̂ ≥ 0, (3.2.7)

Then the proposed scheme maintains the following SSP property

∥∥vn+1
∥∥ ≤ ∥vn∥ (3.2.8)

subject to the time-step condition ∆t ≤ J ′
s∆tFE, with J

′
s > 0.

Proof. The expression for the ith step in the s-stage method, as outlined in Eq. (3.1.4), is

given by

v(i) = vn +
∆t

(1 + âii)

i−1∑
j=1

aijF1(v
(j)) +

∆t

(1 + b̂ii)

i−1∑
j=1

bijF2(v
(j)) +

∆t2

(1 + ĉii)

i−1∑
j=1

cijG(v(j))

(3.2.9)
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Specifically, the single-stage (s = 1) method is formulated as

v(1) = vn

v(2) = vn +
∆t

(1 + â22)
a21F1(v

(1)) +
∆t

(1 + b̂22)
b21F2(v

(1)) +
∆t2

(1 + ĉ22)
c21G(v(1))

vn+1 = v(2) (3.2.10)

Assuming (1+ â22) > 0, (1+ b̂22) > 0, (1+ ĉ22) > 0, and applying the norm to both sides,

we obtain

∥∥v(2)∥∥ =

∥∥∥∥∥vn + ∆t

(1 + â22)
a21F1(v

n) +
∆t

(1 + b̂22)
b21F2(v

n) +
∆t2

(1 + ĉ22)
c21G(vn)

∥∥∥∥∥∥∥v(2)∥∥ ≤

∥∥∥∥∥α1v
n +∆t

a21
(1 + â22)

F1(v
n) + ∆t

b21

(1 + b̂22)
F2(v

n)

∥∥∥∥∥
+

∥∥∥∥(1− α1)v
n +∆t2

c21
(1 + ĉ22)

G(vn)
∥∥∥∥

with 0 ≤ α1 ≤ 1, implying that

∥∥v(2)∥∥ ≤ α1

∥∥∥∥∥β11vn +∆t
a21

α1(1 + â22)
F1(v

n) + (1− β11)v
n +∆t

b21

α1(1 + b̂22)
F2(v

n)

∥∥∥∥∥
+(1− α1)

∥∥∥∥vn +∆t2
c21

(1− α1)(1 + ĉ22)
G(vn)

∥∥∥∥
with 0 ≤ β11 ≤ 1. By applying the condition provided in Ineq. (3.2.6), we obtain

∥∥v(2)∥∥ ≤ α1β11

∥∥∥∥vn +∆t
a21

β11α1(1 + â22)
F1(v

n)

∥∥∥∥
+α1(1− β11)

∥∥∥∥∥vn +∆t
b21

α1(1− β11)(1 + b̂22)
F2(v

n)

∥∥∥∥∥+ (1− α1)∥vn∥

By applying the conditions provided in Ineqs. (3.2.4) and (3.2.5), it follows that

∥∥v(2)∥∥ ≤ α1 {β11∥vn∥+ (1− β11)∥vn∥}+ (1− α1)∥vn∥

for all ∆t ≤ k′1β11α1(1 + â22)

a21
∆tFE, ∆t ≤ k′2α1(1− β11)(1 + b̂22)

b21
∆tFE, and

∆t ≤ k′3(1− α1)(1 + ĉ22)

c21
∆tFE. Therefore, we have

∥∥v(2)∥∥ ≤ ∥vn∥ ∀ ∆t ≤ J1∆tFE (3.2.11)
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where J1 = min
{

k′1β11α1(1+â22)

a21
,
k′2α1(1−β11)(1+b̂22)

b21
,
k′3(1−α1)(1+ĉ22)

c21

}
. Since α1, β11, â22, b̂22,

and ĉ22 are free parameters, Ineq. (3.2.11) holds for any value of ∆t.

Now, suppose for the ith step in the s-stage method, the first (i − 1) steps satisfy∥∥v(i)∥∥ ≤ ∥vn∥ ∀ ∆t ≤ J ′
s−1∆tFE, where J

′
s−1 > 0 and J ′

s−1 = min{J1, J2, ..., Jq},

Jq = min
{
Γa
βij
,Γa

αβij
,Γb

βij
,Γb

αβij
,Γc

ij,Γ
c
αij

}
, Γa

βij
=

k′1βqr(1+âii)(1+âi−1i−1)

aij(1+âi−1i−1)−ai−1j(1+âii)
,

Γb
βij

=
k′2(1−βqr)(1+b̂ii)(1+b̂i−1i−1)

bij(1+b̂i−1i−1)−bi−1j(1+b̂ii)
, Γc

ij =
k′3(1+ĉii)(1+ĉi−1i−1)

ci−1j(1+ĉii)−cij(1+ĉi−1i−1)
, when j < i − 1, r < q, and

Γa
αβij

=
k′1βqrαq(1+âii)

aij
, Γb

αβij
=

k′2(1−βqr)αq(1+b̂ii)

bij
, Γc

αij
=

k′3(1−αq)(1+ĉii)

cij
, when j = i− 1, r = q.

Here q ∈ {1, 2, . . . , s− 1}, r = 1, 2, . . . , q, i = 2, ..., s, j = 1, ..., i− 1.

As a final step, consider the last stage (i = s+1), along with the preceding (i− 1) stages

v(i−1) = vn +
∆t

(1 + âi−1i−1)

i−2∑
j=1

ai−1jF1(v
(j)) +

∆t

(1 + b̂i−1i−1)

i−2∑
j=1

bi−1jF2(v
(j))

+
∆t2

(1 + ĉi−1i−1)

i−2∑
j=1

ci−1jG(v(j)) (3.2.12)

v(i) = vn +
∆t

(1 + âii)

i−1∑
j=1

aijF1(v
(j)) +

∆t

(1 + b̂ii)

i−1∑
j=1

bijF2(v
(j))

+
∆t2

(1 + ĉii)

i−1∑
j=1

cijG(v(j)) (3.2.13)

v(i) = vn +
∆t

(1 + âii)

(
i−2∑
j=1

aijF1(v
(j)) + aii−1F1(v

(i−1))

)

+
∆t

(1 + b̂ii)

(
i−2∑
j=1

bijF2(v
(j)) + bii−1F2(v

(i−1))

)

+
∆t2

(1 + ĉii)

(
i−2∑
j=1

cijG(v(j)) + cii−1G(v(i−1))

)
(3.2.14)

By referring to Eqs. (3.2.12) and (3.2.14), it follows that

v(i) =

{
v(i−1) − ∆t

(1 + âi−1i−1)

i−2∑
j=1

ai−1jF1(v
(j))− ∆t

(1 + b̂i−1i−1)

i−2∑
j=1

bi−1jF2(v
(j))
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− ∆t2

(1 + ĉi−1i−1)

i−2∑
j=1

ci−1jG(v(j))

}

+
∆t

(1 + âii)

i−2∑
j=1

aijF1(v
(j)) +

∆t

(1 + âii)
aii−1F1(v

(i−1))

+
∆t

(1 + b̂ii)

i−2∑
j=1

bijF2(v
(j)) +

∆t

(1 + b̂ii)
bii−1F2(v

(i−1))

+
∆t2

(1 + ĉii)

i−2∑
j=1

cijG(v(j)) +
∆t2

(1 + ĉii)
cii−1G(v(i−1))

∥∥v(i)∥∥ ≤

∥∥∥∥∥βss−1v
(j) +∆t

i−2∑
j=1

(
aij

(1 + âii)
− ai−1j

(1 + âi−1i−1)

)
F1(v

(j))

∥∥∥∥∥
+

∥∥∥∥∥(1− βss−1)v
(j) +∆t

i−2∑
j=1

(
bij

(1 + b̂ii)
− bi−1j

(1 + b̂i−1i−1)

)
F2(v

(j))

∥∥∥∥∥
+

∥∥∥∥∥−
(
v(j) +∆t2

i−2∑
j=1

(
ci−1j

(1 + ĉi−1i−1)
− cij

(1 + ĉii)

)
G(v(j))

)∥∥∥∥∥
+

∥∥∥∥∥αsv
(i−1) +∆t

aii−1

(1 + âii)
F1(v

(i−1)) + ∆t
bii−1

(1 + b̂ii)
F2(v

(i−1))

∥∥∥∥∥
+

∥∥∥∥(1− αs)v
(i−1) +∆t2

cii−1

(1 + ĉii)
G(v(i−1))

∥∥∥∥
∥∥v(i)∥∥ ≤ βss−1

∥∥∥∥∥v(j) + ∆t

βss−1

i−2∑
j=1

(
aij

(1 + âii)
− ai−1j

(1 + âi−1i−1)

)
F1(v

(j))

∥∥∥∥∥
+(1− βss−1)

∥∥∥∥∥v(j) + ∆t

(1− βss−1)

i−2∑
j=1

(
bij

(1 + b̂ii)
− bi−1j

(1 + b̂i−1i−1)

)
F2(v

(j))

∥∥∥∥∥
+

∥∥∥∥∥v(j) +∆t2
i−2∑
j=1

(
ci−1j

(1 + ĉi−1i−1)
− cij

(1 + ĉii)
G(v(j))

)∥∥∥∥∥
+αsβss

∥∥∥∥v(i−1) +∆t
aii−1

βssαs(1 + âii)
F1(v

(i−1))

∥∥∥∥
+αs(1− βss)

∥∥∥∥∥v(i−1) +∆t
bii−1

(1− βss)αs(1 + b̂ii)
F2(v

(i−1))

∥∥∥∥∥
+(1− αs)

∥∥∥∥v(i−1) +∆t2
cii−1

(1− αs)(1 + ĉii)
G(v(i−1))

∥∥∥∥
where 0 ≤ αs ≤ 1, 0 ≤ βss−1 ≤ 1, 0 ≤ βss ≤ 1.
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By utilizing the inequality
∥∥v(i)∥∥ ≤ ∥vn∥ for the preceding (i − 1) steps and applying

the Ineqs. (3.2.4) - (3.2.6), we derive∥∥v(i)∥∥ ≤ βss−1∥vn∥+ (1− βss−1)∥vn∥+ ∥vn∥+ αss(βss∥vn∥+ (1− βss)∥vn∥)

+(1− αs)∥vn∥

this results in,
∥∥v(i)∥∥ ≤ ∥vn∥ ∀ ∆t ≤ J ′

s∆tFE, with J
′
s > 0 and J ′

s = min{J1, J2, . . . , Jq},

q ∈ {1, 2, . . . , s}. Thus, the proof is complete.

Remark: Strong stability preserving schemes maintain positivity; the derived CEMRK

schemes will also uphold the property of positivity.

3.2.2 Spatial discretization

For spatial discretization, consider a finite difference in the (x, t) plane. Let 1 ≤ i ≤

M + 1, 0 ≤ n ≤ N , x ∈ [a, b] and t ∈ [0, T ] with uniform step size ∆x = (b − a)/M and

∆t = T/N when grid points are given as xi = a + (i − 1)∆x, tn = n∆t. For a smooth

function v(x, t) and its semi-discrete solution vi = v(xi, t), the central difference operator

for first and second-order derivatives can be defined as follows

δxvi =
vi+1 − vi−1

2∆x
, δ2xvi =

vi+1 − 2vi + vi−1

∆x2

We have used the fourth-order compact (C4) scheme for first- and second-order spatial

derivatives given in [54] as

1

4
Fi−1 + Fi +

1

4
Fi+1 =

3

2
δxvi (3.2.15)

1

10
Si−1 + Si +

1

10
Si+1 =

12

10
δ2xvi (3.2.16)

where Fi and Si represent the approximations of the first and second-order derivatives,

respectively. For Dirichlet boundary conditions, the boundary conditions for the compact

methods for the first and second-order derivatives are taken from [44]. The third-order

derivative is now approximated explicitly as

Ti = 2δ2xFi − δxSi = ∂3xvi +O(∆x4)
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which is fourth-order accurate (for more details, see [119], [44]).

Remark: For two-dimensional problems, the implementation of the two-derivative method

requires the calculation of mixed derivatives in space, which is evaluated explicitly [44].

3.3 Fourier stability analysis of the convection-diffusion

equation

To perform the stability analysis, a one-dimensional (1D) linear convection-diffusion equa-

tion defined on the domain [0, π] is considered and expressed as

∂v

∂t
= −γ ∂v

∂x
+D

∂2v

∂x2
, t > 0

v|t=0 = g(x)

(3.3.1)

here γ denotes the convection coefficient, and D denotes the diffusion coefficient. Consid-

ering periodic boundary conditions, the unknown v is expressed by applying the Fourier

transform as

v(x, t) =

∫ ∞

−∞
v̌(k, t)eikxdk

where v̌ is the Fourier transform of v, and k is the wavenumber. The discrete Fourier

transform is applied to express the function v and its derivatives in the spatial direction

[110]

v(x, t)|
N
=

∫ kmax

−kmax

v̌(k, t)eikxdk

vx(x, t)|N =

∫ kmax

−kmax

ikmv̌(k, t)e
ikxdk

vxx(x, t)|N =

∫ kmax

−kmax

−k2mv̌(k, t)eikxdk

vxxx(x, t)|N =

∫ kmax

−kmax

−ik3mv̌(k, t)eikxdk

(3.3.2)

The modified wavenumber is represented by km, with kmax = π/∆x. By applying the

discrete Fourier transform, Eq. (3.3.1) can be expressed as
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∂v̌n

∂t
= −[γikm +Dk2m]v̌

n

v̂|t=0 = ǧ(km)

(3.3.3)

here n corresponds to the time level. Using Eq. (3.3.3), the amplification factor (λN =

v̌n+1

v̌n
) [110, 83] for the developed first-order CEMRK1 method with the C4 scheme for

spatial discretization is expressed as

λN1
= 1− Fo

(1 + a22Fo)
k[2]m − C2

r

2(1 + c22Cr)
k[2]m + i

(
CrFo

2(1 + c22Cr)
k[3]m − Cr

(1 + b22Cr)
k[1]m

)

Here, Fo = D∆t/∆x2 represents the grid Fourier number, and Cr = γ∆t/∆x denotes the

Courant number [111]. Moreover, we have also analyzed the Fourier stability property of

the developed second-order CEMRK2 method given in Eq. (3.1.7), for which the numerical

amplification factor with the C4 scheme is expressed as

λN2
= 1− Fo

(1 + a33Fo)
k[2]m − C2

r

6(1 + c33Cr)
k[2]m +

1

3(1 + c33Cr)

[
C2

rFo

2(1 + a22Fo)
k[2]

2

m

−C2
rk

[2]
m +

C2
r

8(1 + c22Cr)

(
−F 2

o k
[3]2

m + C2
rk

[2]2

m

)
+

C2
rFo

2(1 + b22Cr)
k[1]m k

[3]
m

]
+i

[
CrFo

6(1 + c33Cr)
k[3]m − Cr

(1 + b33Cr)
k[1]m +

1

3(1 + c33Cr)

{
CrFok

[3]
m

− CrF
2
o

2(1 + a22Fo)
k[2]m k

[3]
m − C3

rFo

4(1 + c22Cr)
k[2]m k

[3]
m +

C3
r

2(1 + b22Cr)
k[2]m k

[1]
m

}]

where k
[1]
m = km∆x =

3 sinα

(2 + cosα)
, k

[2]
m = k2m∆x

2 =
12(1− cosα)

(5 + cosα)
, k

[3]
m = k3m∆x

3 =

36 sinα(1− cosα)

(2 + cosα)(5 + cosα)
, α = k∆x. The stability condition is expressed as |λN 1,2 | ≤ 1.

Since |λN 1,2| is dependent on free parameters, the unstable region (|λN 1,2| > 1) can be

eliminated (if present) by optimally selecting the method’s free parameters a22, a33, b22,

b33, and c22, c33. This is achieved by minimizing the error in the L2− norm of the

amplification factor
(∣∣|λN 1,2| − 1

∣∣) [83, 120].
Contour plots showing absolute values of the numerical amplification factor (|λN 1

|) for

the first-order CEMRK1 method are shown in Fig. 3.1(a). The values of free parameters

for CEMRK1 are a22 = 20, b22 = 1.9, c22 = 5.1 for Fo = 0.001, for Fo = 0.1, a22 = 20,
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b22 = 1.6, c22 = 5.2, and for Fo = 1, a22 = 20, b22 = 1.5, c22 = 5.18. The numerical

properties are compared with the properties of the IMEX-SSP2 [121] method, which are

shown in Fig. 3.1(a) with different values of Fo. For the second-order CEMRK2 method,

the absolute value of the numerical amplification factor (|λN 2
|) is shown in Fig. 3.1(b).

The free parameters for CEMRK2 are a22 = 40, a33 = 1, b22 = 1, b33 = 3.5, c22 = 5,

c33 = 11 for Fo = 0.001, for Fo = 0.1, a22 = 30, a33 = 1, b22 = 1, b33 = 1.2, c22 = 12,

c33 = 11, and for Fo = 1, a22 = 10, a33 = 3, b22 = 1, b33 = 1, c22 = 5, c33 = 10. As

observed from Figs. 3.1(a)-3.1(b), the IMEX-SSP2 method exhibits an unstable region

highlighted by shaded region, whereas the developed method remains stable across all

values of Cr, even for larger values.

3.4 Numerical simulations

In the following section, computational findings of the proposed methods for the model test

problem are compared with those obtained using similar methods. The rate of convergence

(ROC) can then be determined using the formula.

ROC = log

(
Err∆x1

Err∆x2

)
/ log

(
∆x1
∆x2

)
where, Err∆x1 and Err∆x2 denote the errors calculated using the L2-norm for grid sizes

∆x1 and ∆x2, respectively.

3.4.1 One-dimensional convection-diffusion model problem

Computations of 1D convection-diffusion equations with different choices of reaction and

diffusion parameters are discussed next.

3.4.1.1 Problem-1

The 1D convection-diffusion model test problem considered here is given as

∂v

∂t
+ γ

∂v

∂x
−D

∂2v

∂x2
= 0, x ∈ [0, 2] (3.4.1)
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Figure 3.1(a): Contour plots showing the absolute values of λN1
given in Eq. (3.3.1)

using the CEMRK1-C4 (in left frames (i) − (iii)) and using the IMEX-SSP2 - C4 (in

right frames (iv)− (vi)) with the various values of Fo.
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Figure 3.1(b): Contour plots showing the absolute values of the computed amplification

factor λN2
for Eq. (3.3.1) using CEMRK2-C4 scheme with the various values of Fo.
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The exact solution of Eq. (3.4.1) is given as [122]

v(x, t) = 1 + exp
(
−π2Dt

)
sin(πx− πγt) (3.4.2)

To evaluate the accuracy of the proposed method, the L2-error norm have been com-

puted. Initial data is chosen from the exact solution given in Eq. (3.4.2), and periodic

boundary conditions are used for the numerical simulations. Numerical solutions are com-

puted up to the final time T = 1 using the CEMRK2 method with the C4 scheme. For

computational, D = 10−5 and γ = 1, 10 have been fixed. In all numerical experiments,

the time-step is set to ∆t = ∆x2. For γ = 1, the values of free parameters are a22 = 100,

a33 = 20, b22 = 1.0 × 10−2, b33 = 5.0 × 10−5, c22 = 1, c33 = 1.0 × 10−1. For γ = 10 the

free parameters are chosen as a22 = 10, a33 = 100, b22 = 1.0 × 10−4, b33 = 1.0 × 10−5,

c22 = 1.0× 10−3, c33 = 1.1× 10−2.

The L2-error norm and the corresponding convergence in space and time at T = 1 are

provided in Tables 3.1 - 3.2 for γ = 1, γ = 10, respectively. It is evident from Tables 3.1

and 3.2 that the CEMRK2-C4 scheme exhibits a convergence of fourth-order in space and

second-order in time. Figure 3.2(a) - 3.2(b) present the numerical solutions at T = 1 with

the exact solution for γ = 1 and γ = 10. Additionally, Figs. 3.2(c) - 3.2(d) compares the

L∞-errors for γ = 1 and γ = 10, demonstrating that the presented scheme produces less

error as compared to the IMEX-SSP2 [121] method for the case of convection-dominated

problems.

Table 3.1: Convergence rate and L2-error for Problem (3.4.1.1) corresponding to

Eq. (3.4.1) using the CEMRK2-C4 scheme, considering γ = 1, D = 10−5 and final time

T = 1.

M ∆t L2-error ROC (space) ROC (time)

60 1.1111× 10−3 1.5610× 10−6 – –

80 6.2500× 10−4 4.9297× 10−7 4.0067 2.0033

100 4.0000× 10−4 2.0182× 10−7 4.0022 2.0011

120 2.7778× 10−4 9.7357× 10−8 3.9984 1.9992
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Table 3.2: Convergence and L2-error for Problem (3.4.1.1) corresponding to Eq. (3.4.1)

using the CEMRK2-C4 scheme, considering γ = 10, D = 10−5 and final time T = 1.

M ∆t L2-error ROC (space) ROC (time)

60 1.1111× 10−3 4.9806× 10−5 – –

80 6.2500× 10−4 1.5865× 10−5 3.9768 1.9884

100 4.0000× 10−4 6.5588× 10−6 3.9584 1.9792

120 2.7778× 10−4 3.2004× 10−6 3.9355 1.9677

3.4.1.2 Problem-2

Next, convection-diffusion problem given in Eq. (3.4.1) is considered with higher value of

diffusion coefficient. The parameters are set to γ = 1 and D = 0.1 with the domain [0, 1]

and a final time of T = 1. The initial and boundary conditions are derived from the exact

solution at t = 0 and at the boundaries x = 0 and x = 1, respectively.

Table 3.3: Convergence and L2-error for Problem (3.4.1.2) corresponding to Eq. (3.4.1)

solved through the CEMRK2-C4 scheme, considering γ = 1 and D = 0.1.

M ∆t L2-error ROC (space) ROC (time)

10 1.0000× 10−2 1.3639× 10−3 – –

20 2.5000× 10−3 9.9758× 10−5 3.7731 1.8866

40 6.2500× 10−4 5.7839× 10−6 4.1083 2.0542

80 1.5625× 10−4 3.4685× 10−7 4.0596 2.0298

Table 3.3 shows the L2-error and the corresponding convergence rates in space and

time, using the computed solutions at T = 1. For the free parameters, the selected values

are a22 = 5.0 × 103, a33 = 5.0, b22 = 4.0 × 102, b33 = 5.0 × 10−1, c22 = 5.0 × 101,

c33 = 3.2× 101. As seen in Table 3.3, the CEMRK2-C4 scheme exhibits a convergence of

order four in space and order two in time. The numerical solution is presented alongside

the exact solution in Figs. 3.3(a) - 3.3(b). The surface plot of the absolute difference
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Figure 3.2(a): Plot of exact and numerical solutions at final time T = 1 for Problem

(3.4.1.1), using CEMRK2-C4 method for Eq. (3.4.1) with γ = 1, D = 10−5, ∆x =

1.6667× 10−2 and ∆t = ∆x2 .

Figure 3.2(b): Plot of exact and numerical solutions at final time T = 1 for Problem

(3.4.1.1), using CEMRK2-C4 method for Eq. (3.4.1) with γ = 10, D = 10−5, ∆x =

1.6667× 10−2 and ∆t = ∆x2.
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Figure 3.2(c): Comparison of the L∞-error at final time T = 1 for Problem (3.4.1.1) using

the indicated numerical methods for Eq. (3.4.1) with γ = 1, D = 10−5, ∆x = 1.6667×10−2

and ∆t = ∆x2.

Figure 3.2(d): Comparison of the L∞-error at final time T = 1 for Problem (3.4.1.1)

using the indicated numerical methods for Eq. (3.4.1) with γ = 10, D = 10−5, ∆x =

1.6667× 10−2 and ∆t = ∆x2.
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Figure 3.3(a): Surface plot of exact solution for Problem (3.4.1.2) using the CEMRK2-C4

scheme with γ = 1 and D = 0.1, ∆x = 1.2500× 10−2,∆t = ∆x2.

Figure 3.3(b): Surface plot of exact solution for Problem (3.4.1.2) using the CEMRK2-C4

scheme with γ = 1 and D = 0.1, ∆x = 1.2500× 10−2,∆t = ∆x2.

between the exact and computed solutions is shown in Fig. 3.3(c). Furthermore, the L∞-

error using the developed method, along with the error computed using IMEX-SSP2 [121]

method, is displayed in Fig. 3.3(d).
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Figure 3.3(c): Surface plot of absolute error for Problem (3.4.1.2) using the CEMRK2-C4

scheme with γ = 1 and D = 0.1, ∆x = 1.2500× 10−2,∆t = ∆x2.

Figure 3.3(d): Comparison of the L∞-error for Problem (3.4.1.2) using specified schemes

for Eq. (3.4.1) at final time T = 1 with ∆x = 1.2500× 10−2 and ∆t = ∆x2. Here, γ = 1

and D = 0.1.
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3.4.2 Two-dimensional convection-diffusion model problem

Computations of 2D convection-diffusion equations with different choices of reaction and

diffusion parameters are discussed next.

3.4.2.1 Problem-3

To assess the performance and accuracy of the proposed scheme, simulations of the 2D

convection-diffusion equation have been performed. The governing equation is given as

[43]
∂v

∂t
+ γ1

∂v

∂x
+ γ2

∂v

∂y
−D1

∂2v

∂x2
−D2

∂2v

∂y2
= 0, (x, y) ∈ [0, 2]2 (3.4.3)

For numerical computations, the parameters have been set to γ1 = 1, γ2 = 1, and D1 =

D2 = 0, with periodic boundary conditions applied over the domain (x, y) ∈ [0, 2]2. The

exact solution is given as

v(x, y, t) = sin(π(x+ y − 2t)) (3.4.4)

The initial data is derived from the exact solution provided in Eq. (3.4.4).

To validate the accuracy of results obtained from the developed scheme, the L2-norm

and L∞-norm of the error have been computed. The numerical solution is advanced

to the final time T = 1 using the CEMRK2 method for time integration and the C4

scheme for spatial discretization. For the free parameters, values are a22 = 1.0 × 101,

a33 = 1.0, b22 = 7.0 × 10−1, b33 = −1.0 × 10−4, c22 = 3.0 × 10−1, c33 = 1.0 × 10−1.

For the two-dimensional case, we use uniform spatial grids of size Mx ×My, where Mx

and My represent the number of grid points in the x− and y− directions, respectively.

Table 3.4 shows the L2-error norm and the corresponding convergence in space and time at

final time. The results demonstrate that the CEMRK2-C4 scheme achieves fourth-order

accuracy in space and second-order accuracy in time. Numerical solutions at t = 0.4, 0.8,

and 1.0 are illustrated alongside the initial solution in Figs. 3.4(a) - 3.4(d). Figure 3.5

presents a comparison of the L∞-error between the developed second-order method and

the IMEX-SSP2 [121] method. As seen in the Fig. 3.5, the presented scheme produces

less error as compared to the IMEX-SSP2 method.
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Figure 3.4(a): Numerical solution plot for Problem (3.4.2.1) using the CEMRK2-C4

with γ1 = γ2 = 1 and D1 = D2 = 0, ∆x = ∆y = 2.5000× 10−2, and ∆t = ∆x2 at t = 0.

Figure 3.4(b): Numerical solution plot for Problem (3.4.2.1) using the CEMRK2-C4

with γ1 = γ2 = 1 and D1 = D2 = 0, ∆x = ∆y = 2.5000× 10−2, and ∆t = ∆x2 at t = 0.4.
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Figure 3.4(c): Numerical solution plot for Problem (3.4.2.1) using the CEMRK2-C4 with

γ1 = γ2 = 1 and D1 = D2 = 0, , ∆x = ∆y = 2.5000× 10−2, and ∆t = ∆x2 at t = 0.8.

Figure 3.4(d): Numerical solution plot for Problem (3.4.2.1) using the CEMRK2-C4

with γ1 = γ2 = 1 and D1 = D2 = 0, ∆x = ∆y = 2.5000× 10−2, and ∆t = ∆x2 at t = 1.
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Table 3.4: Convergence rate and L2-error for Problem (3.4.2.1) corresponding to

Eq. (3.4.3) using the CEMRK2-C4 scheme with γ1 = 1, γ2 = 1, and D1 = D2 = 0.

Mx =My ∆t L2-error ROC (space) ROC (time)

10 4.0000× 10−2 2.7710× 10−3 – –

20 1.0000× 10−2 1.7280× 10−4 4.0033 2.0016

40 2.5000× 10−3 1.0797× 10−5 4.0003 2.0002

80 6.2500× 10−4 5.7640× 10−7 4.2275 2.1137

Figure 3.5: Comparison of L∞-error for specified computational schemes applied to

Problem (3.4.2.1) with parameters γ1 = γ2 = 1 and D1 = D2 = 0, ∆x = ∆y = 2.5000 ×

10−2, and ∆t = ∆x2.

3.4.2.2 Problem-4

Finally, we have considered a convection-diffusion problem, governed by Eq. (3.4.3), with

a non-zero diffusion coefficient in the domain [0, 2]2. The exact solution [39], is given by
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v(x, y, t) =
1

4t+ 1
exp

[
−(x− γ1t− 0.5)2

D1(4t+ 1)
− (y − γ2t− 0.5)2

D2(4t+ 1)

]
(3.4.5)

For assessing the performance of the current method, the L2-error norm has been com-

puted. The initial and boundary conditions are taken from the exact solution provided in

Eq. (3.4.5). For the numerical simulations, the parameters are considered as γ1 = γ2 = 1

andD1 = D2 = 0.01, with a final time of T = 1. The numerical solution is computed using

the CEMRK2 method for time integration and the C4 scheme for spatial discretization.

The L2-error norm and the corresponding convergence in space and time at T = 1 are sum-

marized in Table 3.5. For the free parameters, we have selected a22 = 1.0, a33 = 1.0×102,

b22 = 4.09 × 102, b33 = 1.5 × 10−1, c22 = 1.0, c33 = 1.8 × 102. From Table 3.5, it is clear

that the CEMRK2-C4 scheme achieves fourth-order accuracy in space and second-order

accuracy in time. Plots of the exact and numerical solutions are presented in Figs. 3.6(a)

- 3.6(b). To assess the accuracy of the proposed method, we compare the L∞-norm of

the error obtained using our presented approach with the IMEX-SSP2 [121] method, as

illustrated in Fig. 3.6(c).

Table 3.5: Convergence and L2-error for Problem (3.4.2.2) corresponding to Eq. (3.4.3)

using CEMRK2-C4 scheme with γ1 = 1, γ2 = 1, and D1 = 0.01, D2 = 0.01 at final time

T = 1.

Mx =My ∆t L2-error ROC (space) ROC (time)

10 4.0000× 10−2 2.0229× 10−1 – –

20 1.0000× 10−2 2.4571× 10−2 3.0413 1.5207

40 2.5000× 10−3 1.3054× 10−3 4.2344 2.1172

80 6.2500× 10−4 7.6987× 10−5 4.0837 2.0419
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Figure 3.6(a): Exact solution plot for Problem (3.4.2.2) using the CEMRK2-C4 scheme

with γ1 = 1, γ2 = 1, and D1 = 0.01, D2 = 0.01, ∆x = ∆y = 2.5000× 10−2,∆t = ∆x2 at

the final time T = 1.

Figure 3.6(b): Numerical solution plot for Eq. (3.4.3) using the CEMRK2-C4 scheme

with γ1 = 1, γ2 = 1, and D1 = 0.01, D2 = 0.01, ∆x = ∆y = 2.5000× 10−2,∆t = ∆x2 at

the final time T = 1.
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Figure 3.6(c): Comparison of L∞-error for specified schemes for Problem (3.4.2.2) using

∆x = ∆y = 2.5000 × 10−2 and ∆t = ∆x2 with parameter values γ1 = γ2 = 1 and

D1 = D2 = 0.01.
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Chapter 4

Energy-preserving fully-discrete

methods for wave and soliton

propagation in heterogeneous

medium
1

Many physical systems, such as wave propagation in acoustics and electromagnetism,

crack propagation, and biological diffusion, are modeled by second-order wave equations

[123, 124, 125, 100]. In two-dimensional heterogeneous domains, numerical modeling of

acoustic waves has been explored in [70, 71, 72, 73]. Generally, systems with second-order

time derivative are first reduced to first-order system before applying time integration

[74]. Alternatively, Runge-Kutta-Nyström (RKN) methods can be employed directly to

solve these systems, and variants of the RKN are studied in [75]. In [77], the authors

presented a stable scheme for time-dependent diffusion problems by combining hopscotch

spatial discretization with leapfrog time-stepping.

The energy-preserving AVF method introduced in [85] has been effectively applied to

Hamiltonian PDEs. For spatial discretization, compact schemes offer higher accuracy

1The work has been published in the Computers and Mathematics with Applications, 174, (2024),

379–396.
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as compared to the traditional finite difference methods with relatively smaller compu-

tational stencils. These compact stencils are the more precise to implement the corre-

sponding boundary conditions [54, 80, 81]. To circumvent the challenges associated with

applying compact schemes to wave equations with variable coefficients, the approach dis-

cussed in [126, 127] suggested shifting the variable coefficients with the time derivative

term.

In [88], the authors developed a higher-order compact difference scheme that con-

serves energy, achieving fourth-order spatial accuracy and second-order temporal accuracy

for two-dimensional hyperbolic systems. Furthermore, an energy-conserving Legendre-

Galerkin spectral approach to solve the Higgs boson equation numerically was introduced

in [128]. The authors in [105, 66] proposed an energy-preserving AVF-based compact

scheme for simulating nonlinear two-dimensional wave equations. Soliton dynamics are

often captured using nonlinear Klein-Gordon and sine-Gordon models [63, 129, 130, 131].

For one-dimensional nonlinear Klein-Gordon equations, the study in [93] developed a com-

pact scheme combined with the diagonally implicit RKN method. Additionally, compact

alternating direction-implicit (ADI) schemes for solving nonlinear wave equations were

proposed in [132, 133].

For time-dependent PDEs, implicit methods are computationally expensive due to ma-

trix inversions. This work proposes a partially implicit approach that does not require

matrix inversion. The main goal in this chapter is to design and analyze a fully dis-

crete, energy-preserving scheme that offers improved stability, while maintaining a com-

putational cost comparable to that of explicit methods, for modeling wave and soliton

propagation in both homogeneous and heterogeneous media.

Chapter 4 is structured as follows. Section 4.1 outlines the development of a second-

order time integration scheme combined with a fourth-order compact spatial discretization

method. In Section 4.2, Fourier analysis along with the formulation of an optimization

problem to determine appropriate values for the free parameters is presented. Section

4.3 provides a theoretical proof that the proposed scheme conserves energy. Convergence

results for the fully discrete scheme are detailed in Section 4.4. Finally, Section 4.5 presents

numerical computations for various acoustic wave propagation test cases. Additional
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simulations involving the sine-Gordon and Klein-Gordon equations are included in Section

4.6.

4.1 Formulation of energy-preserving time integra-

tion method

The formulation of the new second-order time integration scheme is based on the two-

dimensional undamped wave equation provided in Eq. (1.8.1) over the spatial domain

Ω with boundary ∂Ω, and T is the final time. The initial and boundary conditions are

considered as follows

u|t=0 = g1(x, y),
∂u

∂t

∣∣∣∣
t=0

= g2(x, y), (x, y) ∈ Ω

u|∂Ω = g3(t), t ∈ (0, T ]

(4.1.1)

Here, c(x, y) is the phase speed, g1, g2 are the initial and g3 represent the boundary

data. The function f(u) serves as a nonlinear forcing term and can take on specific forms

to model different wave dynamics. For instance, Equation (1.8.1) corresponds to the

sine-Gordon equation when f(u) = − sinu, while f(u) = −u − u3 corresponds to the

Klein-Gordon equation.

Substituting, z = 1
c2(x,y)

∂u
∂t
, Eq. (1.8.1) can be rewritten as

∂z

∂t
=

(
∂2u

∂x2
+
∂2u

∂y2

)
+

f(u)

c2(x, y)

∂u

∂t
= c2(x, y)z

(4.1.2)

For time integration, second-order energy and dispersion relation preserving (EDRP2)

method for the system (4.1.2) is derived following the optimized partially implicit proce-

dure discussed in [134], as

z(1) = zn +∆t

[
unxx + unyy +

f(un)

c2(x, y)

]
u(1) = un + c2(x, y)∆t((1− α1)z

n + α1z
(1))
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zn+1 =
1

2

[
zn + z(1) +∆t

(
u(1)xx + u(1)yy +

f(u(1))

c2(x, y)

)]
un+1 = un + c2(x, y)

∆t

2

[
zn + 2α2z

(1) + (1− 2α2)z
n+1
] (4.1.3)

where α1 and α2 are the free-parameters. The C4 scheme is used for the spatial discretiza-

tion. Spatial discretization of the Eq. (4.1.2) with zero forcing function (f(u) = 0), given

as

∂z

∂t
=

(
∂2u

∂x2
+
∂2u

∂y2

)
∂u

∂t
= c2(x, y)z

(4.1.4)

is discussed next. Simulations for the nonhomogeneous linear and nonlinear wave equa-

tions with forcing term are given in Sections 4.5 and 4.6.

4.1.1 Spatial discretization

Spatial discretization of the second-order spatial derivatives is performed using the C4

scheme discussed in [135, 80]. For the C4 scheme mesh-widths are defined as, ∆x =

(xNx − x0)/Nx, ∆y = (yNy − y0)/Ny, for positive integers Nx and Ny, respectively.

The mesh-points are given as, xi = x0 + i∆x, for i = 0, 1, ..., Nx, yj = y0 + j∆y, for

j = 0, 1, ..., Ny. The discrete mesh is defined as, Ωh = {(xi, yj)|i = 1, ..., Nx, j = 1, ...

, Ny}. Discrete periodic boundary conditions are given as, xNx+1 = x0+ (Nx + 1)∆x,

yNy+1 = y0+(Ny+1)∆y, and the mesh-points for the full-domain using periodic boundary

conditions are given as, ΩE
h = {(xi, yj)|i = 0, ..., Nx+ 1, j = 0, ..., Ny + 1}. For a given

mesh function, u =
{
ui,j|(xi, yj) ∈ ΩE

h

}
, the important difference operators are defined as

δ+x ui,j =
ui+1,j−ui,j

∆x
, δ−x ui,j =

ui,j−ui−1,j

∆x
, δ2xui,j =

ui−1,j−2ui,j+ui+1,j

∆x2

δ+y ui,j =
ui,j+1−ui,j

∆y
, δ−y ui,j =

ui,j−ui,j−1

∆y
, δ2yui,j =

ui,j−1−2ui,j+ui,j+1

∆y2

δ2xui,j = δ+x δ
−
x ui,j, δ2yui,j = δ+y δ

−
y ui,j

By approximating the unknowns as, Ui,j(t) ≈ u(xi, yj, t) and Zi,j(t) ≈ z(xi, yj, t), the C4

scheme is derived to discretize the second-order spatial derivatives using the following
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finite difference operators

Pxui,j =
(
1 +

∆x2

12
δ2x

)
ui,j, i = 1, ..., Nx, j = 0, ..., Ny + 1,

Pyui,j =
(
1 +

∆y2

12
δ2y

)
ui,j, i = 0, ..., Nx+ 1, j = 1, ..., Ny.

(4.1.5)

As discussed in [135, 80], fourth-order compact finite difference operators are obtained as

P−1
x δ2xui,j =

∂2u

∂x2
(xi, yj)−

∆x4

240

∂6u

∂x6
(ζ1, yj)

P−1
y δ2yui,j =

∂2u

∂y2
(xi, yj)−

∆y4

240

∂6u

∂y6
(xi, ζ2)

(4.1.6)

where ξ1 ∈ (xi−1, xi+1), ξ2 ∈ (yi−1, yi+1). By neglecting the O(∆x4) terms in Eq. (4.1.6),

fourth-order compact finite difference approximation of the Laplacian operator given in

Eq. (4.1.4) is obtained as

P−1
x δ2xui,j + P−1

y δ2yui,j ≈
(
∂2u

∂x2
+
∂2u

∂y2

) ∣∣∣∣
(xi,yj)

(4.1.7)

where, P−1
x and P−1

y are the inverse of the coefficient operators Px and Py, respectively. It

is observed that the matrices corresponding to the operators Px and Py take the form of

periodic tridiagonal matrices, as shown in Eq. (4.1.12), which can be efficiently inverted

using Thomas algorithm. By applying the C4 approximation of the Laplacian operator

given in Eq. (4.1.7), the semi-discrete representation of the system given in Eq. (4.1.4) is

obtained in vector notation as follows

dZi,j(t)

dt
= P−1

x δ2xUi,j + P−1
y δ2yUi,j,

dUi,j(t)

dt
= c2i,jZi,j(t), i = 1, ..., Nx, j = 1, ..., Ny.

(4.1.8)

with the periodic boundary conditions given as

U0,j = UNx,j, U1,j = UNx+1,j, j = 0, ..., Ny + 1

Ui,0 = Ui,Ny, Ui,1 = Ui,Ny+1, i = 0, ..., Nx+ 1
(4.1.9)

and the initial conditions

Ui,j(0) = Φ1(xi, yj), Zi,j(0) = Φ2(xi, yj) (4.1.10)
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Using matrix notations, Eq. (4.1.8) can be represented as

dZ

dt
= PU,

dU

dt
= C2Z (4.1.11)

where Z = {Zi,j} and U = {Ui,j}. Here, C is the diagonal matrix given by C =

diag(c1,1, c2,1, · · · , cNx,1, c1,2, c2,2, · · · , cNx,2, · · · , c1,Ny, c2,Ny, · · · , cNx,Ny) and matrix P cor-

responds to the operator (P−1
x δ2x + P−1

y δ2y), is given as

P = QxΓ
+
x Γ

−
x +QyΓ

+
y Γ

−
y

Qx = INy ⊗ P−1
x , Γ+

x = INy ⊗ Γ̄+
x , Γ−

x = INy ⊗ Γ̄−
x ,

Qy = P−1
y ⊗ INx, Γ+

y = Γ̄+
y ⊗ INx, Γ−

y = Γ̄−
y ⊗ INx

where Qx and Qy are the symmetric positive definite matrices. Matrices Px, Py, Γ̄
+
x , Γ̄

−
x ,

Γ̄+
y , and Γ̄−

y (corresponding to the operators Px, Px, δ
+
x , δ

−
x , δ

+
y , and δ

−
y , respectively) are

given as

Px =



10
12

1
12

0 · · · 0 1
12

1
12

10
12

1
12

· · · 0 0
...

...
...

...
...

0 0 0 · · · 10
12

1
12

1
12

0 0 · · · 1
12

10
12


Nx×Nx

, Py =



10
12

1
12

0 · · · 0 1
12

1
12

10
12

1
12

· · · 0 0
...

...
...

...
...

0 0 0 · · · 10
12

1
12

1
12

0 0 · · · 1
12

10
12


Ny×Ny

Γ̄+
x =

1

∆x



−1 1 0 · · · 0 0

0 −1 1 · · · 0 0
...

...
...

...
...

0 0 0 · · · −1 1

1 0 0 · · · 0 −1


Nx×Nx

, Γ̄+
y =

1

∆y



−1 1 0 · · · 0 0

0 −1 1 · · · 0 0
...

...
...

...
...

0 0 0 · · · −1 1

1 0 0 · · · 0 −1


Ny×Ny

Γ̄−
x =

1

∆x



1 0 0 · · · 0 −1

−1 1 0 · · · 0 0
...

...
...

...
...

0 0 0 · · · 1 0

0 0 0 · · · −1 1


Nx×Nx

, Γ̄−
y =

1

∆y



1 0 0 · · · 0 −1

−1 1 0 · · · 0 0
...

...
...

...
...

0 0 0 · · · 1 0

0 0 0 · · · −1 1


Ny×Ny

(4.1.12)
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The fully discrete form of the system presented in Eq. (4.1.4) is derived as follows

Zn+1
i,j = Zn

i,j +
∆t

2

(
P−1

x δ2x + P−1
y δ2y

)
Un
i,j +

∆t

2
(P−1

x δ2x + P−1
y δ2y)[

Un
i,j +∆tc2i,j

{
(1− α1)Z

n
i,j + α1

(
Zn

i,j +∆t(P−1
x δ2x + P−1

y δ2y)U
n
i,j

)}]
Un+1
i,j = Un

i,j +
∆t

2
c2i,j
[
Zn

i,j + 2α2Z
n
i,j + 2α2∆t

(
P−1

x δ2x + P−1
y δ2y

)
Un
i,j

]
+

∆t

2
c2i,j
[
(1− 2α2)Z

n+1
i,j

]
(4.1.13)

where Zn
i,j ≈ z(xi, yj, t

n) and Un
i,j ≈ u(xi, yj, t

n). The system presented in Eq. (4.1.13)

can be equivalently expressed in matrix form by introducing Z = {Zi,j}, U = {Ui,j} and

C = {ci,j}, as follows
Zn+1 − Zn

∆t
= PUn +

∆t

2
PC2Zn + α1

∆t2

2
PC2PUn

Un+1 − Un

∆t
= C2

(
Zn + Zn+1

2
− α2(Z

n+1 − Zn) + α2∆tPUn

) (4.1.14)

Equation (4.1.14) can also be represented as

Zn+1 − Zn

∆t
= PU∗

Un+1 − Un

∆t
= C2Z∗

(4.1.15)

where Z∗ = Zn+Zn+1

2
−α2(Z

n+1−Zn)+α2∆tPUn and U∗ = Un+∆t
2
C2Zn+α1

∆t2

2
C2PUn.

Fourier analysis is next performed to assess the behavior of the developed schemes for

linear wave equations in one- and two- dimensions.

4.2 Fourier analysis of undamped wave equation

For accurate numerical simulations of dynamical systems, it is essential to use methods

that not only resolve spatial and temporal scales but also preserve key physical properties.

To ensure this, the chosen scheme must maintain neutral stability and satisfy the physical

dispersion relation. For the purpose of stability and dispersion analysis, the following

model equation with periodic boundary conditions is used, and it is expressed as

∂2u

∂t2
= c2

∂2u

∂x2
, x ∈ [0, π], t > 0

u|t=0 = f(x),
∂u

∂t

∣∣∣∣
t=0

= g(x), x ∈ [0, π]
(4.2.1)
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using two-sided Fourier-Laplace transform [136], u(x, t) =
∫∞
−∞

∫∞
−∞ Û(k, ω)ei(kx−ωt) dkdω,

dispersion relation for Eq. (4.2.1) is expressed as, ω2 = c2k2. In this expression, ω denotes

the circular frequency and k is the wavenumber. Equation (4.2.1) can be reformulated as

∂z

∂t
=
∂2u

∂x2
,

∂u

∂t
= c2z, x ∈ [0, π], t > 0

u|t=0 = f(x), z|t=0 = g1(x), x ∈ [0, π]

(4.2.2)

where g1(x) =
g(x)
c2

. Applying discrete Fourier transform, the unknown u and its spatial

derivatives can be represented as [110]

u(x, t)|
N
=

∫ kmax

−kmax

ǔ(k, t)eikxdk

uxx(x, t)|N =

∫ kmax

−kmax

−k2mǔ(k, t)eikxdk

where km is the modified wavenumber and kmax = π/∆x. The semi-discretized version of

Eq. (4.2.2) is derived using the discrete Fourier transform and is given by

džn

dt
= −k2mǔn,

dǔn

dt
= c2žn

ǔ|t=0 = f̌(k), ž|t=0 = ǧ1(k)

(4.2.3)

where t = n∆t. Equation (4.2.3) is discretized using EDRP2 method, resulting in

ž(1) = žn −∆tk2mǔ
n

ǔ(1) = ǔn + c2∆t
[
(1− α1)ž

n + α1ž
(1)
]

žn+1 =
1

2

[
žn + ž(1) −∆tk2mǔ

n
]

ǔn+1 = ǔn + c2
∆t

2

[
žn + 2α2ž

(1) + (1− 2α2)ž
n+1
]

(4.2.4)

In the vector notation, Eq. (4.2.4) can be represented as, P n+1 = MP n, where M is the

2× 2 evolution matrix and P = (ž, ǔ)T . Entries of the matrix M are given as,

m11 = 1− c2∆t2k2m
2

, m12 =
α1c

2∆t3(k2m)
2

2
−∆tk2m

m21 = c2∆t− c4∆t3k2m
4

+
c4α2∆t

3k2m
2

m22 = 1 +
c4α1∆t

4(k2m)
2

4
− c2∆t2k2m

2
− c4α1α2∆t

4(k2m)
2

2
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Numerical amplification factors (eigenvalues of the matrix M) for the EDRP2 method

are expressed as, λ = [λN1 , λN2 ]
T . Furthermore, by denoting k2m = φ(k∆x)

∆x2 the eigenvalues

of M are obtained as

λN1,2 = e1 ±
Cr

8

√
e2 (4.2.5)

where e1 = 1− (C4
rα1α2φ

2(k∆x))/4 + (C4
rα1φ

2(k∆x))/8 −(C2
rφ

2(k∆x))/2,

e2 = φ(k∆x)
(
4C6

rα
2
2α

2
1φ

3(k∆x)− 4C6
rα

2
2α1φ

3(k∆x) + C6
rα

2
1φ

3(k∆x)− 8C4
rα1φ

2(k∆x) +

16C4
rα2α1φ

2(k∆x)+32C2
rα1φ(k∆x)−32C2

rα2φ(k∆x)+16C2
rφ(k∆x)−64

)
, and Cr =

c∆t
∆x

is the Courant number.

It is evident from Eq. (4.2.5) that for the wave-like solutions e2 < 0. Applying the

Fourier transform, the nondimensional wavenumber for the CD2 scheme is obtained as∫ kmax

−kmax

−k2mǔ(k, t)eikxdk =
1

∆x2

∫ kmax

−kmax

(
eik∆x − 2 + e−ik∆x

)
ǔ(k, t)eikxdk

k2m = − 1

∆x2
(
eik∆x − 2 + e−ik∆x

)
=

2

∆x2
(1− cos(k∆x))

Thus, the nondimensional wavenumbers (φ(k∆x)) for the CD2 scheme is given by

φ(k∆x)CD2 = k2m∆x
2 = 2 (1− cos(k∆x))

Similarly, the nondimensional wavenumbers (φ(k∆x)) for the C4 scheme is provided as

φ(k∆x)C4 =
12 (1− cos(k∆x))

cos(k∆x) + 5

Moreover, nondimensional modified wavenumber for Eq. (4.1.4) is expressed as, k2m =

φ(kxh)+φ(kyh)

h2 , where h = ∆x = ∆y denote the uniform spatial step-size. Numerical circular

frequency ωN is given as, ωN = − 1
∆t

tan−1
(

λNi

λNr

)
, where λNi and λNr represent the

imaginary and real parts of the numerical amplification factor, respectively. The numerical

phase speed and group velocity are defined as, cN = ωN

k
, V gN = ∂ωN

∂k
[83, 137].

Contours showing absolute values of amplification factors (|λN |), normalized phase

speed (cN/c) and group velocity (V gN/c) for EDRP2-CD2 (left column frames) and

EDRP2-C4 (middle column frames) schemes are presented in Fig. 4.1(a). Neutrally stable

regions (|λ| = 1) are indicated by a vertical dash-dotted lines in Fig. 4.1(a) highlighting

the critical values of Cr, up to which we have the neutrally stable region for all wavenum-

bers.
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Figure 4.1(a): Contour plots of |λN |, cN/c and V gN/c corresponding to one-dimensional

Eq. (4.2.1) obtained using indicated schemes. Dash-dotted line represent the critical CFL

number (Crcrit) up to which neutrally stable (|λN | = 1) condition is satisfied. For the

EDRP2 scheme, optimized values of free-parameters are α1 = 0.29289, α2 = 0.20711

(Table 4.1).
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Figure 4.1(b): Contour plots of |λN |, cN/c and V gN/c corresponding to two-dimensional

Eq. (4.1.4) obtained using EDRP2-C4 scheme for Cr = 0.5. Here, optimized values of

free-parameters are α1 = 0.29289, α2 = 0.20711 (Table 4.2).

Additionally, the right column in Fig. 4.1(a) compares the numerical characteristics

of the EDRP2-CD2 and EDRP2-C4 schemes with the RKN-C4 method. It is evident

from the Fig. 4.1(a) that the EDRP2 schemes offer a wider neutrally stable region and

improved dispersion and stability characteristics compared to RKN.

Furthermore, Fig. 4.1(b) illustrates the numerical properties of the EDRP2-C4 scheme

applied to the 2D Eq. (4.1.4) in terms of amplification factors magnitude, normalized
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group velocity, and normalized phase speed.

4.2.1 Optimization problem

To fix the optimized values of the free-parameters, an optimization problem as discussed

in [138, 139, 83] is considered. We have taken the following objective functions, given as

f(αi, Cr) =

∫ δ

0

|λN − λexact|2d(kh) (4.2.6)

where λN represents the numerical amplification factor and λexact = eiCrk∆x is the the

exact amplification factor. The objective function defined by Eq. (4.2.6) is further subject

to the following constraints [83], given as

g1(αi, Cr) =

∫ δ1

0

∣∣|λN | − 1
∣∣d(kh) ≤ ζ1

g2(αi, Cr) =

∫ δ2

0

∣∣∣∣(V gNc
)
− 1

∣∣∣∣d(kh) ≤ ζ2

g3(αi, Cr) =

∫ δ3

0

∣∣∣∣(cNc
)
− 1

∣∣∣∣d(kh) ≤ ζ3

(4.2.7)

here, δi and ζi are error tolerances. The specific values of ζi have been selected following

the discussion given in [83]. To identify the feasible region for the optimized problem

presented in Eq. (4.2.6) and Ineq. (4.2.7), a grid-search technique [83] is employed. The

process of grid-search technique involves exploring the parameter space while keeping

the value of Cr constant at an arbitrary but fixed value. The inclusion of constraints

specified in Eq. (4.2.7) transforms the optimization problem described by Eq. (4.2.6) and

Ineq. (4.2.7) into a Pareto front optimization problem. The resulting optimized values

of the free-parameters αi are given in Tables 4.1 and 4.2, corresponding to one- and

two-dimensional wave equations, respectively.

4.3 Energy conservation analysis

In this section, we have performed the theoretical analysis to establish the energy conser-

vation of the developed space-time discretization schemes for Eq. (4.1.4) [105, 106, 140].
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Table 4.1: Values of the free-parameters α1 and α2 for the 1D wave equation in Eq. (4.2.2),

optimized using EDRP2-CD2 and EDRP2-C4 schemes.

EDRP2 - CD2 EDRP2 - C4

α1 α2 Min(|λ|) Max(|λ|) (Cr)crit Min(|λ|) Max(|λ|) (Cr)crit

0.30000 0.20000 0.93561 1.00000 1.11 0.93561 1.00000 0.91

0.30000 0.20711 0.96732 1.00000 1.12 0.96733 1.00000 0.92

0.29300 0.20711 0.99951 1.00000 1.13 0.99951 1.00000 0.92

0.29289 0.20711 1.00000 1.00000 1.13 1.00000 1.00000 0.92

0.29289 0.20700 0.99951 1.00000 1.13 0.99951 1.00000 0.92

0.29289 0.10000 0.58003 1.00000 1.02 0.57996 1.00000 0.83

0.29280 0.20711 1.00000 1.00044 1.13 1.00000 1.00044 0.92

0.25000 0.20711 1.00000 4.13379 2.85 1.00000 1.21128 0.96

Table 4.2: Values of the free-parameters α1 and α2 for the 2D wave equation in Eq. (4.1.4),

optimized using EDRP2-CD2 and EDRP2-C4 schemes.

EDRP2 - CD2 EDRP2 - C4

α1 α2 Min(|λ|) Max(|λ|) (Cr)crit Min(|λ|) Max(|λ|) (Cr)crit

0.30000 0.20000 0.93561 1.00000 0.79 0.93766 1.00000 0.64

0.30000 0.20711 0.96819 1.00000 0.79 0.96919 1.00000 0.64

0.29300 0.20711 0.99951 1.00000 0.80 0.99953 1.00000 0.65

0.29289 0.20711 1.00000 1.00000 0.80 1.00000 1.00000 0.65

0.29289 0.20700 0.99951 1.00000 0.80 0.99953 1.00000 0.65

0.29289 0.10000 0.59052 1.00000 0.72 0.58246 1.00000 0.59

0.29280 0.20711 1.00000 1.00044 0.80 1.00000 1.00043 0.65

0.25000 0.20711 1.00000 1.20857 0.83 1.00000 1.21179 0.68

For Eq. (4.1.4), the corresponding Hamiltonian function is given as
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H(z, u) =
1

2

∫
Ω

[
c2(x, y)z2 + (ux)

2 + (uy)
2
]
dxdy (4.3.1)

using the definition of the functional derivative, an equivalent infinite-dimensional Hamil-

tonian system for Eq. (4.1.4) with the periodic boundary conditions are given as

dŵ

dt
= L

δH
δŵ

, ŵ =

z
u

 , L =

0 −1

1 0

 (4.3.2)

where L is a skew-symmetric matrix.

Theorem 4.3.1. The Hamiltonian system corresponding to wave propagation in a het-

erogeneous medium, given in Eq. (4.3.2), is energy conservative, that is,

E(t) :=
1

2

∫
Ω

[
c2(x, y)z2 + (ux)

2 + (uy)
2
]
dxdy = E(0).

Proof. As given in [105], the proof for the continuous case is discussed next. Using

functional derivative, the first-order derivative of Hamiltonian concerning time t is given

as
d

dt
H(z, u) =

d

dt
H(ŵ) =

∫
Ω

(
δH
δŵ

)τ
dŵ

dt
dxdy (4.3.3)

from Eqs. (4.3.2)-(4.3.3) and using skew-adjoint property of matrix L, we∫
Ω

(
δH
δŵ

)τ
dŵ

dt
dxdy =

∫
Ω

(
δH
δŵ

)τ

L

(
δH
δŵ

)
dxdy = 0

Therefore, H(z, u)(t) = H(z, u)(0), t ∈ (0, T ], which further implies that, E(t) = E(0).

The discrete Hamiltonian associated with the semi-discretized system (4.1.11) is ex-

pressed as

Hd(Z,U) =
1

2
(CZ)τCZ − 1

2
U τ (QxΓ

+
x Γ

−
x +QyΓ

+
y Γ

−
y )U (4.3.4)

Moreover, the following relation is satisfied by the discrete Hamiltonian

∇Hd(Z,U) =

∂Hd

∂Z

∂Hd

∂U

 =

 C2Z

−PU

 (4.3.5)
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Finally, the finite-dimensional Hamiltonian system corresponding to Eq. (4.1.11) is given

as

d

dt

Z
U

 = L̄∇Hd(Z,U), L̄ =

 0 −INx ⊗ INy

INx ⊗ INy 0

 (4.3.6)

where L̄ is a skew-symmetric matrix. Using the EDRP2 time integration method for the

Hamiltonian system given in Eq. (4.3.6), it follows that

1

∆t

Zn+1 − Zn

Un+1 − Un

 = L̄∇Hd(Z
∗, U∗)

substituting the expressions of Z∗ and U∗ given in Eq. (4.1.15), it follows that

1

∆t

Zn+1 − Zn

Un+1 − Un

 = L̄

C2
(

Zn+Zn+1

2
− α2(Z

n+1 − Zn) + α2∆tPUn
)

−P
(
Un + ∆t

2
C2Zn + α1

∆t2

2
C2PUn

)
 (4.3.7)

Energy conservation analysis for the fully-discretized system is discussed next.

4.3.1 Energy conservation of the fully-discretized system

Let Λp
h = {U |U = (Ui,j|(xi, yj) ∈ ΩE

h )} represent the space of periodic grid functions

on ΩE
h . The discrete inner-product and norms for given mesh-functions, Z,U ∈ Λp

h, are

defined as

⟨Z,U⟩ =
Nx∑
i=1

Ny∑
j=1

Zi,jUi,j∆x∆y, ||U ||2 = ⟨U,U⟩

||Γ+
xU ||2 =

〈
Γ+
xU,Γ

+
xU
〉
, ||Γ+

y U ||2 =
〈
Γ+
y U,Γ

+
y U
〉

Moreover, for symmetric positive definite matrices, Qx and Qy, the discrete norms are

defined as

||U ||2Qx
= ⟨QxU,U⟩ , ||U ||2Qy

= ⟨QyU,U⟩ (4.3.8)

Lemma 4.3.2. Matrices Qx and Qy satisfies the following inequalities

1 ≤ ||Qx|| ≤
3

2
, 1 ≤ ||Qy|| ≤

3

2
, (4.3.9)

and

||U ||2 ≤ ||U ||2Qx
≤ 3

2
||U ||2, ||U ||2 ≤ ||U ||2Qy

≤ 3

2
||U ||2 (4.3.10)
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moreover, matrix Px satisfy the following inequality

2

3
≤ ||Px|| ≤ 1. (4.3.11)

Proof. The circulant matrix property states that the eigenvalues of Px take the form of

λi =
5

6
+

1

6
cos

(
2iπ

Nx

)
, i = 0, 1, 2, . . . , Nx − 1. (4.3.12)

Hence, we obtain 2
3
≤ λi ≤ 1, which results in 2

3
≤ ||Px|| ≤ 1. The eigenvalues of Qx

satisfy 1 ≤ µj ≤ 3
2
, j = 1, 2, . . . , Nx × Ny, and as a result, 1 ≤ ||Qx|| ≤ 3

2
. This is

evident from the properties of the inverse matrix and Kronecker product. Additionally,

||U ||2 ≤ (QxU,U) ≤ ||Qx||||U ||2 ≤ 3
2
||U ||2.

Lemma 4.3.3. For given mesh-function Z,U ∈ Λp
h, it holds that

(Γ+
x Γ

−
xZ,U) = −(Γ+

xZ,Γ
+
xU). (4.3.13)

Lemma 4.3.4. Matrices pairs Qx and Γ+
x , Qx and Γ−

x , Qy and Γ+
y , Qy and Γ−

y are

commutative, that is

QxΓ
+
x = Γ+

xQx, QxΓ
−
x = Γ−

xQx,

QyΓ
+
y = Γ+

y Qy, QyΓ
−
y = Γ−

y Qy. (4.3.14)

Lemma 4.3.5. Let C be the diagonal matrix and 0 < c1 = min
(x,y)∈Ω

|c(x, y)|, 0 < c2 =

max
(x,y)∈Ω

|c(x, y)| then C satisfies c1 ≤ ||C|| ≤ c2.

Remark 4.3.1. Proofs of the above lemmas are given in [106].

Theorem 4.3.6. Solution (Z,U) of the fully-discretized system given in Eq. (4.3.7) is

energy conservative, and satisfies the following relation

En+1 :=
1

2

∥∥CZn+1
∥∥2 + 1

2

(∥∥Γ+
xU

n+1
∥∥2
Qx

+
∥∥Γ+

y U
n+1
∥∥2
Qy

)
= En.

Proof. Using chain rule, dHd

dt
= [dz

dt
, du
dt
]∇Hd(z, u). To establish our claim, the matrix form

of the discretized first-order derivative of the discrete Hamiltonian function Hd concerning

time has been considered, as

Hd(Z
n+1, Un+1)−Hd(Z

n, Un)

∆t
=
Zn+1 − Zn

∆t

∂

∂Z
Hd(Z

∗, U∗)

+
Un+1 − Un

∆t

∂

∂U
Hd(Z

∗, U∗) (4.3.15)
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In matrix notations, Eq. (4.3.15) can be written as

Hd(Z
n+1, Un+1)−Hd(Z

n, Un)

∆t
=

1

∆t

Zn+1 − Zn

Un+1 − Un

τ

∇Hd(Z
∗, U∗) (4.3.16)

Using Eqs. (4.3.5), (4.3.7), and skew-symmetric property of the matrix L̄, it follows that

Hd(Z
n+1, Un+1)−Hd(Z

n, Un)

∆t
=

C2
(

Zn+Zn+1

2
− α2(Z

n+1 − Zn) + α2∆tPUn
)

−P
(
Un + ∆t

2
C2Zn + α1

∆t2

2
C2PUn

)
τ

L̄τ

C2
(

Zn+Zn+1

2
− α2(Z

n+1 − Zn) + α2∆tPUn
)

−P
(
Un + ∆t

2
C2Zn + α1

∆t2

2
C2PUn

)
 = 0

as, Hd(Z(t), U(t))∆x∆y = E(t), which establishes that, En+1 = En.

4.4 Convergence analysis

In this section, the convergence results for the EDRP2-C4 scheme have been derived.

Lemma 4.4.1. For any functions f1, f2 ∈ C1(Ω), following inequalities hold

||Γ+
x (f1f2)|| ≤ ||Γ+

x (f1)|| ||f2||+ ||f1|| ||Γ+
x (f2)||

||Γ+
y (f1f2)|| ≤ ||Γ+

y (f1)|| ||f2||+ ||f1|| ||Γ+
y (f2)|| (4.4.1)

Lemma 4.4.2. For given f1 ∈ C1(Ω) and f2 ∈ C2(Ω), following inequalities hold

||Γ+
x f1|| ≤ K, ||Γ+

y f1|| ≤ K, ||Γ+
x Γ

−
x f2|| ≤ K, ||Γ+

y Γ
−
y f2|| ≤ K (4.4.2)

To quantify the truncation errors, the fully-discretized system (in matrix form) given in

Eq. (4.1.14) has been considered. Using the exact solution (z, u), Eq. (4.1.14) can be

represented as

zn+1 − zn

∆t
= Pun +

∆t

2
PC2zn + α1

∆t2

2
PC2Pun + T̃

n+ 1
2

e

un+1 − un

∆t
= C2

(
zn + zn+1

2
+ α2(z

n − zn+1) + α2∆tPun
)
+Te

n+ 1
2

(4.4.3)

where T̃
n+ 1

2
e and Te

n+ 1
2 denote the truncation error vectors.
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Lemma 4.4.3. The truncation error vectors satisfy the following estimates for the suffi-

ciently smooth exact solution (z, u) of Eq. (4.1.4)

||T̃n+ 1
2

e || ≤ K(∆t2 +∆x4 +∆y4 +∆t2(∆x4 +∆y4)), (4.4.4)

||Te
n+ 1

2 || ≤ K(∆t2 +∆t2(∆x4 +∆y4)) (4.4.5)

and

||Γ+
xTe

n+ 1
2 || ≤ K(∆t2 +∆t2∆x4 +∆t2∆y4), (4.4.6)

||Γ+
y Te

n+ 1
2 || ≤ K(∆t2 +∆t2∆x4 +∆t2∆y4) (4.4.7)

where K is a positive constant independent of ∆x, ∆y and ∆t.

Proof. Using the Taylor’s series expansion at t = tn+
1
2 , we have

un+1
i,j − uni,j

∆t
=
∂ui,j
∂t

(
tn+

1
2

)
+

∆t2

24

∂3ui,j
∂t3

(tχ1) , (4.4.8)

zn+1
i,j + zni,j

2
= zi,j

(
tn+

1
2

)
+

∆t2

8

∂2zi,j
∂t2

(tχ2) , (4.4.9)

zn+1
i,j − zni,j = ∆t

∂zi,j
∂t

(
tn+

1
2

)
+

∆t3

24

∂3zi,j
∂t3

(tχ3) , (4.4.10)

uni,j = ui,j

(
tn+

1
2

)
− ∆t

2

∂ui,j
∂t

(
tn+

1
2

)
+

∆t2

22
1

2!

∂2ui,j
∂t2

(tχ4) (4.4.11)

where tχ1 , tχ2 , tχ3 , tχ4 ∈ (tn, tn+1). Eqs. (4.4.8)-(4.4.11) can be represented in the vector

form, as

un+1 − un

∆t
=
∂u

∂t

(
tn+

1
2

)
+

∆t2

24
s
n+ 1

2
1 (u), (4.4.12)

zn+1 + zn

2
= z

(
tn+

1
2

)
+

∆t2

8
s
n+ 1

2
2 (z), (4.4.13)

zn+1 − zn = ∆t
∂z

∂t

(
tn+

1
2

)
+

∆t3

24
s
n+ 1

2
3 (z), (4.4.14)

un = u
(
tn+

1
2

)
− ∆t

2

∂u

∂t

(
tn+

1
2

)
+

∆t2

22
1

2!
s
n+ 1

2
4 (u) (4.4.15)

from Eq. (4.1.6), it follow that

Pu
(
tn+

1
2

)
=

(
∂2u

∂x2
+
∂2u

∂y2

)(
tn+

1
2

)
− ∆x4

240
s
n+ 1

2
5 (u)− ∆y4

240
s
n+ 1

2
6 (u)

=
∂z

∂t

(
tn+

1
2

)
− ∆x4

240
s
n+ 1

2
5 (u)− ∆y4

240
s
n+ 1

2
6 (u) (4.4.16)
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where

s
n+ 1

2
1 (u) =

{
∂3ui,j
∂t3

(tχ1)

}
, s

n+ 1
2

2 (z) =

{
∂2zi,j
∂t2

(tχ2)

}
,

s
n+ 1

2
3 (z) =

{
∂3zi,j
∂t3

(tχ3)

}
, s

n+ 1
2

4 (u) =

{
∂2ui,j
∂t2

(tχ4)

}
,

s
n+ 1

2
5 (u) =

{
∂6u

∂x6

(
ζ1, yj, t

n+ 1
2

)}
, s

n+ 1
2

6 (u) =

{
∂6u

∂y6

(
xi, ζ2, t

n+ 1
2

)}
.

Thus, using Eqs. (4.4.12)-(4.4.15) in the first equation of (4.4.3), it follow that

T̃
n+ 1

2
e =

(
∂z

∂t

(
tn+

1
2

)
+

∆t2

24
s
n+ 1

2
1 (z)

)
− P

(
u
(
tn+

1
2

)
− ∆t

2

∂u

∂t

(
tn+

1
2

)
+

∆t2

22
1

2!
s
n+ 1

2
4 (u)

)
− ∆t

2
PC2

(
z
(
tn+

1
2

)
− ∆t

2

∂z

∂t

(
tn+

1
2

)
+

∆t2

22
1

2!
s
n+ 1

2
4 (z)

)
− α1

∆t2

2
PC2P

(
u
(
tn+

1
2

)
− ∆t

2

∂u

∂t

(
tn+

1
2

)
+

∆t2

22
1

2!
s
n+ 1

2
4 (u)

)
(4.4.17)

from Eqs. (4.1.4) and (4.4.16), it follow that

T̃
n+ 1

2
e =

∆t2

24
s
n+ 1

2
1 (z) +

(
∆x4

240
s
n+ 1

2
5 (u) +

∆y4

240
s
n+ 1

2
6 (u)

)
− ∆t2

22
1

2!
Ps

n+ 1
2

4 (u)

− α1
∆t2

2
PC2

(
∂z

∂t

(
tn+

1
2

)
− ∆x4

240
s
n+ 1

2
5 (u)− ∆y4

240
s
n+ 1

2
6 (u)

)
+

∆t2

4
PC2∂z

∂t

(
tn+

1
2

)
+O(∆t3) (4.4.18)

using Eq. (4.1.6), components of Ps
n+ 1

2
4 (u) are given as

(
P−1

x δ2x + P−1
y δ2y

) (
s
n+ 1

2
4 (ui,j)

)
=

∂2

∂x2

(
∂2u

∂t2
(xi, yj, t

χ4)

)
+

∂2

∂y2

(
∂2u

∂t2
(xi, yj, t

χ4)

)
+K(∆x4 +∆y4) (4.4.19)

which, further implies that

||Ps
n+ 1

2
4 (u)|| ≤ K (4.4.20)

similarly, it follow that

||PC2∂z

∂t

(
tn+

1
2

)
|| ≤ K, ||PC2s

n+ 1
2

5 (u)|| ≤ K, ||PC2s
n+ 1

2
6 (u)|| ≤ K (4.4.21)
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substituting Ineqs. (4.4.20) and (4.4.21) in Eq. (4.4.18), the following is obtained

||T̃n+ 1
2

e || ≤ K(∆t2 +∆x4 +∆y4 +∆t2(∆x4 +∆y4)) (4.4.22)

Next, using Eqs. (4.4.12)-(4.4.15) in Eq. (4.4.3), it follows that

Te
n+ 1

2 =

(
∂u

∂t

(
tn+

1
2

)
+

∆t2

24
s
n+ 1

2
1 (u)

)
− C2

(
z
(
tn+

1
2

)
+

∆t2

8
s
n+ 1

2
2 (z)

)
+ α2C

2

(
∆t
∂z

∂t

(
tn+

1
2

)
+

∆t3

24
s
n+ 1

2
3 (z)

)
− α2∆tC

2P

(
u
(
tn+

1
2

)
− ∆t

2

∂u

∂t

(
tn+

1
2

)
+

∆t2

22
1

2!
s
n+ 1

2
4 (u)

)
(4.4.23)

from Eq. (4.1.4), it follows that

Te
n+ 1

2 =
∆t2

24
s
n+ 1

2
1 (u)− ∆t2

8
C2s

n+ 1
2

2 (z) + α2
∆t3

24
C2s

n+ 1
2

3 (z)

+ α2
∆t2

2
C2P

∂u

∂t

(
tn+

1
2

)
− α2

∆t3

22
1

2!
C2Ps

n+ 1
2

4 (u) (4.4.24)

from Eq. (4.4.16) and first equation of Eq. (4.1.4), the following is obtained

P
∂u

∂t

(
tn+

1
2

)
=

(
∂2

∂x2
∂u

∂t
+

∂2

∂y2
∂u

∂t

)(
tn+

1
2

)
− ∆x4

240
s
n+ 1

2
5

(
∂u

∂t

)
− ∆y4

240
s
n+ 1

2
6

(
∂u

∂t

)
=
∂2z

∂t2

(
tn+

1
2

)
+K(∆x4 +∆y4) (4.4.25)

thus, using Eq. (4.4.25) and s
n+ 1

2
2 (z) = ∂2z

∂t2

(
tn+

1
2

)
it follows that

Te
n+ 1

2 =
∆t2

24
s
n+ 1

2
1 (u)− ∆t2

8
C2s

n+ 1
2

2 (z) + α2
∆t2

2
C2s

n+ 1
2

2 (z)

− α2
∆t2

2
C2K

(
∆x4 +∆y4

)
+O(∆t3) (4.4.26)

using Lemma 4.3.5, the following estimate is obtained as

||Te
n+ 1

2 || ≤ K(∆t2 +∆t2(∆x4 +∆y4)) (4.4.27)

Moreover, from Eq. (4.4.26), it follows that

Γ+
xTe

n+ 1
2 =

∆t2

24
Γ+
x s

n+ 1
2

1 (u)− ∆t2

8
C2Γ+

x s
n+ 1

2
2 (z) + α2C

2∆t
2

2
Γ+
x

∂2z

∂t2

(
tn+

1
2

)
− α2C

2∆t
2

2

(
∆x4

240
Γ+
x s

n+ 1
2

5

(
∂u

∂t

)
+

∆y4

240
Γ+
x s

n+ 1
2

6

(
∂u

∂t

))
(4.4.28)
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using Lemmas 4.3.5, 4.4.1, and 4.4.2, it follows that

||Γ+
xTe

n+ 1
2 || ≤ K(∆t2 +∆t2∆x4 +∆t2∆y4)

Similarly, we can also be obtained that

||Γ+
y Te

n+ 1
2 || ≤ K(∆t2 +∆t2∆x4 +∆t2∆y4)

Finally, the convergence result for the fully-discretized system using the EDRP2-C4

scheme is discussed next.

Theorem 4.4.4. If (z, u) be the sufficiently smooth solution to the Eq. (4.1.4) and (Z,U)

be the corresponding numerical solution obtained using EDRP2-C4 scheme. Then, there

exists a positive constant K independent of ∆t,∆x, and ∆y such that

||zn − Zn||+ ||un − Un||+ ||Γ+
x (u

n − Un)||+ ||Γ+
y (u

n − Un)|| ≤ K(∆t2 +∆x4 +∆y4)

(4.4.29)

Proof. Solution errors are represented as, ψn
i,j = zni,j − Zn

i,j, ϕ
n
i,j = uni,j − Un

i,j. Subtracting

Eq. (4.1.14) from Eq. (4.4.3), the following error equations are obtained

ψn+1 − ψn

∆t
= Pϕn +

∆t

2
PC2ψn + α1

∆t2

2
PC2Pϕn + T̃

n+ 1
2

e (4.4.30)

ϕn+1 − ϕn

∆t
= C2ψ

n+1 + ψn

2
− α2C

2(ψn+1 − ψn) + α2∆tC
2Pϕn +Te

n+ 1
2 (4.4.31)

with ψ|t=0 = 0, ϕ|t=0 = 0. Taking inner product of each term of Eq. (4.4.31) with
ϕn+1 + ϕn

2
, it follows that

〈
ϕn+1 − ϕn

∆t
,
ϕn+1 + ϕn

2

〉
=

〈
C2ψ

n+1 + ψn

2
,
ϕn+1 + ϕn

2

〉
−
〈
α2C

2(ψn+1 − ψn),
ϕn+1 + ϕn

2

〉
+

〈
α2∆tC

2Pϕn,
ϕn+1 + ϕn

2

〉
+

〈
Te

n+ 1
2 ,
ϕn+1 + ϕn

2

〉
= Υ1 +Υ2 +Υ3 +Υ4 (4.4.32)
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where

Υ1 =

〈
C2ψ

n+1 + ψn

2
,
ϕn+1 + ϕn

2

〉
≤ 1

4

(
||Cψn+1||2 + ||Cψn||2 + ||Cϕn+1||2 + ||Cϕn||2

)
(4.4.33)

Υ2 =

〈
α2C

2(ψn − ψn+1),
ϕn+1 + ϕn

2

〉
≤ α2

2

(
2(||Cψn+1||2 + ||Cψn||2) + ||Cϕn+1||2 + ||Cϕn||2

)
(4.4.34)

Υ3 =

〈
α2∆tC

2Pϕn,
ϕn+1 + ϕn

2

〉
=
α2∆t

2

〈
C2Pϕn, ϕn+1 + ϕn

〉
≤ α2∆t

2

(
1

2
||CPϕn||2 + ||Cϕn+1||2 + ||Cϕn||2

)
(4.4.35)

and

Υ4 =

〈
Te

n+ 1
2 ,
ϕn+1 + ϕn

2

〉
≤ 1

2
||Te

n+ 1
2 ||2 + 1

4
(||ϕn+1||2 + ||ϕn||2) (4.4.36)

from Ineqs. (4.4.33)-(4.4.36), and using Lemmas 4.3.2 and 4.3.5, the following estimate

for Eq. (4.4.32) is obtained as

||ϕn+1||2 − ||ϕn||2

2∆t
≤ 1

4
(1 + c22 + 2α2c

2
2)
(
||ϕn+1||2 + ||ϕn||2

)
+

(1 + 4α2)

4

(
||Cψn+1||2 + ||Cψn||2

)
+

1

2
||Te

n+ 1
2 ||2

+
α2∆t

2

(
1

2
||CPϕn||2 + ||Cϕn+1||2 + ||Cϕn||2

)
(4.4.37)

Next, by taking the inner products of C2ψ
n+1 + ψn

2
with Eq. (4.4.30) and P(ϕn+1 + ϕn)

with Eq. (4.4.31), respectively, and then subtracting the resultant equations, it follows

that 〈
ψn+1 − ψn

∆t
, C2ψ

n+1 + ψn

2

〉
−
〈
ϕn+1 − ϕn

∆t
,P(ϕn+1 + ϕn)

〉
=

〈
∆t

2
PC2ψn, C2ψ

n+1 + ψn

2

〉
+

〈
α1

∆t2

2
PC2Pϕn, C2ψ

n+1 + ψn

2

〉
+

〈
T̃

n+ 1
2

e , C2ψ
n+1 + ψn

2

〉
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−
〈
C2ψ

n+1 + ψn

2
,Pϕn+1

〉
+
〈
α2C

2(ψn+1 − ψn),P(ϕn+1 + ϕn)
〉

−
〈
α2∆tC

2Pϕn,P(ϕn+1 + ϕn)
〉
−
〈
Te

n+ 1
2 ,P(ϕn+1 + ϕn)

〉
= Θ1 +Θ2 +Θ3 +Θ4 +Θ5 +Θ6 +Θ7 (4.4.38)

Next, the estimates of the left-hand side terms of Eq. (4.4.38) have been evaluated. The

first term is obtained as〈
ψn+1 − ψn

∆t
, C2ψ

n+1 + ψn

2

〉
=

1

2∆t
(||Cψn+1||2 − ||Cψn||2) (4.4.39)

and using Lemmas 4.3.3, 4.3.4 and matrix P, the second term has been obtained as

−
〈
ϕn+1 − ϕn

∆t
,P(ϕn+1 + ϕn)

〉
=

1

∆t

(
||Γ+

x ϕ
n+1||2Qx

− ||Γ+
x ϕ

n||2Qx

+ ||Γ+
y ϕ

n+1||2Qy
− ||Γ+

y ϕ
n||2Qy

)
(4.4.40)

Next, the estimates for the right-hand side terms of Eq. (4.4.38) have been evaluated as

Θ1 =

〈
∆t

2
PC2ψn, C2ψ

n+1 + ψn

2

〉
≤ ∆t

4

(
1

2
||PC2ψn||2 + ||C2ψn+1||2 + ||C2ψn||2

)
(4.4.41)

Θ2 =

〈
α1

∆t2

2
PC2Pϕn, C2ψ

n+1 + ψn

2

〉
= α1

∆t2

4

〈
PC2Pϕn, C2(ψn+1 + ψn)

〉
≤ α1∆t

2

4

(
1

2
||PC2Pϕn||2 + ||C2ψn+1||2 + ||C2ψn||2

)
(4.4.42)

Θ3 =

〈
T̃

n+ 1
2

e , C2ψ
n+1 + ψn

2

〉
≤ 1

2
||CT̃n+ 1

2
e ||2 + 1

4

(
||Cψn+1||2 + ||Cψn||2

)
(4.4.43)

from the definition of P and using Lemmas 4.3.3, 4.3.4, it can be derived that

Θ4 = −
〈
C2ψ

n+1 + ψn

2
,Pϕn+1

〉
≤ 1

2

(
||Γ+

xC
2ψn+1||2Qx

+ ||Γ+
xC

2ψn||2Qx
+ ||Γ+

y C
2ψn+1||2Qy

+ ||Γ+
y C

2ψn||2Qy
+ ||Γ+

x ϕ
n+1||2Qx

+ ||Γ+
y ϕ

n+1||2Qy

)
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using Lemmas 4.3.2, 4.3.5, it follows that

Θ4 ≤
3c42
4

(
||Γ+

x ψ
n+1||2 + ||Γ+

x ψ
n||2 + ||Γ+

y ψ
n+1||2 + ||Γ+

y ψ
n||2
)

+
1

2

(
||Γ+

x ϕ
n+1||2Qx

+ ||Γ+
y ϕ

n+1||2Qy

)
(4.4.44)

Θ5 =
〈
α2C

2(ψn+1 − ψn),P(ϕn+1 + ϕn)
〉

≤ 3c42α2

2

(
||Γ+

x ψ
n||2 − ||Γ+

x ψ
n+1||2 + ||Γ+

y ψ
n||2 − ||Γ+

y ψ
n+1||2

)
+ α2

(
||Γ+

x ϕ
n+1||2Qx

+ ||Γ+
y ϕ

n+1||2Qy
+ ||Γ+

x ϕ
n||2Qx

+ ||Γ+
y ϕ

n||2Qy

)
(4.4.45)

Θ6 = −
〈
α2∆tC

2Pϕn,P(ϕn+1 + ϕn)
〉

≤ α2∆t

(
1

2
||C2Pϕn||2 + ||Pϕn+1||2 + ||Pϕn||2

)
(4.4.46)

by using Lemmas 4.3.3, 4.3.4 and matrix P, it has been obtained that

Θ7 = −
〈
Te

n+ 1
2 ,P(ϕn+1 + ϕn)

〉
≤ 1

2

(
||Γ+

xTe
n+ 1

2 ||2Qx
+ ||Γ+

y Te
n+ 1

2 ||2Qy

)
+

1

2

(
||Γ+

x ϕ
n+1||2Qx

+ ||Γ+
y ϕ

n+1||2Qy
+ ||Γ+

x ϕ
n||2Qx

+ ||Γ+
y ϕ

n||2Qy

)
(4.4.47)

combining the above estimates for Eq. (4.4.38) and using Lemma 4.3.5, the following

estimate is obtained as

1

2∆t
(||Cψn+1||2 − ||Cψn||2) + 1

∆t

(
||Γ+

x ϕ
n+1||2Qx

− ||Γ+
x ϕ

n||2Qx

)
+

1

∆t

(
||Γ+

y ϕ
n+1||2Qy

− ||Γ+
y ϕ

n||2Qy

)
≤ ∆t

4

(
1

2
||PC2ψn||2 + ||C2ψn+1||2

+ ||C2ψn||2
)
+
α1∆t

2

4

(
1

2
||PC2Pϕn||2 + ||C2ψn+1||2 + ||C2ψn||2

)
+
c22
2
||T̃n+ 1

2
e ||+ 1

4

(
||Cψn+1||2 + ||Cψn||2

)
+

3c22(1 + 2α2)

4

(
||Γ+

x ψ
n||2 + ||Γ+

y ψ
n||2
)

+
3c22(1− 2α2)

4

(
||Γ+

x ψ
n+1||2 + ||Γ+

y ψ
n+1||2

)
+

(1 + α2)

2

(
2(||Γ+

x ϕ
n+1||2Qx

+ ||Γ+
y ϕ

n+1||2Qy
) + ||Γ+

x ϕ
n||2Qx

+ ||Γ+
y ϕ

n||2Qy

)
+ α2∆t

(
1

2
||C2Pϕn||2

+ ||Pϕn+1||2 + ||Pϕn||2
)
+

1

2

(
||Γ+

xTe
n+ 1

2 ||2Qx
+ ∥|Γ+

y Te
n+ 1

2 ||2Qy

)
(4.4.48)
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adding Ineqs. (4.4.37) and (4.4.48), multiplying resulting expression by 2∆t, and discard-

ing O(∆t2) terms, it follows that

(||ϕn+1||2 − ||ϕn||2) + (||Cψn+1||2 − ||Cψn||2) + 2
(
||Γ+

x ϕ
n+1||2Qx

− ||Γ+
x ϕ

n||2Qx

)
+ 2

(
||Γ+

y ϕ
n+1||2Qy

− ||Γ+
y ϕ

n||2Qy

)
≤ ∆t

2
(1 + c22 + 2α2c

2
2)
(
||ϕn+1||2 + ||ϕn||2

)
+

∆t(1 + 4α2)

2

(
||Cψn+1||2 + ||Cψn||2

)
+∆t||Te

n+ 1
2 ||2 +∆tc22||T̃

n+ 1
2

e ||2

+
∆t

2

(
||Cψn+1||2 + ||Cψn||2

)
+

3∆tc22(1 + 2α2)

2

(
||Γ+

x ψ
n||2 + ||Γ+

y ψ
n||2
)

+
3∆tc22(1− 2α2)

2

(
||Γ+

x ψ
n+1||2 + ||Γ+

y ψ
n+1||2

)
+∆t

(
||Γ+

xTe
n+ 1

2 ||2Qx
+ ||Γ+

y Te
n+ 1

2 ||2Qy

)
+∆t(1 + α2)

(
2(||Γ+

x ϕ
n+1||2Qx

+ ||Γ+
y ϕ

n+1||2Qy
) + ||Γ+

x ϕ
n||2Qx

+ ||Γ+
y ϕ

n||2Qy

)
(4.4.49)

Considering discrete sum of Ineq. (4.4.49) from n = 0, 1, ...,m − 1 and using ψ0 = 0,

ϕ0 = 0, it follows that

||ϕm||2 + ||Cψm||2 + 2
(
||Γ+

x ϕ
m||2Qx

+ ||Γ+
y ϕ

m||2Qy

)
≤ K∆t

m∑
i=1

(
||ϕi||2 + ||Cψi||2

)
+K∆t

m∑
i=1

(
||Γ+

x ϕ
i||2Qx

+ ||Γ+
y ϕ

i||2Qy
+ ||Γ+

x ψ
i||2 + ||Γ+

y ψ
i||2
)

+K∆t
m−1∑
i=0

(
||Γ+

xTe
i+ 1

2 ||2Qx
+ ||Γ+

y Te
i+ 1

2 ||2Qy
+ ||Te

i+ 1
2 ||2 + ||T̃i+ 1

2
e ||2

)
(4.4.50)

Ultimately, by utilizing Lemmas 4.3.2, 4.3.5, 4.4.1, 4.4.2 in conjunction with the discrete

Grönwall’s inequality, the result given in Ineq. (4.4.29) is obtained.

4.5 Simulation of acoustic wave equation

4.5.1 Acoustic wave equation with constant phase speed

To validate the accuracy and efficiency of the developed method, simulations of various

test cases for the propagation of acoustic wave equations in homogeneous and heteroge-

neous mediums have been performed. The 2D wave equation is given as

∂2u

∂t2
− c2

(
∂2u

∂x2
+
∂2u

∂y2

)
= 0, (x, y, t) ∈ [0, 2]3 (4.5.1)
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initial conditions are chosen as

u(x, y)|t=0 = cos(−πx− πy),
∂u

∂t
(x, y)

∣∣∣
t=0

= −
√
2π sin(−πx− πy) (4.5.2)

To establish the accuracy of the present scheme, the L2-norm of the error and the

relative error in the discrete energy for the 2D wave equation have been computed.

Boundary data are chosen so that the exact solution for Eqs. (4.5.1)-(4.5.2) is given

as, u(x, y, t) = cos
(√

2πt− πx− πy
)
. Time advancement is performed using the EDRP2

method and the C4 scheme is used for spatial discretization. For numerical computations,

c = 1 and ∆t = ∆x2 = ∆y2 have been fixed. Using computed solutions, L2-norm of the

error and rate of convergence at time T = 2 are given in Table 4.3. It is evident from

Table 4.3 that the EDRP2-C4 scheme has a fourth-order spatial convergence rate and

second-order temporal convergence rate. Relative errors (RE) in the discrete energy are

defined as

RE =
|Enum − E0|

|E0|

Relative errors in the discrete energy at indicated final time T are shown in Table 4.4.

Table 4.4 confirms that the present scheme is energy conservative irrespective of final time

T . Moreover, a comparison of maximum absolute error at Cr = 0.5 shown in Fig. 4.2

validates that the developed method has better accuracy as compared to the RKNmethod.

4.5.2 Acoustic wave equation with variable phase speed

The 2D wave equation with variable phase speed and source function is given as

∂2u

∂t2
− c2(x, y)

(
∂2u

∂x2
+
∂2u

∂y2

)
= f(x, y, t), (x, y, t) ∈ [0, 2]3 (4.5.3)

where f(x, y, t) = π2 cos
(√

2πt− πx− πy
) (

2 + 2× 10−5
(
sin2(πx) + sin2(πy)

)
− 1
)
is the

source function and c2(x, y) = 2
(
1 + 10−5

(
sin2(πx) + sin2(πy)

))
. Initial conditions are

chosen as

u(x, y)|t=0 = cos(−πx− πy),
∂u

∂t
(x, y)

∣∣∣
t=0

= −
√
2π sin(−πx− πy) (4.5.4)

Boundary data are taken such that the exact solution for Eqs. (4.5.3)-(4.5.4) is given as,

u(x, y, t) = cos
(√

2πt− πx− πy
)
. Using computed solutions, L2-norm of the error and
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Table 4.3: L2-norm of the error and convergence rate using EDRP2-C4 scheme for

Eq. (4.5.1) with initial conditions given in Eq. (4.5.2) for indicated values of ∆x, ∆y

and ∆t at time T = 2.

∆x = ∆y ∆t L2 − error Convergence

Rate (space)

Convergence

Rate (time)

1/2 1/22 4.8693× 10−2 – –

1/4 1/42 7.2704× 10−3 2.7436 1.3718

1/8 1/82 5.2425× 10−4 3.7937 1.8969

1/16 1/162 3.3116× 10−5 3.9846 1.9923

1/32 1/322 2.0581× 10−6 4.0081 2.0041

Table 4.4: Relative error in discrete energy using EDRP2-C4 scheme for Eq. (4.5.1) with

initial conditions given in Eq. (4.5.2) at indicated values of time T . Here, ∆x = ∆y = 1/32

and ∆t = ∆x2.

Time (T ) Relative Energy Error

1/4 5.3075× 10−9

1/2 5.3076× 10−9

1 5.3075× 10−9

3/2 5.3078× 10−9

2 5.3077× 10−9

rate of convergence at final time T = 2 are given in Table 4.5. It is observed from Table 4.5

that the EDRP2-C4 scheme has a fourth-order spatial convergence rate and a second-order

temporal convergence rate. Relative errors in the discrete energy at indicated final time

T are given in Table 4.6. Similar to the constant phase speed case, Table 4.6 shows that

the present scheme is energy conservative for the variable phase speed case also.
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Figure 4.2: Comparison of maximum absolute error over time for the marked numerical

methods at Cr = 0.5 for the 2D acoustic wave equation provided in Eq. (4.5.1) with c = 1

and initial data given in Eq. (4.5.2).

4.5.3 Acoustic waves in heterogeneous medium

For wave propagation in the heterogeneous medium, we have considered the nonhomoge-

neous acoustic wave equation given as

∂2u

∂t2
− c2(x, y)

(
∂2u

∂x2
+
∂2u

∂y2

)
= f(x, y, t) (4.5.5)

with a point source located inside the domain [0, 5000]2 with zero Dirichlet boundary

conditions. The source function is defined using Ricker’s wavelet [71], given as

f(x, y, t) = δ(x− x0, y − y0)
[
1− 2π2fp

2(t− dr)
2
]
e−π2fp

2(t−dr)2 (4.5.6)

where δ(x−x0, y−y0) is the Dirac distribution, fp = 10Hz is the peak frequency and dr =

0.5/fp is the time delay that is used to ensure zero initial conditions. In the present case,
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Table 4.5: L2-norm of the error and convergence rate using EDRP2-C4 scheme for

Eq. (4.5.3) with initial conditions given in Eq. (4.5.4) for indicated values of ∆x, ∆y

and ∆t at time T = 2.

∆x = ∆y ∆t L2 − error Convergence

Rate (space)

Convergence

Rate (time)

1/2 1/22 4.8695× 10−2 – –

1/4 1/42 7.2702× 10−3 2.7437 1.3718

1/8 1/82 5.2425× 10−4 3.7937 1.8968

1/16 1/162 3.3120× 10−5 3.9845 1.9922

1/32 1/322 2.0591× 10−6 4.0076 2.0038

Table 4.6: Relative error in discrete energy using EDRP2-C4 scheme for Eq. (4.5.3) with

initial conditions given in Eq. (4.5.4) at indicated values of time T . Here, ∆x = ∆y = 1/32

and ∆t = ∆x2.

Time (T ) Relative Energy Error

1/4 2.7976× 10−7

1/2 2.2082× 10−7

1 3.2991× 10−7

3/2 6.3225× 10−8

2 1.2390× 10−7

simulations of wave propagation in two- and three-layered mediums have been performed

with ∆x = ∆y = 12.5m and ∆t = 0.001s. Schematic of a two-layered medium with the

location of source function is shown in Fig. 4.3(a). As shown in Fig. 4.3(a), the upper

half-layer has phase speed c = 1500m/s and for the lower half-layer c = 3000m/s with

the source function located at (x0, y0) = (2500m, 2000m). Computed wavefields for the

two-layered medium are shown in Fig. 4.3(b) at marked instants. Due to the time delay,
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Figure 4.3(a): Schematic of the nonhomogeneous acoustic wave propagation given in

Eqs. (4.5.5)-(4.5.6) in a two-layered heterogeneous medium.

the source gets activated approximately at t = 0.05s. Thus, solution at t = 0.3s (left

top frame of Fig. 4.3(b)) form a pure circle wavefront due to the constant phase speed in

the upper-layer. Reflections from the layer’s interface are visible from t = 0.65s onward.

Due to unequal phase speeds in both layers, reflected and refracted wavefronts retain the

circular shape with different radii. At t = 1.15s, the wavefront (in the bottom layer) hits

the left and right boundaries of the domain. However, no significant numerical dispersion

is observed due to boundary reflections confirming that the developed method also has

negligible dispersion error.

The schematic of the three-layered model is shown in Fig. 4.3(d). For three-layered

medium, the upper layer has phase speed c = 3000m/s, for the middle layer c = 1500m/s,

and c = 3000m/s in the lower layer of the domain. The source function is located

at (2500m, 2500m). The computed wavefields in a three-layered medium are depicted

in Fig. 4.3(e). The wave propagates only within the mid-layer till t = 0.30s and at

t = 0.65s the wavefront strikes the upper and lower interfaces producing the reflections
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Figure 4.3(b): Wavefields contours for the nonhomogeneous acoustic wave propagation

given in Eqs. (4.5.5)-(4.5.6) in a two-layered medium using the EDRP2-C4 scheme at

indicated instants.

in the middle-layer. As time progresses, both reflected and refracted waves advance

with circular wavefronts, as illustrated at t = 0.95s, while two reflected waves collide at

t = 1.15s.

Moreover, to highlight the dispersion error, comparisons of the computed wavefields at

marked instants using the EDRP2-C4 scheme and with the second-order leapfrog (LF2)

time marching for the two-layered medium (shown in Fig. 4.3(a)) across the vertical line

at x = 2500m are presented in Fig. 4.3(c). From Fig. 4.3(c), it is evident that the present
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Figure 4.3(c): Comparison of the amplitudes of wavefields shown in Fig. 4.3(b) using

EDRP2-C4 and LF2-C4 schemes across the vertical line at x = 2500m in a two-layered

heterogeneous medium at indicated instants.

method has negligible dispersion error as compared to the LF2 method.

4.5.4 The corner edge model

To further examine the accuracy of the developed method, the corner edge model [69] has

been simulated following Eq. (4.5.5). The schematic of the corner edge model is given in

Fig. 4.4(a). The phase speed in the region I is 2000m/s, 3000m/s in the region II, and

4000m/s in the region III of the domain. For numerical simulation, a domain [0, 12000]2
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Figure 4.3(d): Schematic of the nonhomogeneous wave propagation given in Eqs. (4.5.5)-

(4.5.6) in a three-layered heterogeneous medium.

has been considered. The source function is chosen as

f(t) = −5.76f 2
0

[
1− 16(0.6f0t− 1)2

]
e−8(0.6f0t−1)2 (4.5.7)

The source function having a crest frequency of f0 = 20Hz is located at the domain’s

center. For numerical simulation, ∆t = 0.006s and ∆x = ∆y = 40m have been chosen,

with zero initial and Dirichlet boundary conditions. Fig. 4.4(b) shows the comparison

of wavefield images produced by the EDRP2-C4 method with the LF2-C4 method at

indicated instants. It is noticed that the acoustic wave propagation stays inside domain

III, there is no reflected wave till time t = 0.5s. The reflected wave from vertical and

horizontal interfaces can be seen at t = 0.8s and as time advances more reflection and

transmission of wave can be seen at t = 1.2s. Finally, Fig. 4.4(b) shows that the EDRP2-

C4 scheme performs better than the LF2-C4 method, as the EDRP2-C4 scheme produces

less numerical dispersion in comparison to the LF2-C4 method.
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Figure 4.3(e): Wavefields contours for the nonhomogeneous acoustic wave propagation

given in Eqs. (4.5.5)-(4.5.6) in a three-layered heterogeneous medium using the EDRP2-C4

scheme at indicated instants.

4.6 Simulation of nonlinear wave equations

For the numerical simulations of the nonlinear wave equations, the sine-Gordon and Klein-

Gordon equations have been considered as the model systems.

110



Figure 4.4(a): Schematic of the corner edge model for the nonhomogeneous acoustic

wave propagation with the source function given in Eq. (4.5.7).

Figure 4.4(b): Comparison of the wavefield snapshots for the corner edge-model using

EDRP2-C4 and LF2-C4 schemes at indicated instants for the nonhomogeneous acoustic

wave propagation with the source function given in Eq. (4.5.7).
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4.6.1 Propagation of orthogonal line-solitons

Two-dimensional damped sine-Gordon equation described in Eq. (1.6.1)[65] with Joseph-

son junction is considered, where a represents the coefficient of damping and F (x, y) stands

for Josephson density of the current. Here, Ω = {(x, y), a ≤ x ≤ b, a ≤ y ≤ b} and

t > 0 is chosen as the computational domain. Numerical simulations of the sine-Gordon

equation are performed to investigate the combining of two perpendicular line-solitons

in a superposed state with F (x, y) = −1. The initial and boundary conditions [141] are

chosen as

u(x, y)
∣∣∣
t=0

= 4tan−1(exp(x)) + 4tan−1(exp(y)), (x, y) ∈ [−6, 6]2

∂u

∂t
(x, y)

∣∣∣
t=0

= 0, (x, y) ∈ [−6, 6]2
(4.6.1)

and

∂u

∂x
(y, t)

∣∣∣
x=−6,6

= 0, y ∈ [−6, 6],
∂u

∂y
(x, t)

∣∣∣
y=−6,6

= 0, x ∈ [−6, 6], t > 0 (4.6.2)

respectively. Computations are performed for the undamped system (a = 0) with ∆x =

∆y = 0.25m and ∆t = 0.001s using EDRP2-C4 scheme. The computed results, depicted

in Fig. 4.5(a), illustrate that the line-solitons exhibit an outward motion along y = x line.

Additionally, the energy for the Eq. (1.6.1) has been calculated using the initial and

boundary data specified by Eqs. (4.6.1)-(4.6.2). The energy (E) for Eq. (1.6.1) is expressed

as

∂E

∂t
= −a

∫ ∫
Ω

(ut)
2dxdy (4.6.3)

where

E =
1

2

∫ ∫
Ω

(
u2x + u2y + u2t + 2(1− cos(u))

)
dxdy

Equation (4.6.3) confirms that in the absence of damping (a = 0), the energy (E) remain

conserved. The initial energy E(t = 0) is determined by substituting the initial data given

in Eq. (4.6.1) into the energy expression (E), as
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Figure 4.5(a): Interaction of two orthogonal line-solitons following undamped sine-

Gordon equation with initial and boundary conditions given in Eqs. (4.6.1)-(4.6.2) at

indicated instant using EDRP2-C4 scheme. Here, a = 0, F (x, y) = −1, ∆x = ∆y = 0.25m

and ∆t = 0.001s.

E0 = 8

(
b (ea − e−a)

ea + e−a
+
a
(
eb − e−b

)
eb + e−b

)
+ 8

(
1

1 + e−2a
− 1

1 + e2a

)
×
(

1

1 + e2b
− 1

1 + e−2b
+ b

)
+ 8

(
1

1 + e−2b
− 1

1 + e2b

)
×
(

1

1 + e2a
− 1

1 + e−2a
+ a

)
+4
(
sin 2(tan−1(ea))− sin 2(tan−1(e−a))

)
×
(
sin 2(tan−1(eb))− sin 2(tan−1(e−b))

)
It is observed from Fig. 4.5(b) that the discrete energy for the undamped sine-Gordon

system remains conserved with time.
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Figure 4.5(b): Variation of the absolute difference of initial and numerical energy

(|Enum − E0|) with time for the undamped sine-Gordon equation (1.6.1) with initial

and boundary conditions given in Eqs. (4.6.1)-(4.6.2). Computations are performed with

F (x, y) = −1, ∆x = ∆y = 0.25m and ∆t = 0.001s.

4.6.2 The sine-Gordon equation in a two-layered medium

In the present case, the undamped sine-Gordon equation has been simulated in a two-

layered medium. The upper-layer of the domain has a phase speed c = 1.0m/s and for the

lower-layer c = 1.5m/s. Schematic for the simulation of undamped sine-Gordon equation

in a two-layered medium is shown in Fig. 4.6(a). Numerical simulations of the collision

of four expanding circular ring-solitons following sine-Gordon equation are performed

to examine the accuracy and efficiency of the developed method. For computations, a

domain [−30, 10]2 is chosen with the initial conditions [66] given as

u(x, y)|t=0 = 4 tan−1

[
e

1
0.4360

(
4−
√

(x+3)2+(y+3)2
)]

∂u

∂t
(x, y)

∣∣∣
t=0

= 4.1300/cosh

[
1

0.4360

(
4−

√
(x+ 3)2 + (y + 3)2

)] (4.6.4)
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Figure 4.6(a): Schematic of the domain for the simulation of the collision of four ring-

solitons following undamped sine-Gordon equation (1.6.1) in a two-layered heterogeneous

medium.

Figure 4.6(b): Computed solution of the collision of four ring-solitons with respect to

sin(u/2) (instead of u) following sine-Gordon equation (1.6.1) with periodic boundary

conditions and the initial data given in Eq. (4.6.4) at indicated instants using EDRP2-C4

scheme.
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Computations are performed using periodic boundary conditions with ∆x = ∆y = 1/8m,

∆t = 1/64s and a = 0. Due to symmetry relations, computed results are expanded along

vertical (x = −10) and horizontal (y = −10) lines. Figure 4.6(b) shows the propagation of

solitons in terms of sin(u/2) in a two-layered medium up to time t = 5s. At t = 0s, all four

solitons form a perfect circle due to their constant phase speed in their respective layer. As

time advances, it is observed that the ring-solitons enclosing an annular region merge into

a larger single ring soliton. As evident from Fig. 4.6(b) that the four ring-solitons interact

in a very complex manner in the center of the domain and due to this, values of unknown

u change very quickly. Moreover, due to the homogeneity of both layers, solitons in each

layer maintain the similar shape. It is also noticed from Fig. 4.6(b) that the bottom layer

experiences faster wave propagation than the top layer due to the higher phase speed in

the bottom layer. Finally, numerical simulations of the nonlinear Klein-Gordon equation

in the layered medium are discussed.

4.6.3 The Klein-Gordon equation in a two-layered medium

The two-dimensional nonlinear Klein-Gordon equation is given as

∂2u

∂t2
− c2

(
∂2u

∂x2
+
∂2u

∂y2

)
+ u+ u3 = 0, (x, y) ∈ [−8, 8]2 (4.6.5)

with the following initial conditions [66], as

u(x, y)|t=0 = 2 exp
[
− (x+ 2)2 − y2

]
,

∂u

∂t
(x, y)

∣∣∣
t=0

= exp
(
−x2 − y2

)
(4.6.6)

Simulations are performed using the EDRP2-C4 scheme with the periodic boundary con-

ditions. Here, ∆x = ∆y = 1/8m and ∆t = 1/64s have been chosen. Schematic of the

domain for the simulation of the Klein-Gordon equation is shown in Fig. 4.7(a), where

phase speed for the left-layer is c = 1.0m/s and for the phase speed for the right half-

layer is c = 0.5m/s. Figure 4.7(b) shows the wave propagation for the Klein-Gordon

equation at indicated instants in a two-layered medium. The computed solutions shown

in Fig. 4.7(b) demonstrate the intricate interaction between the solitons includes shrink,

radiation, and collision.
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Figure 4.7(a): Schematic of the domain for the simulation of the Klein-Gordon equation

(4.6.5) in a two-layered heterogeneous medium.

Figure 4.7(b): Simulation of the collision of two ring-solitons following Klein-Gordon

equation (4.6.5) with periodic boundary conditions and the initial data given in Eq. (4.6.6)

at indicated instants using EDRP2-C4 scheme.
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It is also observed from Fig. 4.7(b) that after the collision of two ring-solitons, the

wave in the left-layer propagates faster due to higher phase speed than the wave in the

right-layer. Furthermore, at the collision between two solitons, the values of u fluctuate

drastically.

It is emphasized that an energy preserving scheme for wave propagation simulation with

variable coefficients has been developed. Our convergence analysis necessitates smooth-

ness of coefficient functions and exact solutions. Nevertheless, numerical experiments in

subsections 4.5.3, 4.5.4, 4.6.2, and 4.6.3 with layered mediums demonstrate how well the

developed method performs when the coefficient functions are piecewise constants. The

future study will address the convergence analysis and accuracy of solutions for prob-

lems with discontinuous coefficient functions with reduced regularity requirement of the

solution.
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Chapter 5

Dispersion-preserving fully discrete

schemes for inhomogeneous damped

waves equations
1

The wave equation is a basic mathematical model that describes the propagation of waves

through different mediums. Wave equations play a central role in the mathematical

modeling of numerous physical processes, such as acoustic propagation, electromagnetic

waves, crack propagation, and fluid dynamics [125, 142]. The damped wave equation

is an extension of the classical wave equation that includes a damping term to model

energy dissipation over time. Computations of acoustic wave equation are discussed in

[71, 72, 70, 143, 144]. The wave propagation with variable coefficients, such as non-

constant permittivity or refractive index, are discussed in [94, 95, 96, 97, 98, 99].

Systems characterized by second-order time derivatives are commonly converted into

corresponding systems with first-order that can be integrated using methods such as lin-

ear multistep or Runge-Kutta methods [74]. The authors in [78, 79] formulated stable

and explicit odd-even hopscotch methods for solving time-dependent diffusion equations.

However, classical Runge-Kutta-Nyström (RKN) methods may be employed for the time

integration of systems having time derivative of second-order. Dispersion analysis of

1The work is under review, 2025.
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the RKN method for linear wave equations is discussed in [145]. For simulating wave

equations, compact finite difference schemes have evolved as an effective tool which pro-

vide high accuracy and the use of smaller stencils enable the accurate implementation of

boundary conditions [82, 83]. Moreover, to overcome the challenges associated with im-

plementing a compact finite difference scheme, the authors in [127, 126] examined variable

coefficients in conjunction with the time-derivative term.

Energy preserving methods for wave-like PDEs, based on AVF methods, are dis-

cussed in [84, 85, 86, 87, 105, 106, 66]. Moreover, compact ADI methods for solving

two-dimensional nonlinear wave equations are given in [132, 133]. Implicit methods are

computationally costly since they necessitate inversion of coefficient matrix. Here, the

main objective is to develop and assess an energy-preserving method with improved sta-

bility while keeping computational costs comparable to explicit approaches for damped

wave equations.

Chapter 5 focuses on the development and analysis of space-time discretizing methods

for solving linear and nonlinear damped wave equations in different mediums. This chapter

is structured as follows: Section 5.1 presents the derivation of time-integration methods

for the 2D damped wave equation and discusses spatial discretization schemes. Fourier-

spectral analysis of the developed method for the damped wave equation is discussed in

Section 5.2. Convergence analysis of the developed space-time discretizing scheme is given

in Section 5.3. Numerical experiments for the linear and nonlinear wave equations are

discussed in Section 5.4 and Section 5.5, respectively.

5.1 Formulation

We have adopted the 2D inhomogeneous wave equation described in Eq. (1.8.2) as a

reference model, where the initial and boundary conditions are expressed as

u(x, y, 0) = g1(x, y),
∂u

∂t
(x, y, 0) = g2(x, y), (x, y) ∈ Ω

u(x, y, t)|(x,y)∈∂Ω = g3(t), t > 0

(5.1.1)

defined over a finite computational domain Ω ⊂ R2, with a phase speed c(x, y), a final time
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T , and a forcing term f(u). Here, g1(x, y), g2(x, y) are the initial data and g3(t) represents

the boundary data. It is assumed here that f(u) satisfies the Lipschitz condition, given

as

|f(u1)− f(u2)| ≤ L|u1 − u2|, ∀ u1, u2 (5.1.2)

where L is the Lipschitz constant. Substituting, w = 1
c2(x,y)

(
∂u
∂t

+ au
)
, Eq. (5.1.1) can be

represented as

∂w

∂t
= L1(u)

∂u

∂t
= L2(w) + L3(u)

(5.1.3)

where L1(u) =
∂2u
∂x2 +

∂2u
∂y2

+ 1
c2(x,y)

f(x, y, u), L2(w) = c2(x, y)w, and L3(u) = −au.

The first-order energy-dispersion preserving partially implicit time-advancement method

(EDPM1) for the system in Eq. (5.1.3) is given as

wn+1 = wn +∆tL1(u
n)

un+1 = un +∆tL3(u
n) + ∆t

[
αL2(w

n) + (1− α)L2(w
n+1)

] (5.1.4)

where, α is a free-parameter.

The second-order energy-dispersion preserving partially implicit time-advancement

method (EDPM2) for the system in Eq. (5.1.3) is given as

w(1) = wn +∆tL1(u
n)

u(1) = un +∆tL3(u
n) + ∆t

[
α1L2(w

n) + (1− α1)L2(w
(1))
]

wn+1 = 0.5
[
wn + w(1) +∆tL1(u

(1)
]

un+1 = un + 0.5∆t
[
L3(u

n) + L3(u
(1))
]
+ 0.5∆t

[
L2(w

n) + 2α2L2(w
(1)) + (1− 2α2)L2(w

n+1)
]

(5.1.5)

where, α1 and α2 are free parameters.

For spatial discretizations of Eq. (5.1.3), we have assumed that Ω is a rectangular

domain. The domain Ω is discretized by considering Nx × Ny mesh-points with ∆x

and ∆y representing the mesh step-sizes and ∆t is the time-step. The conditions for

boundaries are taken as periodic, represented as xNx+1 = x0 + (Nx + 1)∆x, yNy+1 =

y0 + (Ny + 1)∆y. Mesh points satisfying these periodic conditions are denoted as, ΩE
h =
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{(xi, yj)|0 ≤ i ≤ Nx + 1, 0 ≤ j ≤ Ny + 1}. For a mesh function, u =
{
ui,j|(xi, yj) ∈ ΩE

h

}
,

the corresponding difference operators are defined as

δ+x ui,j =
ui+1,j − ui,j

∆x
, δ−x ui,j =

ui,j − ui−1,j

∆x
, δ2xui,j =

ui−1,j − 2ui,j + ui+1,j

∆x2

δ+y ui,j =
ui,j+1 − ui,j

∆y
, δ−y ui,j =

ui,j − ui,j−1

∆y
, δ2yui,j =

ui,j−1 − 2ui,j + ui,j+1

∆y2

δ2xui,j = δ+x δ
−
x , δ2yui,j = δ+y δ

−
y

Using discrete approximations for the unknowns as, Wi,j(t) ≈ w(xi, yj, t), Ui,j(t) ≈

u(xi, yj, t), and Fi,j(t) ≈ f(u(xi, yj, t)), the corresponding semi-discrete system for Eq. (5.1.1)

with second-order centered difference (CD2) scheme is given as

dWi,j(t)

dt
= δ2xUi,j + δ2yUi,j +

1

c2i,j
Fi,j(t)

dUi,j(t)

dt
= c2i,jWi,j(t)− aUi,j(t)

(5.1.6)

The matrix-vector representation of Eq. (5.1.6) is given as

dW

dt
= AU +Q2F

dU

dt
= C2W − aU

(5.1.7)

where, W = {Wi,j}, U = {Ui,j}, F = {Fi,j(t)}, A = Γ+
x Γ

−
x + Γ+

y Γ
−
y ,

C = diag(c1,1, c2,1, · · · , cNx,1, c1,2, c2,2, · · · , cNx,2, · · · , c1,Ny , c2,Ny , · · · , cNx,Ny), Q = 1/C.

By denoting corresponding identity matrices with INx and INy , Γ+
x , Γ−

x , Γ+
y , and Γ−

y

are given as

Γ+
x = INy ⊗ Γ̄+

x , Γ−
x = INy ⊗ Γ̄−

x

Γ+
y = Γ̄+

y ⊗ INx , Γ−
y = Γ̄−

y ⊗ INx

where

Γ̄+
x =

1

∆x



−1 1 0 · · · 0 0

0 −1 1 · · · 0 0
...

...
...

...
...

0 0 0 · · · −1 1

1 0 0 · · · 0 −1


Nx×Nx

, Γ̄−
x =

1

∆x



1 0 0 · · · 0 −1

−1 1 0 · · · 0 0
...

...
...

...
...

0 0 0 · · · 1 0

0 0 0 · · · −1 1


Nx×Nx
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Γ̄+
y =

1

∆y



−1 1 0 · · · 0 0

0 −1 1 · · · 0 0
...

...
...

...
...

0 0 0 · · · −1 1

1 0 0 · · · 0 −1


Ny×Ny

, Γ̄−
y =

1

∆y



1 0 0 · · · 0 −1

−1 1 0 · · · 0 0
...

...
...

...
...

0 0 0 · · · 1 0

0 0 0 · · · −1 1


Ny×Ny

Three-point fourth-order compact scheme (C4) for the spatial discretization of second-

order derivatives [54, 80] can be obtained utilizing the difference operators described as

Axui,j =
(
1 +

∆x2

12
δx2
)
ui,j, 1 ≤ i ≤ Nx, 0 ≤ j ≤ Ny + 1

Ayui,j =
(
1 +

∆y2

12
δy2
)
ui,j, 0 ≤ i ≤ Nx + 1, 1 ≤ j ≤ Ny

(5.1.8)

where

Ax =
1

12



10 1 0 · · · 0 1

1 10 1 · · · 0 0
...

...
...

...
...

0 0 0 · · · 10 1

1 0 0 · · · 1 10


Nx×Nx

,Ay =
1

12



10 1 0 · · · 0 1

1 10 1 · · · 0 0
...

...
...

...
...

0 0 0 · · · 10 1

1 0 0 · · · 1 10


Ny×Ny

Following [80], the fourth-order compact finite difference scheme is given by

∂2u

∂x2
(xi, yj) = A−1

x δ2xui,j +
∆x4

240

∂6u

∂x6
(ς1, yj)

∂2u

∂y2
(xi, yj) = A−1

y δ2yui,j +
∆y4

240

∂6u

∂y6
(xi, ς2)

(5.1.9)

where ς1 ∈ (xi−1, xi+1), ς2 ∈ (yj−1, yj+1). The semi-discrete system using the C4 scheme

for Eq. (5.1.1) is given as

dWi,j(t)

dt
= A−1

x δ2xUi,j +A−1
y δ2yUi,j +

1

c2i,j
Fi,j(t), i = 1, · · · , Nx, j = 1, · · · , Ny

dUi,j(t)

dt
= c2i,jWi,j(t)− aUi,j(t) (5.1.10)
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with the initial and periodic boundary conditions, given as

Ui,j(0) = Φ1(xi, yj), Wi,j(0) = Φ2(xi, yj)

U0,j = UNx,j, U1,j = UNx+1,j, j = 0, · · · , Ny + 1

Ui,0 = Ui,Ny , Ui,1 = Ui,Ny+1, i = 0, · · · , Nx + 1

(5.1.11)

Using matrix representation, Eq. (5.1.10) can be rewritten as

dW

dt
= MU +Q2F

dU

dt
= C2W − aU

(5.1.12)

where Q and C are the same matrices as given in Eq. (5.1.7). Moreover, the coefficient

matrix M associated to operator (A−1
x δ2x + A−1

y δ2y) is given as, M = PxΓ
+
x Γ

−
x + PyΓ

+
y Γ

−
y

with Px = INy ⊗ A−1
x and Py = A−1

y ⊗ INx . It is noted that the matrices Px and Py are

symmetric and positive definite. The next section focuses on the stability analysis of the

fully discretized system.

5.2 Fourier-stability analysis of damped wave equa-

tion

Fourier-spectral analysis [83, 146] of the fully discretized system for linear one - dimen-

sional damped wave equation with periodic boundary conditions is discussed next. One -

dimensional linear damped wave equation is taken as

∂2u

∂t2
= −a∂u

∂t
+ c2

∂2u

∂x2
, x ∈ Ω, t ∈ (0, T ]

u(x, 0) = g1(x),
∂u

∂t
(x, 0) = g2(x)

(5.2.1)

where constant phase speed is represented by c. Using Fourier transform the unknown,

u(x, t), can be represented as

u(x, t) =

∫
Û(k, t)eikxdk (5.2.2)

where Û is the Fourier amplitude and k is the wavenumber. Substituting Eq. (5.2.2) in

Eq. (5.2.1), the transformed equation is given by
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∂2Û

∂t2
= −a∂Û

∂t
− c2k2Û (5.2.3)

Solving Eq. (5.2.3), it follows that

Û1,2(k, t) = e
t
2
(−a±i

√
4c2k2−a2) (5.2.4)

Moreover, using bi-lateral Fourier-Laplace transform [83, 136] of the unknown u(x, t) given

as, u(x, t) =
∫ ∫

Û(k, ω)ei(kx−ωt)dkdω, the dispersion relation for Eq. (5.2.1) is obtained

as

ω2 + iaω − c2k2 = 0 (5.2.5)

where, ω denotes the circular frequency. Roots of Eq. (5.2.5) are given by, ω1,2 = (−ai±
√
4c2k2 − a2)/2. Using dispersion relation, physical phase speed and group velocity [147],

can be expressed as

(cphy)1,2 =
ω1,2

k
and (Vg)1,2 =

∂ω1,2

∂k
= ± 2c2k√

4c2k2 − a2

The physical amplification factor λphy can be obtained from Eq. (5.2.4) as

(λphy)1,2 =
Û1,2(k, t+∆t)

Û1,2(k, t)
= e−

a∆t
2 e±

i∆t
√

4c2k2−a2

2 (5.2.6)

In discrete computations, numerical dispersion relation [147, 148, 149] corresponding to

the chosen space-time discretizing scheme is given as

ω2
N + iaωN − c2Nk

2 = 0 (5.2.7)

Numerical amplification factor is given as

λN1,2 = e−
a∆t
2 e±

i∆t
√

4c2
N

k2−a2

2 (5.2.8)

Moreover, the numerical phase shift and normalized phase speed are defined as

β1,2 = − arctan

[
(λN1,2)Im

(λN1,2)Re

]
= ±∆t

2

√
4c2Nk

2 − a2

cN1,2

c
= ±1

2

√
4β2

1,2 + γ̃2

C2
r (k∆x)

2
(5.2.9)
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where (λN)Im and (λN)Re denote the real and the imaginary parts of λN , respectively.

Cr = c∆t
∆x

is the CFL number and γ̃ = a∆t. The numerical group velocity [147] using

the numerical dispersion relation is given as VgN1,2
= ∂

∂k
(ωN)1,2 = 1

∆t

dβ1,2

dk
. Thus, the

expression for the normalized group velocity is obtained as

VgN1,2

Vg
= ±

√
4C2

r (k∆x)
2 − γ̃2

2C2
rk∆x

dβ1,2
d(k∆x)

(5.2.10)

Equation (5.2.1) can be rewritten as

∂w

∂t
=
∂2u

∂x2

∂u

∂t
= −au+ c2w

(5.2.11)

Using the EDPM1 method, the semi-discretized representation of Eq. (5.2.11) is given by

wn+1 = wn +∆tunxx

un+1 = un − a∆tun + c2∆t(αwn + (1− α)wn+1)
(5.2.12)

Using Eq. (5.2.2), the first- and second-order derivatives in spatial direction are rep-

resented as, ux(x, t)|exact =
∫
ikÛ(k, t)eikxdk and uxx(x, t)|exact =

∫
(ik)2Û(k, t)eikxdk.

Numerically, the first- and second-order spatial derivatives are expressed as, ux(x, t)|N =∫
ikeqÛ(k, t)e

ikxdk and uxx(x, t)|N =
∫
(ikeq)

2Û(k, t)eikxdk, where keq is the equivalent

wavenumber. Applying Fourier-Laplace transform to Eq. (5.2.12) gives

Ŵ n+1 = Ŵ n −∆tk2eqÛ
n

Ûn+1 = Ûn − a∆tÛn + c2∆t(αŴ n + (1− α)Ŵ n+1)
(5.2.13)

where, Û and Ŵ are the Fourier transforms of u and w, respectively. In terms of matrix

representation, Eq. (5.2.13) is given as

Θ̂n+1 = MΘ̂n

where, Θ̂ = (Ŵ , Û)T and M =

 1 −∆tk2eq

c2∆t 1− a∆t− c2∆t2(1− α)k2eq


Amplification factors representing the roots of the characteristic equation of the matrix

(M) are denoted by λ = [λN1 , λN2 ]
T . Substituting k2eq = k̂eq

∆x2 gives the amplification

factors as
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λN1,2 = e1 ±
1

2

√
e2 (5.2.14)

where, e1 = −C2
r k̂eq
2

+ C2
r k̂eqα

2
− γ̃

2
+ 1, e2 = (k̂2eqC

4
rα

2 − 2k̂2eqC
4
rα + k̂2eqC

4
r − 2k̂eqC

2
r γ̃α +

2k̂eqC
2
r γ̃ − 4k̂eqC

2
r + γ̃2) and k̂eq = ϕ(k∆x). It follows directly from Eq. (5.2.14) that

e2 < 0, for a wave-like solution. For the spatial discretization of second-order derivative,

we have used the CD2 and C4 schemes. Nondimensional equivalent wavenumbers for the

CD2 and C4 schemes are obtained as

ϕ(k∆x)CD2 = 2(1− cos(k∆x)), ϕ(k∆x)C4 =
12 (1− cos(k∆x))

cos(k∆x) + 5
(5.2.15)

Fourier-spectral analysis for the two-dimensional case is discussed next. Two-dimensional

linear damped wave equation with periodic boundary conditions is given as

∂2u

∂t2
= −a∂u

∂t
+ c2

(
∂2u

∂x2
+
∂2u

∂y2

)
, (x, y) ∈ Ω, t ∈ (0, T ] (5.2.16)

where c is constant and the initial conditions for Eq. (5.2.16) are given as

u(x, y, 0) = g1(x, y),
∂u

∂t
(x, y, 0) = g2(x, y), (x, y) ∈ Ω (5.2.17)

Equation (5.2.16) can be rewritten as

∂w

∂t
=
∂2u

∂x2
+
∂2u

∂y2

∂u

∂t
= −au+ c2w

(5.2.18)

Using the EDPM1 method, the semi-discretized representation of Eq. (5.2.18) is given by

wn+1 = wn +∆t
(
unxx + unyy

)
un+1 = un − a∆tun + c2∆t(αwn + (1− α)wn+1)

(5.2.19)

Applying Fourier-Laplace transform to Eq. (5.2.19) gives

Ŵ n+1 = Ŵ n −∆tk2eqÛ
n

Ûn+1 = Ûn − a∆tÛn + c2∆t(αŴ n + (1− α)Ŵ n+1)
(5.2.20)
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where, Û and Ŵ are the Fourier transforms of u and w, respectively. In terms of matrix

representation, Eq. (5.2.20) is given as

Θ̂n+1 = MΘ̂n

where, Θ̂ = (Ŵ , Û)T and M =

 1 −∆t2k2eq

c2∆t 1− a∆t− c2∆t2(1− α)k2eq


By substituting k2eq = k̂eq

h2 , the amplification factors (characteristic values of M) are

obtained as

λN1,2 = e1 ±
1

2

√
e2 (5.2.21)

The expressions for e1 and e2 are the same as given in Eq. (5.2.14). For the two-

dimensional case, the nondimensional equivalent wavenumber is given by k̂eq = ϕ(kxh) +

ϕ(kyh). Here, the spatial step-size is uniform, denoted by ∆x = ∆y = h. The numerical

circular frequency (ωN) is expressed as (ωN)1,2 =
−ai±

√
4c2N (k2x+k2y)−a2

2
, where, k⃗ = îkx+ ĵky.

Similar to one-dimensional damped wave equation, expressions of numerical phase speed

and group velocity for two-dimensional damped wave equation are defined as

cNx1,2

c
= ±

√
4β2

1,2 + γ̃2

2Crx

√
(kxh)2 + (kyh)2

,
cNy1,2

c
= ±

√
4β2

1,2 + γ̃2

2Cry

√
(kxh)2 + (kyh)2

(V x
g )1,2 =

∂ω1,2

∂kx
= ± 2c2kx√

4c2(k2x + k2y)− a2
, (V y

g )1,2 =
∂ω1,2

∂ky
= ± 2c2ky√

4c2(k2x + k2y)− a2

(V x
gN
)1,2 =

∂(ωN)1,2
∂kx

, (V y
gN
)1,2 =

∂(ωN)1,2
∂ky

(V x
gN
)1,2

V x
g

= ±
√

4C2
rx [(kxh)

2 + (kyh)2]− γ̃2

2C2
rxkxh

∂β1,2
∂(kxh)

(V y
gN
)1,2

V y
g

= ±

√
4C2

ry [(kxh)
2 + (kyh)2]− γ̃2

2C2
rykyh

∂β1,2
∂(kyh)

where Crx =
c∆t

∆x
, Cry =

c∆t

∆y
, and γ̃ = a∆t.

Numerical properties for the undamped (a = 0) wave equation using the CD2 and

C4 spatial discretization schemes are shown in Fig. 5.1(a). Figure 5.1(a) presents con-

tours depicting the absolute values of amplification factors (|λN |), numerical phase speed
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(cN/c), numerical group velocity (VgN/Vg) for the EDPM1-CD2 and EDPM1-C4 schemes

with the optimized value of free parameter α = 0.00015. Numerical properties of the

RKN-C4 scheme are also shown in the right column frames of Fig. 5.1(a). In Fig. 5.1(a),

vertical dash-dotted line indicate the values of CFL numbers up to which methods are

neutrally stable and the shaded area represents the corresponding non-hyperbolic re-

gion. Figure 5.1(a) demonstrates that the developed scheme exhibits a larger neutral

stability (|λN | = 1) region as compared to the RKN method. Figure 5.1(b) shows the

numerical properties of one-dimensional damped wave equation using the EDPM1-CD2

and EDPM1-C4 schemes with the optimized value of free parameter α = 0.00015 and

γ̃ = a∆t = 0.002. Figures 5.1(c) and 5.1(d) present contours depicting the amplifica-

tion factors (|λN |), the numerical phase speed (cN/c), and the numerical group velocity

(VgN/Vg) for the EDPM1-CD2 and EDPM1-C4 schemes with the optimized value of free

parameter α = 0.00015 for two-dimensional damped wave equation with γ̃ = 0.002 and

Cr = 0.2, 0.4, respectively. We would like mention here that Figs 5.1(a) - 5.1(d) show the

numerical properties corresponding to the first mode λN1 only.

Furthermore, we have performed Fourier-spectral analysis for one-dimensional damped

wave equation described in Eq. (5.2.1). Using EDPM2 method, the semi-discretized

representation of the system given in Eq. (5.2.11) of Eq. (5.2.1) is obtained as

w(1) = wn +∆tunxx

u(1) = un − a∆tun + c2∆t
[
α1w

n + (1− α1)w
(1)
]

wn+1 = 0.5
[
wn + w(1) +∆tu(1)xx

]
un+1 = un − 0.5a∆t

[
un + u(1)

]
+ 0.5c2∆t

[
wn + 2α2w

(1) + (1− 2α2)w
n+1
]

(5.2.22)

Applying Fourier-Laplace transform to Eq. (5.2.22) gives

Ŵ (1) = Ŵ n −∆tk2eqÛ
n

Û (1) = Ûn − a∆tÛn + c2∆t
[
α1Ŵ

n + (1− α1)Ŵ
(1)
]

Ŵ n+1 = 0.5
[
Ŵ n + Ŵ (1) −∆tk2eqÛ

(1)
xx

]
Ûn+1 = Û − 0.5a∆t

[
Ûn + Û (1)

]
+ 0.5c2∆t

[
Ŵ n + 2α2Ŵ

(1) + (1− 2α2)Ŵ
n+1
]
(5.2.23)
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Here Û and Ŵ represent the Fourier transforms of u and w, respectively. In terms of

matrix representation, Eq. (5.2.23) is given as

Θ̂n+1 = M1Θ̂
n

where, Θ̂ = (Ŵ , Û)T and M1 =

m11 m12

m21 m22

. Here, the entries of the matrix M1 are

obtained as

m11 = 1− 0.5∆t2c2k2eq, m12 = −∆tk2eq + 0.5a∆t2k2eq + 0.5(1− α1)∆t
3c2k4eq,

m21 = ∆tc2 − 0.5a∆t2c2 − 0.25∆t3c4k2eq + 0.5∆t3c4α2k
2
eq,

m22 = 1 + 0.5a2∆t2 + 0.5(1− α1)a∆t
3c2k2eq − 0.5∆t2c2k2eq + 0.25(1− 2α2)a∆t

3c2k2eq

− a∆t+ 0.25(1− α1)(1− 2α2)∆t
4c4k4eq

By substituting k2eq = k̂eq
∆x2 , the amplification factors (characteristic values of M1) are

obtained as

λN1,2 = e3 ±
1

8

√
e4 (5.2.24)

Here, the expressions of e3, e4 are given as

e3 = 1− 0.5γ + 0.25γ2 − 0.5C2
r k̂eq + 0.125C4

r k̂
2
eq − 0.125α1C

4
r k̂

2
eq − 0.25α2C

4
r k̂

2
eq

+ 0.375γC2
r k̂eq − 0.25γα1C

2
r k̂eq − 0.25γα2C

2
r k̂eq + 0.25α1α2C

4
r k̂

2
eq,

e4 = 4α2
1α

2
2C

8
r k̂

4
eq − 4α2

1α2C
8
r k̂

4
eq + α2

1C
8
r k̂

4
eq − 8α1α

2
2C

8
r k̂

4
eq + 8α1α2C

8
r k̂

4
eq − 2α1C

8
r k̂

4
eq

+ 4α2
2C

8
r k̂

4
eq − 4α2C

8
r k̂

4
eq + C8

r k̂
4
eq − 8γα2

1α2C
6
r k̂

3
eq + 4γα2

1C
6
r k̂

3
eq − 8γα1α

2
2C

6
r k̂

3
eq

+ 24γα1α2C
6
r k̂

3
eq − 10γα1C

6
r k̂

3
eq + 8γα2

2C
6
r k̂

3
eq − 16γα2C

6
r k̂

3
eq − 16α1α2C

6
r k̂

3
eq

+ 6γC6
r k̂

3
eq + 8α1C

6
r k̂

3
eq + 16α2C

6
r k̂

3
eq − 8C6

r k̂
3
eq + 4γ2α2

1C
4
r k̂

2
eq − 16γ2α1C

4
r k̂

2
eq

+ 16γ2α1α2C
4
r k̂

2
eq + 4γ2α2

2C
4
r k̂

2
eq − 20γ2α2C

4
r k̂

2
eq + 13γ2C4

r k̂
2
eq − 16γα1α2C

4
r k̂

2
eq

+ 24γα1C
4
r k̂

2
eq + 32γα2C

4
r k̂

2
eq − 32γC4

r k̂
2
eq − 32α1C

4
r k̂

2
eq − 32α2C

4
r k̂

2
eq + 48C4

r k̂
2
eq

− 8γ3α1C
2
r k̂eq − 8γ3α2C

2
r k̂eq + 12γ3C2

r k̂eq + 16γ2α1C
2
r k̂eq + 16γ2α2C

2
r k̂eq

− 40γ2C2
r k̂eq + 64γC2

r k̂eq − 64C2
r k̂eq + 4γ4 − 16γ3 + 16γ2

where k̂eq = ϕ(k∆x) represents equivalent nondimensional wavenumber given as in Eq. (5.2.15)

and for wave-like solution, it follows from Eq. (5.2.24) that e4 < 0.
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Figure 5.1(a): Contour plots showing |λN |, cN/c, and VgN/Vg for one-dimensional un-

damped wave equation given in Eq. (5.2.1) (with a = 0) using indicated schemes. In the

top frames, vertical dash-dotted line indicate the values of CFL numbers up to which

methods are (neutrally) stable and the shaded area represents the corresponding non-

hyperbolic region. For the EDPM1 method, the value of free parameter is chosen as,

α = 0.00015.

131



Figure 5.1(b): Contour plots showing |λN |, cN/c, and VgN/Vg for one-dimensional

damped wave equation given in Eq. (5.2.1) with damping coefficient γ̃ = a∆t = 0.002

using indicated schemes. Here, the value of free parameter is chosen as, α = 0.00015.
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Figure 5.1(c): Contour plots showing |λN |, cN/c, and VgN/Vg for two-dimensional

damped wave equation given in Eq. (5.2.16) with damping coefficient γ̃ = a∆t = 0.002 and

Cr = 0.2 using indicated schemes. Here, value of free-parameter is chosen as, α = 0.00015.
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Figure 5.1(d): Contour plots showing |λN |, cN/c, and VgN/Vg for two-dimensional

damped wave equation given in Eq. (5.2.16) with damping coefficient γ̃ = a∆t = 0.002 and

Cr = 0.4 using indicated schemes. Here, value of free-parameter is chosen as, α = 0.00015.
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5.2.1 Optimization problem

In order to determine the optimal value of free parameter, an optimization problem [120]

is considered. The objective function is chosen as

Ψ(α,Cr) =

∫ ρ

0

|λN − λphy|2d(kh) (5.2.25)

where λN is the numerical amplification factor and λexact = eiCrk∆x is the exact amplifi-

cation factor. Constraints are given as,

ψ1(α,Cr) =

∫ ρ1

0

∣∣|λN | − 1
∣∣d(kh) ≤ ϵ1

ψ2(α,Cr) =

∫ ρ2

0

∣∣∣∣(VgNc
)
− 1

∣∣∣∣d(kh) ≤ ϵ2

ψ3(α,Cr) =

∫ ρ3

0

∣∣∣∣(cNc
)
− 1

∣∣∣∣d(kh) ≤ ϵ3

(5.2.26)

here, ρi and ϵi are the admissible error tolerances. Following the approach outlined in

[134], the values of ϵi are chosen. This process systematically explores the parameter space

while maintaining Cr fixed at an arbitrary constant. By applying the constraints from

Ineq. (5.2.26), the optimization problem, as defined by Eq. (5.2.25) and Ineq. (5.2.26), is

converted into a Pareto front optimization problem. As a result, the optimal values of free

parameter α for one-dimensional undamped and damped wave equations, are presented

in Tables 5.1 and Table 5.2, respectively. Optimal values of free parameter α for two-

dimensional damped wave equation are listed in Table 5.3.

5.3 Convergence analysis

Convergence analysis of the discrete system is established following the analysis outlined

in [106]. Assume, Λp
h = {U |U = (Ui,j|(xi, yj) ∈ ΩE

h )} represent the space of periodic mesh

functions. For any W,U ∈ Λp
h grid functions, the inner-product and discrete norms are

given by

⟨W,U⟩ =
Nx∑
i=1

Ny∑
j=1

∆x∆yWi,jUi,j, ||W ||2 = ⟨W,W ⟩

||Γ+
xU ||2 =

〈
Γ+
xU,Γ

+
xU
〉
, ||Γ+

y U ||2 =
〈
Γ+
y U,Γ

+
y U
〉
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Table 5.1: Optimal values of free parameter α for the system given in Eq. (5.2.11) for one-

dimensional undamped (a = 0) wave equation using the EDPM1-CD2 and EDPM1-C4

schemes.

EDPM1 - CD2 EDPM1 - C4

α Min(|λN |) Max(|λN |) (Cr)crit (Cr)max Min(|λN |) Max(|λN |) (Cr)crit (Cr)max

0.01000 1.00000 1.02020 1.01010 0.15000 1.00000 1.02020 0.82470 0.12910

0.00100 1.00000 1.00200 1.00100 0.50001 1.00000 1.00200 0.81730 0.40000

0.00015 1.00000 1.00000 1.00400 1.00400 1.00000 1.00000 0.81660 0.81660

-0.01000 0.98020 1.00000 0.99000 0.99000 0.98020 1.00000 0.80840 0.80840

-0.10000 0.81830 1.00000 0.90890 0.90890 0.81820 1.00000 0.74220 0.74220

-0.25000 0.60010 1.00000 0.79990 0.79990 0.60020 1.00000 0.65310 0.65310

Table 5.2: Optimal values of free parameter α for the system given in Eq. (5.2.11) for

one-dimensional damped wave equation using the EDPM1-CD2 and EDPM1-C4 schemes

with γ̃ = a∆t = 0.002

EDPM1 - CD2 EDPM1 - C4

α Min(|λN |) Max(|λN |) (Cr)crit (Cr)max Min(|λN |) Max(|λN |) (Cr)crit (Cr)max

0.01000 0.99900 1.01920 1.00900 0.27380 0.99900 1.01920 0.82430 0.22350

0.00100 0.99900 1.00100 1.00010 0.86000 0.99900 1.00100 0.81690 0.70710

0.00015 0.99900 0.99900 0.99960 0.99960 0.99900 0.99900 0.81620 0.81620

-0.01000 0.97920 0.99900 0.98950 0.98950 0.97920 0.99900 0.80800 0.80800

-0.10000 0.81720 0.99900 0.90850 0.90850 0.81730 0.99900 0.74170 0.74170

-0.25000 0.59980 0.99900 0.79890 0.79890 0.59910 0.99900 0.65270 0.65270

Moreover, for symmetric positive definite matrices, Px and Py, the discrete norms are

defined as

||U ||2Px
= ⟨PxU,U⟩ , ||U ||2Py

= ⟨PyU,U⟩ (5.3.1)

Lemma 5.3.1. Matrices Px and Py satisfies the following inequalities

1 ≤ ||Px|| ≤
3

2
, 1 ≤ ||Py|| ≤

3

2
(5.3.2)

and
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Table 5.3: Optimal values of free parameter α for the system given in Eq. (5.2.18) for

two-dimensional damped wave equation using the EDPM1-CD2 and EDPM1-C4 schemes

with γ̃ = a∆t = 0.002

EDPM1 - CD2 EDPM1 - C4

α Min(|λN |) Max(|λN |) (Cr)crit (Cr)max Min(|λN |) Max(|λN |) (Cr)crit (Cr)max

0.01000 0.99900 1.01920 0.71380 0.19360 0.99900 1.01920 0.58280 0.15820

0.00100 0.99900 1.00100 0.70740 0.61230 0.99900 1.00100 0.57760 0.50000

0.00015 0.99900 0.99900 0.70680 0.70680 0.99900 0.99900 0.57710 0.57710

-0.01000 0.97920 0.99900 0.69970 0.69970 0.97920 0.99900 0.57130 0.57130

-0.10000 0.81720 0.99900 0.64240 0.64240 0.81720 0.99900 0.52450 0.52450

-0.25000 0.59910 0.99900 0.56530 0.56530 0.59920 0.99900 0.46150 0.46150

Table 5.4: Optimal values of free parameter α1 and α2 for the system given in Eq.

(5.2.11) for one-dimensional damped wave equation using the EDPM2-CD2 and EDPM2-

C4 schemes with γ = a∆t = 0.002.

EDPM2 - CD2 EDPM2 - C4

α1 α2 Min(|λN |) Max(|λN |) (Cr)crit (Cr)max Min(|λN |) Max(|λN |) (Cr)crit (Cr)max

0.45000 0.50000 0.81636 0.99900 0.94851 0.94851 0.81642 0.99900 0.77244 0.77244

0.50000 0.50000 0.99800 0.99900 1.00130 1.00136 0.99800 0.99900 0.81206 0.81206

0.51930 0.46000 0.99163 0.99900 1.01897 1.01897 0.99163 0.99900 0.82967 0.82967

0.51930 0.46370 0.99887 0.99993 1.02337 1.02337 0.99887 0.99993 0.82967 0.82967

0.52000 0.46370 0.99894 1.00285 0.76801 1.02337 0.99894 1.00285 0.62716 0.83407

0.51930 0.47000 0.99898 1.01393 0.54351 1.01457 0.99898 1.01393 0.44226 0.82527

||U ||2 ≤ ||U ||2Px
≤ 3

2
||U ||2, ||U ||2 ≤ ||U ||2Py

≤ 3

2
||U ||2 (5.3.3)

and matrix Ax satisfy the inequality

2

3
≤ ||Ax|| ≤ 1 (5.3.4)

Proof. Utilizing the properties of circulant matrices, which assert that the eigenvalues of
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Ax have the following form

χj =
10

12
+

1

12
e−2πij/Nx +

1

12
e2πij/Nx , j = 0, 1, 2, . . . , Nx − 1. (5.3.5)

Hence, we can obtain 2
3
≤ χj ≤ 1. This results in 2

3
≤ ||Ax|| ≤ 1. The eigenvalues of

Px satisfy 1 ≤ µi ≤ 3
2
, i = 1, 2, . . . , Nx × Ny, and as a result, 1 ≤ ||Px|| ≤ 3

2
. Similarly,

1 ≤ ||Py|| ≤ 3
2
. This is demonstrated by the characteristics of Kronecker product and

inverse matrix. Furthermore, it follows that ||U ||2 ≤ (PxU,U) ≤ ||Px||||U ||2 ≤ 3
2
||U ||2.

Lemma 5.3.2. Let W,U ∈ Λp
h be given mesh-function, then it follows that

(Γ+
x Γ

−
xW,U) = −(Γ+

xW,Γ
+
xU) (5.3.6)

Lemma 5.3.3. Matrices pairs Px and Γ+
x , Px and Γ−

x , Py and Γ+
y , Py and Γ−

y are com-

mutative, i.e.

PxΓ
+
x = Γ+

x Px, PxΓ
−
x = Γ−

x Px

PyΓ
+
y = Γ+

y Py, PyΓ
−
y = Γ−

y Py

(5.3.7)

Lemma 5.3.4. For the diagonal matrix C and Q, we have c1 ≤ ||C|| ≤ c2 and
1

c2
≤

||Q|| ≤ 1

c1
, where 0 < c1 = min

(x,y)∈Ω
|c(x, y)|, 0 < c2 = max

(x,y)∈Ω
|c(x, y)|.

Lemma 5.3.5. For functions f1 ∈ C1(Ω) and f2 ∈ C2(Ω), it holds that

||D+
x f1|| ≤ K, ||D+

y f1|| ≤ K, ||D+
xD

−
x f2|| ≤ K, ||D+

y D
−
y f2|| ≤ K

Remark 5.3.1. The above lemmas are proven in [106].

Next, we discuss the convergence analysis of the fully discretized system. The equations

for the system in Eq. (5.1.12) after full discretization are given by

W n+1 −W n

∆t
=MUn +Q2F n

U

Un+1 − Un

∆t
= −aUn + C2((1− α)W n+1 + αW n)

(5.3.8)
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By substituting the exact solutions w and u, Eq. (5.3.8) can be rewritten in terms local

truncation errors, as

wn+1 − wn

∆t
=Mun +Q2F n

u +Rn+1 (5.3.9)

un+1 − un

∆t
= −aun + C2((1− α)wn+1 + αwn) + R̃n+1 (5.3.10)

where Rn+1 and R̃n+1 are the local truncation error vectors.

Lemma 5.3.6. Let {w, v} be the sufficiently smooth solution of Eq. (5.1.3), then we have

the following truncation error estimates

||Rn+1|| ≤ K(∆t+∆x4 +∆y4) (5.3.11)

||R̃n+1|| ≤ K(∆t) (5.3.12)

Proof. Using Taylor series expansion, it follows that

wn+1 − wn

∆t
=
∂w

∂t
+

∆t

2

∂2w

∂t2
+O(∆t2) (5.3.13)

And from Eq. (5.1.9), we have

Mun =

(
∂2u

∂x2
+
∂2u

∂y2

)n

−O(∆y4 +∆y4) (5.3.14)

Thus, Eq. (5.3.9) can be rewritten as

Rn+1 =
wn+1 − wn

∆t
−Mun −Q2F n

u

Using Eqs. (5.3.13), (5.3.14) and (5.1.3), it follows that

||Rn+1|| ≤ K(∆t+∆x4 +∆y4) (5.3.15)

Next, Eq. (5.3.10) gives

R̃n+1 =
un+1 − un

∆t
+ aun − C2(αwn + (1− α)wn+1)

Using Taylor series expansion, it follows that
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R̃n+1 =
∂u

∂t
+

∆t

2

∂2u

∂t2
+O(∆t2) + aun

−C2

(
αwn + (1− α)

(
wn +∆t

∂w

∂t
+

∆t2

2

∂2w

∂t2
+O(∆t3)

))
Using Eq. (5.1.3), we obtain

||R̃n+1|| ≤ K(∆t) (5.3.16)

This completes the proof.

Theorem 5.3.7. Let {W,U} be the numerical solution of the system described by Eq. (5.1.12)

using the EDPM1-C4 scheme, and let {w, u} represent the sufficiently smooth closed-form

solution of Eq. (5.1.3). Then, there exists a constant K > 0, independent of ∆x,∆y, and

∆t, which satisfies

||wn −W n||+ ||un − Un|| ≤ K(∆t+∆x4 +∆y4). (5.3.17)

Proof. Let φn
i,j = wn

i,j − W n
i,j, ζ

n
i,j = uni,j − Un

i,j denote the solution errors. Subtracting

system of equations given in Eq. (5.3.8) from Eqs. (5.3.9) and (5.3.10) give the following

error equations, as

φn+1 − φn

∆t
= Mζn +Q2(F n

u − F n
U ) +Rn+1 (5.3.18)

ζn+1 − ζn

∆t
= −aζn + C2(αφn + (1− α)φn+1) + R̃n+1 (5.3.19)

with φ0 = 0, ζ0 = 0. Applying the inner product to each term of Eq. (5.3.19) with

(ζn+1 + ζn) gives

〈
ζn+1 − ζn

∆t
, ζn+1 + ζn

〉
=

〈
−aζn, ζn+1 + ζn

〉
+
〈
αC2φn, ζn+1 + ζn

〉
+
〈
(1− α)C2φn+1, ζn+1 + ζn

〉
+
〈
R̃n+1, ζn+1 + ζn

〉
= S1 +S2 +S3 +S4 (5.3.20)

Here 〈
ζn+1 − ζn

∆t
, ζn+1 + ζn

〉
=

1

∆t
(||ζn+1||2 − ||ζn||2) (5.3.21)
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S1 =
〈
−aζn, ζn+1 + ζn

〉
≤ a2

2
||ζn||2 + ||ζn+1||2 + ||ζn||2 (5.3.22)

S2 =
〈
αC2φn, ζn+1 + ζn

〉
≤ α2

2
||C2φn||2 + ||ζn+1||2 + ||ζn||2 (5.3.23)

S3 =
〈
(1− α)C2φn+1, ζn+1 + ζn

〉
≤ (1− α)2

2
||C2φn+1||2 + ||ζn+1||2 + ||ζn||2 (5.3.24)

S4 =
〈
R̃n+1, ζn+1 + ζn

〉
≤ ||R̃n+1||2

2
+ ||ζn+1||2 + ||ζn||2 (5.3.25)

Using Eq. (5.3.21) and Ineqs. (5.3.22)-(5.3.25), Eq. (5.3.20) gives

1

∆t
(||ζn+1||2 − ||ζn||2) ≤ a2

2
||ζn||2 + ||ζn+1||2 + ||ζn||2

+
α2

2
||C2φn||2 + ||ζn+1||2 + ||ζn||2

+
(1− α)2

2
||C2φn+1||2 + ||ζn+1||2 + ||ζn||2

+
1

2
||R̃n+1||2 + ||ζn+1||2 + ||ζn||2

1

∆t
(||ζn+1||2 − ||ζn||2) ≤ 4

(
||ζn||2 + ||ζn+1||2

)
+
α2

2
||C2φn||2 + a2

2
||ζn||2

+
(1− α)2

2
||C2φn+1||2 + 1

2
||R̃n+1||2 (5.3.26)

Similarly, applying the inner product to each term of Eq. (5.3.18) with (φn+1+φn) gives

〈
φn+1 − φn

∆t
, φn+1 + φn

〉
=

〈
Mζn, φn+1 + φn

〉
+
〈
Rn+1, φn+1 + φn

〉
+
〈
B2(F n

u − F n
U ), φ

n+1 + φn
〉

= T1 + T2 + T3 (5.3.27)

〈
φn+1 − φn

∆t
, φn+1 + φn

〉
=

1

∆t
(||φn+1||2 − ||φn||2) (5.3.28)

T1 =
〈
Mζn, φn+1 + φn

〉
≤ 1

2
||Mζn||2 + ||φn+1||2 + ||φn||2 (5.3.29)
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Using the definition of M and Lemmas 5.3.1 - 5.3.2, it follows that

T1 ≤ 9

8
(||Γ+

x Γ
−
x ζ

n||2 + ||Γ+
y Γ

−
y ζ

n||2) + ||φn+1||2 + ||φn||2 (5.3.30)

T2 =
〈
Rn+1, φn+1 + φn

〉
≤ 1

2
||Rn+1||2 + ||φn+1||2 + ||φn||2 (5.3.31)

T3 =
〈
Q2(F n

u − F n
U ), φ

n+1 + φn
〉

≤ 1

2
||Q2F̂ n||2 + ||φn+1||2 + ||φn||2

where F̂ n = F n
u − F n

U . Using condition given in Ineq. (5.1.2), it follows that

T3 ≤ 1

2
||Q2||2L2||ζn||2 + ||φn+1||2 + ||φn||2 (5.3.32)

Combining estimates given in Eq. (5.3.28) and Ineqs. (5.3.29)-(5.3.32), it follows from

Eq. (5.3.27) that

1

∆t
(||φn+1||2 − ||φn||2) ≤ 3(||φn+1||2 + ||φn||2) + 9

8
(||Γ+

x Γ
−
x ζ

n||2 + ||Γ+
y Γ

−
y ζ

n||2)

+
1

2
||Rn+1||2 + 1

2
||Q2||2L2||ζn||2 (5.3.33)

Adding the estimates given in Ineqs. (5.3.26) and (5.3.33) and using Lemma 5.3.4, it

follows that

1

∆t
(||φn+1||2 − ||φn||2) + 1

∆t
(||ζn+1||2 − ||ζn||2) ≤ 3(||φn+1||2 + ||φn||2)

+4
(
||ζn||2 + ||ζn+1||2

)
+

9

8
(||Γ+

x Γ
−
x ζ

n||2 + ||Γ+
y Γ

−
y ζ

n||2) + α2

2
c42||φn||2

+
1

2c41
L2||ζn||2 + (1− α)2

2
c42||φn+1||2 + 1

2
||R̃n+1||2 + 1

2
||Rn+1||2

1

∆t
(||φn+1||2 − ||φn||2 + ||ζn+1||2 − ||ζn||2) ≤ K(||φn+1||2 + ||φn||2 + ||ζn||2 + ||ζn+1||2

+||Γ+
x Γ

−
x ζ

n||2 + ||Γ+
y Γ

−
y ζ

n||2) + 1

2
||R̃n+1||2 + 1

2
||Rn+1||2

(5.3.34)

Multiplying Ineq. (5.3.34) by ∆t and summing the resulting equation from n = 0 to m−1

and utilizing with initial conditions φ0 = 0 and ζ0 = 0, it follows that
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||φm||2 + ||ζm||2 ≤ K∆t
m∑
i=1

(||φi||2 + ||ζ i||2 + ||Γ+
x Γ

−
x ζ

i||2 + ||Γ+
y Γ

−
y ζ

i||2)

+∆t
m−1∑
i=0

(
1

2
||Ri+1||2 + 1

2
||R̃i+1||2

)
(5.3.35)

Using Grönwall’s inequality, we obtain (5.3.17).

5.4 Numerical simulations: Linear damped wave equa-

tions

Next, we have considered the simulations of the one-dimensional damped wave equation,

given as

∂2u

∂t2
+ a

∂u

∂t
= c2

∂2u

∂x2
, t ∈ [0, 1], x ∈ [0, π] (5.4.1)

with initial conditions given as

u(x, 0) = sin(x),
∂u

∂t
(x, 0) = − sin(x) (5.4.2)

The analytic solution for the Eq. (5.4.1) with initial data described by Eq. (5.4.2) is given

by u(x, t) = e−t sin(x). For numerical simulations, we have used the EDPM1-CD2 and

EDPM1-C4 schemes with c2 = 1, a = 2, and ∆x = π/6, π/12, π/24, π/48. The value of

the free parameter is taken as α = 0.00015. The time-step for the EDPM1-CD2 is chosen

as ∆t = ∆x2 and for the EDPM1-C4 scheme ∆t = ∆x4. Here, boundary conditions are

imposed using the exact solution. The L2-error computed from the numerical solutions

and convergence rates in both space and time are presented in Tables 5.5 and 5.6, respec-

tively. The L2-error computed from the numerical solutions and convergence rates using

the developed method EDPM2 with the CD2 and C4 scheme are shown in Table 5.7 and

Table 5.8 at T = 1, respectively. For the second-order EDPM2 method, the value of the

free parameters are taken as α1 = 0.51930 and α2 = 0.46370. Tables 5.7-5.8 validate

numerically that the EDPM2 method has second-order rate of convergence in time. The
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Table 5.5: L2-error and rate of convergence for Eq. (5.4.1) using EDPM1-CD2 with initial

data specified in Eq. (5.4.2) and damping coefficient a = 2.

∆x ∆t L2 − error Convergence

rate (space)

Convergence

rate (time)

π/6 (π/6)2 2.4771× 10−1 - -

π/12 (π/12)2 6.1977× 10−2 1.9987 0.9994

π/24 (π/24)2 1.5432× 10−2 2.0058 1.0029

π/48 (π/48)2 3.8664× 10−3 1.9967 0.9984

Table 5.6: L2-error and rate of convergence for Eq. (5.4.1) using EDPM1-C4 with initial

data specified in Eq. (5.4.2) and damping coefficient a = 2.

∆x ∆t L2 − error Convergence

rate (space)

Convergence

rate (time)

π/6 (π/6)4 1.8850× 10−2 - -

π/12 (π/12)4 1.1750× 10−3 4.0038 1.0009

π/24 (π/24)4 7.4692× 10−5 3.9756 0.9939

π/48 (π/48)4 4.7144× 10−6 3.9858 0.9964

relative and absolute energy errors are given in Table 5.9 up to T = 4, where T is the

final time.

Relative energy error (RE) and absolute errors (AE) are computed using the following

formula, given as

RE =

∣∣∣∣Eexact − EN

Eexact

∣∣∣∣ , AE = |Eexact − EN |
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Table 5.7: L2-error and rate of convergence for Eq. (5.4.1) - (5.4.2) using EDPM2-CD2

scheme with damping coefficient a = 2 at T = 1.

∆x ∆t L2 − error Convergence

rate (space)

Convergence

rate (time)

π/6 π/6 7.4248× 10−2 - -

π/12 π/12 1.3437× 10−2 2.4661 2.4661

π/24 π/24 2.9063× 10−3 2.2090 2.2090

π/48 π/48 6.8741× 10−4 2.0800 2.0800

Table 5.8: L2-error and rate of convergence for Eq. (5.4.1) - (5.4.2) using EDPM2-C4

scheme with damping coefficient a = 2 at T = 1.

∆x ∆t L2 − error Convergence

rate (space)

Convergence

rate (time)

π/6 (π/6)2 1.3342× 10−2 - -

π/12 (π/12)2 6.7917× 10−4 4.2960 2.1480

π/24 (π/24)2 4.1146× 10−5 4.0450 2.0225

π/48 (π/48)2 2.5572× 10−6 4.0081 2.0041

5.4.1 Energy Conservation of linear damped wave equation

Here, we have considered the one-dimensional damped wave equation described in Eq. (5.4.1),

using the initial conditions specified in Eq. (5.4.2). In this case, the exact solution is

given by u(x, t) = e−t sin(x). For the numerical computation, we have chosen Nx = 100,

∆t = 0.001, and the final time T = 4. Energy (E(u)) is defined by the following functional,

given as

E(u) =
1

2

∫ L

0

[(
∂u

∂t

)2

+

(
∂u

∂x

)2
]
dx, t ≥ 0 (5.4.3)
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Table 5.9: Relative and absolute energy errors using the EDPM1-C4 for Eq. (5.4.1) with

initial conditions given in Eq. (5.4.2). Here, ∆x = π/48 and ∆t = ∆x4.

Time (T ) Relative Energy Error Absolute Error

1/4 7.0192× 10−6 6.6873× 10−6

1/2 1.2917× 10−5 7.4639× 10−6

1 2.2023× 10−5 4.6816× 10−6

2 2.9481× 10−5 8.4816× 10−7

4 1.3805× 10−6 7.2746× 10−10

Using Eq. (5.4.1), the exact energy of the system is given by E(u)exact = πe−2t

2
. The

numerical approximation of the energy E(u)N , is obtained by using the computed solution

in Eq. (5.4.1). Figure 5.2(a) shows the variation of exact and approximated energies with

respect to time t.

5.4.2 Energy Conservation of linear undamped wave equation

To establish the energy conservation for the undamped wave equation, we have considered

one-dimensional linear undamped (with a = 0) wave equation with initial conditions given

in Eq. (5.4.2). The exact solution is given as, u(x, t) = sin(x)(cos(t) − sin(t)). For the

numerical computation, we have chosen Nx = 100, ∆t = 0.001, and the final time T = 4.

Figure 5.2(b) shows the variation of exact and approximated energies with respect to time

t, calculated using Eq. (5.4.3).

5.5 Numerical simulations: Nonlinear wave equations

This Section deals with numerical simulations of two-dimensional sine-Gordon equation

[141]. Numerical solutions are considered for a Josephson junction described by a damped

sine-Gordon equation [65], given as
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Figure 5.2(a): Variation of energy with time for one-dimensional damped wave equation

given in Eq. (5.4.1) with initial conditions given in Eq. (5.4.2). Here, a = 2, ∆x = 0.03

and ∆t = 0.001.

Figure 5.2(b): Variation of energy with time for one-dimensional undamped wave equa-

tion given in Eq. (5.4.1) with initial conditions given in Eq. (5.4.2). Here, a = 0, ∆x = 0.03

and ∆t = 0.001.
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∂2u

∂t2
+ a

∂u

∂t
− ∂2u

∂x2
− ∂2u

∂y2
= F (x, y) sinu, a ≥ 0, (5.5.1)

For computations, we have selected the computational domain as Ω = {(x, y), a1 < x <

b1, a1 < y < b1} and t > 0, where a > 0 is the damping coefficient and the Josephson

current density is represented by F (x, y).

5.5.1 Numerical simulations of orthogonal line solitons

The numerical simulations presented here investigate the sine-Gordon equation for the su-

perposition of two orthogonal line solitons. Equation (5.5.1) is simulated using F (x, y) =

−1 over the computational domain Ω = [−6, 6]2. Initial and and boundary conditions

[141] are given by

u(x, y, 0) = 4tan−1(ex) + 4tan−1(ey)

∂u

∂t
(x, y, 0) = 0

(5.5.2)

∂u

∂x
(x, y, t)

∣∣∣
x=−6,6

= 0,
∂u

∂y
(x, y, t)

∣∣∣
y=−6,6

= 0 (5.5.3)

Simulations are performed with ∆t = 0.01, ∆x = ∆y = 0.25, and a = 0.5 using the

EDPM1-C4 scheme. As displayed in Fig. 5.3(a), the line solitons move away from one

another along the y = x line. Furthermore, for Eq. (5.5.1), the energy is determined

following the conditions for initial solution and boundaries provided in Eqs. (5.5.2) -

(5.5.3). For Eq. (5.5.1), the energy is obtained as

∂E

∂t
= −a

∫ ∫
Ω

(ut)
2dxdy (5.5.4)

where

E =
1

2

∫ ∫
Ω

(
u2x + u2y + u2t + 2(1− cos(u))

)
dxdy

Equation (5.5.4) indicates that energy is conserved when damping is absent (a = 0). The

energy at the initial time, E|t=0 is derived using the conditions specified at t = 0 in

Eq. (5.5.2). Here, initial energy (E0) is given by
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E0 = 8

(
b1 (e

a1 − e−a1)

ea1 + e−a1
+
a1
(
eb1 − e−b1

)
eb1 + e−b1

)
+ 8

(
1

1 + e−2a1
− 1

1 + e2a1

)
×
(

1

1 + e2b1
− 1

1 + e−2b1
+ b1

)
+ 8

(
1

1 + e−2b1
− 1

1 + e2b1

)
×
(

1

1 + e2a1
− 1

1 + e−2a1
+ a1

)
+ 4

(
sin 2(tan−1(ea1))− sin 2(tan−1(e−a1))

)
×
(
sin 2(tan−1(eb1))− sin 2(tan−1(e−b1))

)
The temporal variation of energy for the damped (a = 0.5) nonlinear wave equation

Eq. (5.5.1) is depicted in Fig. 5.3(b). Additionally, the temporal energy variation for the

Eq. (5.5.1) without damping (a = 0) is presented in Fig. 5.3(c).

5.5.2 Numerical simulations of line solitons

Here, we have performed the numerical simulations of the damped sine-Gordon equa-

tion for perturbation of a line soliton in a homogeneous as well as in an inhomogeneous

mediums. For homogeneous medium, Eq. (5.5.1) is solved over the computational do-

main Ω = [−7, 7]2 with Josephson current density F (x, y) = −1, and damping coefficient

a = 0.05, subject to the prescribed initial and boundary conditions discussed in [141], as

u(x, y, 0) = 4 tan−1(e(x+1−2sech(y+7)−2sech(y−7))),

∂u

∂t
(x, y, 0) = 0

(5.5.5)

∂u

∂x
(x, y, t)

∣∣∣
x=−7,7

= 0,
∂u

∂y
(x, y, t)

∣∣∣
y=−7,7

= 0 (5.5.6)

Simulations are carried out with ∆t = 0.1, ∆x = ∆y = 0.25, damping coefficient a = 0.05,

and are presented in the form of sin(u/2). Numerical solutions for perturbed line solitons

at various moments, illustrating two symmetric dents traveling towards each other with

the soliton, are displayed in Fig. 5.4(a). The dents collide and the soliton continues to

move without any disturbance after the collision.

Furthermore, simulations have also been performed in an inhomogeneous medium to

analyze the behavior of a line soliton. To achieve this, we utilized F (x, y) = −(1 +
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Figure 5.3(a): Numerical simulations for superposition of two orthogonal line solitons

following sine-Gordon equation given in Eq. (5.5.1) at indicated instants using the EPM1-

C4 with damping coefficient a = 0.5. The initial and boundary conditions are given in

Eqs. (5.5.2)-(5.5.3).

sech2
√
x2 + y2) over the computational domain Ω = [−7, 7]2, following Eq. (5.5.1) with

the data for initial solution and boundaries [141] given by

u(x, y, 0) = 4tan−1(e(x−3.5)/0.954),

∂u

∂t
(x, y, 0) = 0.629 sech((x− 3.5)/0.954)

(5.5.7)

∂u

∂x
(x, y, t)

∣∣∣
x=−7,7

= 0,
∂u

∂y
(x, y, t)

∣∣∣
y=−7,7

= 0 (5.5.8)

Here, we have chosen ∆t = 0.1, ∆x = ∆y = 0.25, and a = 0.05. Numerical findings are

displayed in Fig. 5.4(b) in the form of sin(u/2). It is evident from Fig. 5.4(b) that the
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Figure 5.3(b): Variation of the energy with time for superposition of two orthogonal

line solitons following the sine-Gordon equation with a = 0.5, ∆x = ∆y = 0.25, and

∆t = 0.01. The initial and boundary conditions are given in Eqs. (5.5.2)-(5.5.3).

line soliton is capable of traversing the inhomogeneous region while encountering a slight

deformation. Subsequently, the line soliton begins to straighten again after some time.

5.5.3 Numerical simulations of ring solitons

Finally, simulations of solitons in circular geometries have been performed in an homoge-

neous medium. Circular ring solitons are simulated with F (x, y) = −1 over the compu-

tational domain Ω = [−7, 7]2, following Eq. (5.5.1), using the initial and boundary data

[141] given by

u(x, y, 0) = 4 tan−1
(
e3−

√
x2+y2

)
,

∂u

∂t
(x, y, 0) = 0

(5.5.9)
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Figure 5.3(c): Variation of the energy with time for superposition of two orthogonal line

solitons following the sine-Gordon equation with a = 0, ∆x = ∆y = 0.25, and ∆t = 0.01.

The initial and boundary conditions are given in Eqs. (5.5.2)-(5.5.3).

∂u

∂x
(x, y, t)

∣∣∣
x=−7,7

= 0,
∂u

∂y
(x, y, t)

∣∣∣
y=−7,7

= 0 (5.5.10)

Figure 5.4(c) presents the computed results in the form of sin(u/2) with ∆t = 0.1, ∆x =

∆y = 0.25, and a = 0.05. Results shown in Fig. 5.4(c) illustrate that as time lapses,

the ring soliton undergoes an initial contraction, followed by the emergence of oscillations

and radiations, continuing until t = 7.8. Around at t = 10.4, the ring soliton started

reforming. At larger values of damping coefficient a, the ring soliton exhibits a slow

transition from its initial position over a longer duration.
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Figure 5.4(a): Propagation of a line soliton (in a homogeneous medium) to a symmetric

perturbation following sine-Gordon equation with a = 0.05, F (x, y) = −1 are shown in

terms of sin(u/2) at indicated instants . The initial and boundary conditions are given in

Eqs. (5.5.5) - (5.5.6). Here, ∆x = ∆y = 0.25 and ∆t = 0.1.
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Figure 5.4(b): Transmission of a line soliton across inhomogeneous medium, presented in

terms of sin(u/2) at indicated instants. The initial and boundary conditions are described

by Eqs. (5.5.7) - (5.5.8), and using a = 0.05, F (x, y) = −(1+sech2
√
x2 + y2), ∆x = ∆y =

0.25 and ∆t = 0.1.
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Figure 5.4(c): Numerical simulations of circular ring soliton in a homogeneous medium,

presented in terms of sin(u/2) at specified instant. The initial and boundary conditions

are given in Eqs. (5.5.9) - (5.5.10), and using a = 0.05, F (x, y) = −1, ∆x = ∆y = 0.25

and ∆t = 0.1.
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Chapter 6

Conclusion and Future Scopes

Conclusion

In this thesis, we have developed novel numerical methods for numerical simulation of stiff

parabolic systems and nonlinear wave equation with damping. The primary objective was

to construct algorithms that not only maintain computational efficiency but also retain

high accuracy in resolving localized patterns and multi-scale features. These methods

were carefully designed to remain stable in the stiff regimes, and their performance has

been validated via a range of benchmark problems. The simulation results confirm that

the proposed methods are able to model complex dynamics in both reaction-diffusion and

wave propagation systems.

In the first part of this thesis, we have introduced a novel family of computationally

explicit two-derivative Runge-Kutta methods, emphasizing positivity and unconditional

strong stability preservation. These schemes are constructed based on the backward

derivative condition proposed in [37], and their applicability has been demonstrated for

stiff reaction-diffusion systems. The proposed method offers a balance between efficiency

and stability without resorting to implicit solvers or matrix inversions. The effectiveness

of the developed methods is thoroughly evaluated using numerical simulations of clas-

sical pattern-forming systems, including the Gray-Scott, Schnakenberg, and Brusselator

models both with and without cross-diffusion reported, as discussed in Chapter 2. These
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simulation results are able to capture the spatial and temporal dynamics accurately, show-

casing the ability of the methods to resolve sharp gradients and nonlinear interactions.

Moreover, the methods demonstrated consistent accuracy and computational robustness

across varying stiffness levels and diffusivity ratios. Beyond their application to reaction-

diffusion systems, the developed methods have also the potential for broader use in mod-

eling biological pattern formation, chemical kinetics, and ecological systems governed by

stiff PDEs.

Following the successful application of the proposed two-derivative schemes for stiff

reaction-diffusion systems, we further extended this approach to develop a class of multi-

derivative Runge-Kutta methods suited for unsteady convection-diffusion problems in

Chapter 3. These methods have been constructed in accordance with the second derivative

condition outlined in [34] for time integration. The proposed schemes are fully explicit,

avoiding matrix inversion, and are shown to satisfy strong stability preserving conditions

under suitable assumptions. These are particularly effective in capturing the dynamics of

convection-diffusion equations, where traditional explicit methods are very restrictive due

to stability constraints. Fourier analysis confirms their stability properties. Simulations

involving different values of convection and diffusion coefficients validate the accuracy,

robustness, and efficiency of the proposed methods, highlighting their capability to model

complex transport processes arising in various applications.

In the next part of the thesis, we have introduced time-integration methods for wave

propagation. The development of a fully discrete energy-preserving numerical scheme for

simulating undamped wave equation is discussed in Chapter 4. The method is designed to

ensure long-term stability by conserving the total energy of the system, which is essential

for accurately capturing wave dynamics in non-dissipative environments. Fourier analysis

is used to examine the stability and dispersion properties of the scheme. Compared to the

classical RKN method, the proposed scheme offers enhanced stability properties. To fur-

ther improve numerical performance, an optimization problem is formulated to determine

optimal values for the free parameters. For spatial discretization, fourth-order compact

finite difference schemes are employed due to their superior accuracy and efficiency over

classical finite difference methods. The smaller stencil size of the compact schemes al-
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low for the accurate incorporation of boundary conditions and better resolution of wave

structures.

Theoretical results establishing energy conservation and convergence are rigorously de-

rived and validated through a series of numerical experiments. To assess the effectiveness

of the developed methods, simulations were conducted for acoustic wave propagation in

homogeneous and layered heterogeneous media, including two- and three-layer configura-

tions. The corner-edge model further added a layer of geometric complexity, testing the

robustness of the proposed numerical schemes. The developed scheme demonstrates sig-

nificantly reduced dispersion errors compared to the classical leapfrog method and aligns

more closely with theoretical energy conservation properties. Additionally, the developed

method is also used to simulate nonlinear wave equations, such as the sine-Gordon and

Klein-Gordon models, in both homogeneous and heterogeneous domains. Computed re-

sults confirm the second-order convergence in time and its ability to resolve complex wave

phenomena without introducing artificial damping.

Chapter 5 extends the methods developed in Chapter 4 to damped linear and nonlin-

ear wave equations. A space-time discretization scheme is proposed that maintains key

dispersive properties along with the effects of damping. Unlike the undamped case, the

presence of damping introduces energy dissipation into the system. The proposed scheme

is designed to accurately capture both the decay of energy and the wave structure over

time. Fourier stability analysis is used to compare the stability and dispersion proper-

ties of the developed methods with classical RKN time integration method. For spatial

discretization, the C4 scheme is employed.

A series of numerical simulations are carried out to validate the accuracy of the pro-

posed methods for linear and nonlinear damped wave equations, such as the damped

sine-Gordon equation. These simulations demonstrate that the developed methods are

capable of accurately representing the physical behavior of solitons. Convergence studies

based on the L2-norm of the error validate the theoretical first- and second-order rate of

convergence. Computed results using developed methods match well with the theoretical

results, providing a reliable and accurate tool for simulating damped wave propagation.
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6.1 Recommendations for future work

In this thesis, several directions for future work emerge that could significantly enhance

the scope and applicability of the developed numerical methods. A natural extension in-

volves the application of these structure-preserving schemes to three-dimensional problems

with unbounded domains and equations with variable coefficients. In three-dimensional

settings, the computational cost increases due to the increased number of grid points

and the complexity of required calculations. Addressing this will require the integration

of parallel computing algorithms and adaptive mesh refinement techniques to maintain

computational efficiency without sacrificing accuracy.

Simulating wave propagation in unbounded domains presents additional difficulties,

particularly in accurately modeling wave behavior near artificial boundaries. The use of

standard boundary conditions can lead to spurious reflections that distort the physical

fidelity of the solution. To address this, future research may integrate advanced boundary

treatment such as (Sommerfeld) boundary conditions or perfectly matched layers (PMLs),

which are specifically designed to suppress non-physical reflections and better approximate

open-domain behavior. The developed methods would also able to simulate acoustic,

electromagnetic, and seismic waves in bounded or unbounded domains.

Moreover, integration of spatial adaptivity techniques could be particularly beneficial

for problems characterized by localized structures, such as solitons, sharp gradients, pat-

tern formation, or evolving interfaces. Coupling the existing schemes with non-uniform

grids or adaptive mesh refinement would allow better accurate resolution of fine-scale

features while controlling computational cost.

Finally, extending these structure-preserving methods to fluid-structure interaction,

biological systems, nonlinear optics, and geophysical flows, would provide meaningful

validation of their practical relevance and stimulate interdisciplinary problems. Finally,

the developed numerical schemes can also be integrated with machine learning and neu-

ral network-based techniques, particularly for accelerating simulations and data-driven

insights in reaction-diffusion systems and damped wave equations.
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